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ABSTRACT. We study existence and uniqueness of positive eigenfunctions for
-1 -1

the singular eigenvalue problem: —Apu — An(x)HIZT = Nu‘:;ﬁ on a bounded

smooth domain Q C RY with zero boundary condition. We also characterize

N— -1
2P in RN\ {0},

all positive solutions of —Apu = | ;

1. INTRODUCTION

This note is concerned with solutions of the following nonlinear eigenvalue prob-

lem:
—Apu— (@) Mt = ptE i 00 {0},
(1.1) u >0 inQ)\ {0},

u =0 on 0.

Here © is a bounded domain in RY of class C? with 0 € Q, p € (1,00) \ {N},

n € C*(Q) (a € (0,1)) such that > 0,7 # 0 in Q and n(0) = 0, u, A € R are two

parameters and A,u = div(|Vu[P~2Vu). By the regularity results of Tolksdorf [1T]

and Di Benedetto [4] any weak solution v € (| WHP(Q\ B,(0)) to () actually
>0

belongs to C1(Q\ {0}).
Naturally related to (LT) is the following variational problem:

Jo IV =X o 47

(1.2) I[N := in
ozvewy @0y Jollvl/lz[)?
Recall that in the case A = 0 it follows from the well-known Hardy inequality,
N-p
s vz TP uiflalr, vee wir@\ o,
Q p Q
that I[0] = ¢, v = |¥|p . Moreover, by a simple construction of test functions

approximating |z|'~™/? (see [§]), it can be shown that we always have I[\] < Cp N
It was also proved in [§] (in the spirit of [3]) that there exists A* > 0 such that
IN = ¢y for A < A and I[A] < ¢y for A > X If u € WyP(Q)\ {0}) is
a minimizer for (L2)), then u is clearly a solution to the equation in (LI with
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2550 ARKADY POLIAKOVSKY AND ITAI SHAFRIR

w = I[A]. Since |u| is also a minimizer, hence a solution to the same equation, it
follows from Serrin’s Harnack principle [9] that |u| > 0 in €\ {0}. Therefore, either
w or —u is a solution to (III). It turns out that solutions of (ITl) can be obtained
as minimizers for (L.2) if and only if I[\] < ¢} y. In this direction we have:

Theorem 1.1. A solution u to (TI) with u = I[\] which belongs to Wy (Q2\ {0})
ezists if and only if I[\] < ¢ x. In this case u is a minimizer for (L2) and it is
the unique solution to (1)) up to a multiplicative factor.

The critical role played by the value ¢ v for the existence of a minimizer is
analogous to a phenomenon that was observed first by Marcus, Mizel and Pin-
chover [6] in the context of another version of Hardy’s inequality. The existence
of a minimizer in the subcritical case I[A] < ¢ y is proved in the appendix, using
a “concentration-compactuness principle” [5], similar to the one used in [6] [7]. The
uniqueness part in the subcritical case is then essentially known ([2, 1] [7]); see the
appendix for details.

The next natural question is what happens in the critical case I[A] = ¢j . In
that case the existence of a solution u € () Wy 9(Q\ {0}) \ Wy P(Q\ {0}) was

q€[L,p)
proved in [§]. We are then left with the problem of uniqueness. This is the subject
of the main theorem of this note:

Theorem 1.2. In the case I[\| = c;,  the solution to (L)) with p = c v is unique
up to a multiplicative factor.

Uniqueness in the linear case p = 2 is known and easy (for any value of p, see
Remark B.1]), but we could not find an easy proof for general p. Our argument, pre-
sented in Section 3, is based on Harnack’s inequality and on the following Liouville
type theorem, which may be of independent interest.

Theorem 1.3. Let u be a solution of
uP~! .
w O
u >0 in RN\ {0}.

Then u(x) = C|z|*=N/? for some positive constant C.

2. CHARACTERIZATION OF GLOBAL SOLUTIONS

In the proof of Theorem [L3we will make use of an extension of Picone’s identity
for the p-Laplacian, due to Allegretto and Huang [1], that we now recall. Let Q be
a subdomain of RY. For u,v in C1(2) such that u > 0 and v > 0 in €, denote

uP b1
L(u,v) = |Vul? + (p — 1)—1)|VU|” B Vu|Vu|P~2Vo,

(2.1) v v o
R(u,v) = |Vul? — V(Upl ) |VoP~2Vo.

Then L(u,v) = R(u,v) > 0 in  and L(u,v) = R(u,v) = 0 in Q if and only if
u = Cv for some constant C'; see [1].

Proof of Theorem [[:3. By the regularity results of Tolksdorf [11] and Di Benedetto
[4] any weak solution to (L) belongs to C*(RN \ {0}). Clearly v(z) = |z~ N7 is
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UNIQUENESS OF POSITIVE SOLUTIONS 2551

a solution of (L4). We must show that u is a multiple of v. For each R > 0 we
define a cut-off function ¥ g as follows:

0, 0<la| < 7,
2yl <<k

(2:2) Yr(r) = Q1 7Sl <R,
2- 2l R<p[<R?
0, |z| > R2.

