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ON MORDELL-TORNHEIM ZETA VALUES
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(Communicated by Wen-Ching Winnie Li)

ABSTRACT. We prove that the Mordell-Tornheim zeta value of depth 7 can be
expressed as a rational linear combination of products of the Mordell-Tornheim
zeta values of lower depth than r when r and its weight are of different parity.

1. INTRODUCTION

For complex numbers s1, so, ..., s, s, Matsumoto defined the Mordell-Tornheim
r-fold zeta function (arr(S1,52,-..,Sr;S) by
> 1
1.1
(L.1) Z mitmsy? - -mpm(my + -+ my)s’

ml,mz,...,m,,.:l

where the sum is over r-tuples of positive integers (see [l [5]). He showed that this
function can be continued meromorphically to the whole r-dimensional complex
space. The origin of this function goes back to Tornheim and Mordell. Torn-
heim investigated the properties of (arr2(k1,ke; k) for positive integers ki, k2, k
and discovered some relations (see [§]). Later Mordell independently considered
Cumr2(k, ks k) for any even positive integer k and also studied the values

> 1

Z mimg - --mp(my + - - +m, +a)

mi,ma,...,mp=1

with a > r (see [6], see also [7]). By using this result, Hoffman gave some evaluation
formulas for (arr (1, .., 1; k) for any positive integer k (see [1]).

In the present paper, we aim to consider (ar,r (K1, - - -, kr; k) for positive integers
ki,...,kr, k with k > 2. We call it the Mordell-Tornheim zeta value of depth r and
of weight 25:1 k; + k as well as the multiple zeta values defined by

1
(1'2) Z mkl mkz . 'mk'r'
1<mi<mo<---<m, 1 2 T
for positive integers k1, ko, ..., k, with k. > 2 (see, for example, [I]).
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The main aim of this paper is to prove

Theorem 1.1. The Mordell-Tornheim zeta value of depth r with v > 2 and of
weight w can be expressed as a rational linear combination of products of the
Mordell-Tornheim zeta values of lower depth than r, when its depth r and its weight
w are of different parity.

Note that this theorem is an analogue of the result on multiple zeta values, which
was proved by Zagier (see [3]), and has recently been proved in a different method
by the author (see [9]).

The case r = 2 of Theorem 1.1 was proved in [§] and the explicit formulas were
given in [2]. The case r = 3 was proved in [10].

The author greatly thanks the referee for his (or her) helpful comments.

2. PRELIMINARIES

We use the same notation as in [9]. Let N be the set of natural numbers,
Ny = NU {0}, Z the ring of rational integers, Q the field of rational numbers,
and R the field of real numbers. Throughout this paper we fix § € R with § > 0.
For v € R with 1 <u <1+ §, we define

(2.1) METH o

m=1

(s € R).

If w > 1, then ¢(s;u) is convergent for any s € R. In the case when u = 1,
let ¢(s) = ¢(s;1) = (217° — 1)¢(s), where ((s) is the Riemann zeta function.
Corresponding to ¢(s;u), we define a set of numbers {e,,(u)} by

14+ u)e” = ™
(2.2) F(z;u) = %:mz:ogm(u) ml (lz] < m).
Note that
(2.3) Egj(l) =0 (] S N)
It follows from (2.2) that if w € [1,1 + ], then
1/m
M
(2.4) lim inf <M> >n and [£n(u)] < — (neNp)
m—oo m! n! 0
for any v with 0 < v < 7, where M is the constant independent of n and wu.
1
2. —ku) = —
(25) H—k) = ——enlu)

for k € Ng and w € (1,1 + ] (see [9], Lemma 1). For simplicity we let

e )" o= ™My i(Z:=1mu)9
u e
(2.6) Rn(O; k1, ... knyu) = Z (=u)
mi,...,Mp=1
for k1,...,kn, € N, u € [1,1 4 6] and 0 € R, where i = v/—1. We define \; =
(14 (=1)7)/2 for j € Z and

mlkl P mnkn

k
(2.7) H(0;k;u) = R1(0; k;u) — Z¢(k — Vv u) Ay

v=0

9"
V!
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for ke N, 0 R and u € [1,1+ §]. Tt follows from (2.5) and (2.6) that

k

) — . @) 1 (10)™*
(2.8) H(0;k;u) = Vz::oqb(k — l/,u))\kfqulT “11a Nz;lazv(u) (N+ k)

when v € (1,14 6]. From (2.4) we can see that each side of (2.8) is uniformly
convergent with respect to u € (1,1 + 4] if € (—m,7) and k € N. So (2.8) holds
for u = 1. Hence it follows from (2.3) that if k is even (resp. odd), then H(6;k;1)
is odd (resp. even) function. Namely

(2.9) H(=0;k;1) = (=1)*" T H(0; k; 1).

For ki,...,k. € N, 8 € R and u € [1,1 + §], we define
(2.10) G0k, ..., HH 0; kj;u)

By (2.9), we have
(2.11) G(=0;ky,.. k1) = (D)X= M4 G(0; ey, . ks 1).

Now we prepare some notation. Let
Ay={J={jr,....4s} | TC{1,2,...,r}} and A= []A,.

For J = {j1,..-,js} € A, let J = {1,...,7} ~ J. Let Q(u) be the Q-algebra
generated by {¢(2j;u) | j € No}. Note that Q(1) = Q[n?] because ¢(s;1) =
(2175 = 1) ¢(s).

By (2.7) and (2.10), we have the expansion

(2.12) G(Osk1,. .. kr;u)
= RO k1. ki)

+ Z ZBJM, ) Rs(g;kj1v~'~vkjs;u)

J= {JéA Js}
* 0
—I—Z C(v;u) (@

where the sums Zu* and Y " are taken over all u,v € Ny with

0<M<ij, 0<y<Zkl,

]EJ

respectively, and B(J; p;u), C(v;u) € Q(u). Note that

(2.13) B(J;1;1),C(v;1) € (1) = Q[x?].
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3. SOME LEMMAS

We define the multiple series

oo n
(—u)~ Zv=1mw
(3.1) pn(ki, .. knysiu) =
" " ml,ng.:,mnzl m’fl coemfr (my 4 my)s

for k1,...,k, € N, s € R and uw € [1,1 + ¢]. In particular when n = 1, we have
p1(ki;s;u) = ¢k + syu). If we (1,14 6], then
(i)~

N!

N=0

For N € Z and u € (1,1 + 6] we define
(3.3) An(k1, ... ke )

= pr(k1, ..o ks —Nju)

* N
+ o> B(J;u;U)( )pS(kjla'~'7kjs;M_ N;u).
J={j1,.--.ds}t p M
EA

Furthermore we define
(34) “Z(N(kla"'?kﬁu)

_ An(k1, .. kyu) +C(Nyu)  (HfO0<SN < Z§=1 k;),

An(k1, ..., kryu) (otherwise).
Note that if N < —1, then we can define
An(ky,. .. k1) = limle(kl,...,kr;u).
u—r
By combining (2.12), (3.2) and (3.4), we have
Lemma 3.1. With the above notation,
0 (i)~
(3.5) GO ky, ... kpu) = ZAN(kl,...,kr;u)W.
N=0
By (2.2), (2.8), (2.10) and (3.5), we have

Lemma 3.2. With the above notation and for u € (1,14 §],

~ ~1/N ~
(36) lim inf |AN(]€1,...,I€T,’U,)| > and |An(k1a"'7krvu)|
N—oo N! n!

<

2=

for any v € (0,7) and n € Ny, where M(> 0) is independent of n and u. Further
(3.7) lim, An (bt ks WAN 1k, =0
for N € Ny.

For simplicity we let

> —u)~ Xz me gin(®) n
(38) 8Lk, kuisiu)= Y (—u) sin® ()=, mw) 0)

Mmi,...,mp=1

for p € Ng, s € R, ki,...,k, € Nand u € [1,1 + J], where we denote the Ith
derivative of a function f(6) by £ (). Then we have the following lemma.

mlkl . .mnkn (ml + eee + mn)s
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Lemma 3.3. With the above notation and for l € N with [ > 2,

(3.9) SPO; k1, ... kel + pyu)

> ZBJM, )i(”pfjﬁ;l‘”)

J= {J1A o=0
—0)°
x Slo+p) (4 kjl,...,kjs;l—l—p—l—u—o;u)( ')
o!
* '9)V+l+p
P Oy g L
+Z zl/: (V7u) v+i4+1 (V+l+p)'
o (Z‘g)nJrler
Ap (b1, ke u) A\, -
n:zfz:fp . A G T
Proof. Tt is known that
b .
a—1+4b—1\ (—=0)" sin™*P (0z)
(3.10) Z ( b—v ) V! gpotb—v

v=0

a—1 + b— N\ (i0)N Ca—
e ()
N>0 ’

for a,b € Ny (see [9], (2.16)). We assume that v € (1,1 + §] and apply (3.10) with
a=1+pandb=0. Then we obtain

(3.11) SP(O; k1, ... krs L+ pyu)
e i)
=Pt Z pr(klv"'vkr;l+p_N;U)AerlJrN(]V)!
Applying (3.10) with a =1+ p and b = p, we have
l+p+p—1-0
(3.12) > Z (J; p;u Z (
. w—o
J= {lews]s o=0
[SFAN
—6)°

x 8T (6; k]17~.~,kj5;l+p+u—0;U)( =

oo
o * l+p+p—1—-N
=t E E E B(J;u;u)(
N=0 J=(iyis} b H

(i0)~

Xps(kjl,... kjg,l—l-p—i—u Nu))\p+1+N N

Let n =N —1—p. By (3.3), (3.4), (3.11), (3.12) and using the well-known relation

()0

we obtain (3.9). O
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4. PROOF OF THEOREM 1.1

In this section, we give the proof of Theorem 1.1. Let M7, be the Q-algebra
generated by the Mordell-Tornheim zeta values of depth lower than or equal to n.
Assume r > 2. Then we aim to prove that the Mordell-Tornheim zeta values of
depth r and of weight w belongs to M7 ,._1 if r and w are of different parity.

By (3.6), we can see that (3.9) is uniformly convergent with respect to u €
(1,14+6]ifl+p>2and € [—7m,7]. So welet @ =7 and v — 1 in both sides of
(3.9). For simplicity we let

(A1) FP(ky,.. k)= Y Z VDEB(T; s )Z<l+p+u—1_g>

J= {J1 ~~~~~ is}t W o=0 H—0
o (—71')0
x ST (mikjy .. kil +p+p—o;1) g
o * (Z‘W)VHHJ
+ P! C(v; 1)\, —_—
ZV: @5 DA (v+1+p)!

By the facts S2™(m;kjy,. .., ki k1) = 0, 82T (mkjy, ... kj ks 1) € MT 5 and
(2.13), we have

(4.2) TP FP (k. k) € MT 1 (p=0,1),

when | + p > 2, because 72 C M7 C MT ,_; for r > 2. Supposel_zn 1y +
r (mod 2) and [ 4+ p > 2. It follows from (3.7) that

(4.3) SP(miky, .. ke L+ ;1) + FP(ka, ..o ks 1)

I+p—1 .

e ~ im)P
=7 ! Z A,uflfp(kla BEE) kr; 1)>‘M+p+1%

1=0 K

Let p =0 and [ > 2. Since S?(m; k1,...,k.;1;1) = 0, we have
W 2)/2] C N2u41
0 (i)

(44)  Flkr, ... kel Z Asyira(kr, .o ke )m.

Now we recall the following 1emma.

Lemma 4.1 ([9], Lemma 7). Suppose {Pp,} and {Qn} are sequences which satisfy

the relation
[m/2]

3 (im)*!
Pm72j - = va
]
= (27 +1)!
for any m € Ny. Then the relation

P, = -2 zm: ¢(m - V)Amfl/Qu
=0

holds for any m € Ny.
Now we give the proof of Theorem 1.1. Applying Lemma 4.1 with
P, = ./I_m_l(kl, vy ks 1))\2:7:1 Ky +r s

1
O = ;]-‘0(1431, oo kem o+ 2))@;21 Ep+r-+m
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ON MORDELL-TORNHEIM ZETA VALUES 2393

it follows from (4.2) and (4.4) that
(45) A i(k1,... k1)

:_22¢ m —v) m+l,—.7-"0(l<:1,...,kr;m—1/+2) e MT,_,

for any m € Ny with m = Enzl k, 4+ (mod 2). Furthermore let k € N with & > 2
and k # 22:1 ky, + 7 (mod 2). Namely 22:1 k, + k and r are of different parity.
Applying (4.3) with = k — 1 and p = 1, we have

(4.6) Curr (koo ke k) + Frky, .o kb — 1)
[(k=2)/2] (im)2

Ale/—k(kla s 7k7'; 1)—7
1/2;0 (2v)!

because S} (m; k1, ..., ke ki 1) = Curr (K1, - ., ks k). By combining (4.2), (4.5) and
(4.6), we obtain the proof of Theorem 1.1.
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