Clearly ¥r(x) is a Lipschitz function with compact support in R¥. By Picone’s

identity (21]) and (IT.4),

(2.3)
o< [ Ltwmon) = [ Rono) = [19Gaor [ v( D) wup-2v
RN RN RN RN
:/(|V(¢Rv)|p—c|§:—’|lz b)),
RN

On the other hand, testing (L4) for v against ¢hv yields

(2.4) / - |p NP —/ Y2 V0P + pb | Vo P2 Vo Vg,

RN
Combining (Z3) with (Z4) we obtain,
(2.5) 0 <I(R) := /L(¢Rv,u)

RN
= / (|¢RV1) + oVyg[P — Yh|Vul? fpilsz_lv\VMp’ZVqupR).
RN
Next we shall prove that Rlim I(R) = 0. We recall the following elementary

inequality which holds for all 21,22 € RY (see [10, Lemma A.4]):

EED) (12] + |29])P 2| 20]%,  for p > 2,

2.6) |21+ 22" — |21 P —pl21 [P 7221 - 20 <
(2.6) |21+ 22|? —|21|P — p|#1] 1°22 = pl22|P for p < 2,

for some constant 7, > 0. Assume first that p < 2. Then from 22)), [2.5) and

26) we get
1) 1R <o / PN L yr g, / " N (g

3 rlog R R rlog R
2C
~(log Ryp1
hence lim I(R) = 0 in this case. Now consider the case p > 2. Thanks to (2.6)
and (IZT'_ZT) Osve need only show that
(2.8) / |VolP~20?|Vyr|? — 0 as R — oo,
AR
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2552 ARKADY POLIAKOVSKY AND ITAT SHAFRIR
where A(R) = {7 < |z| < £} U{R < |z| < R?}. Indeed, (Z8) follows from

= N-1
/ [Vo|P~20? | Vg |? < C/R P =), 208 T

r2(log R)?
R2
N Ny rN=ldr
C -5 (0=2),.2(1—3)
v fo " 2(ogR)?
R
2C

— 0 as R — .

- log R

Therefore, in all cases we have limp_, fRN L(¢gv,u) = 0. By Fatou’s Lemma

we infer that L(v,u) € L'(RY) and [ L(v,u) = 0. Hence, L(v,u) = 0 in RY which
RN

implies that for some constant C' > 0 we have u = Cv = C|z|*=N/P, O

From Theorem [[:3] we next deduce the asymptotic radial symmetry at the origin
of solutions on a bounded domain.

Corollary 2.1. Let u € WLP(Bgr(0) \ {0}) be a solution of

oc

(2.9) {_A”“ = % (5. + () on Br(0)\ {0},
u >0 on Br(0)\ {0},

where n(x) € C(Bg(0)) satisfies n(0) = 0. Then,

(2.10) lim 20 g

r—0+ u(r) ’

where for each r € (0, R) we denote

2.11 u(r) = max u(z), w(r) = min u(x).
2.1 (1) = max (o), u(r) = win u(a)
Proof. Fix n € RN with |n| = 1 and for any 7 € (0, R/2) set

u(ry)

2.12 = fi B .
(212) rl) = S for € By (0)\ {0)
Then v, satisfies

v Pt
(2.13) —Apv, = W(%N +n(ry)) on Bg/(0)\ {0},

and v.(n) = 1. For any D > 1 denote Ap = {1/D < |y| < D}. Then, by the
Harnack inequality of Serrin [9] we infer that for each D > 1 there exist Kp > 1,
such that for any r < R/(2D) we have

1
(2.14) o <v.(y) < Kp on Ap.

Then, from the regularity results of [11), [4] it follows that there exist Lp > 0 and
ap € (0,1), such that for each r < R/(2D) we have

(2.15) [or(W)llcten (ap,s) < Lo,

where we denoted Ap/p = {2/D < |y| < D/2}. Set Q := limsup % and choose
r—0t =

a sequence 7, — 0 such that lim ZE:"% = Q. Using ([2.15) we deduce from (2.13))
n—oo &lTn
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UNIQUENESS OF POSITIVE SOLUTIONS 2553

that for a subsequence, still denoted by {r,}, we have v, — wp in C'(Ap /2);
where wp is a positive solution of
wh !
—Apwp = c;le% on Ap/s.
Choosing a sequence D,, /" oo and passing to a diagonal subsequence, we obtain a
subsequence 7y, — 0 such that v, — vo in C, (RN \ {0}), where vy is a positive

solution of (T4). By Theorem [[3] vo(x) = Clx|'*~™/P, hence Q = 1. O
3. UNIQUENESS OF THE EIGENFUNCTION IN THE CRITICAL CASE

This section is devoted to the proof of Theorem[L.Zl We shall need the following
comparison lemma.

Lemma 3.1. Let Q be a bounded domain in RN of class C? and let K CC € be a
compact subset. Suppose that uy,us € C(Q\ K)NWLP(Q\ K) are such that ug > 0
on (Q\ K)UOK and u; =0 on 9Q. Suppose further that

—Apuy — a(x)|ur|Pu; <0 in Q\ K,
—Apus — a(x)|ugPPuy >0 in Q\ K,
for some a(x) € LS.(Q\ K), and that
ug > u;  on 0K.

Then,
ug(z) > up(xz)  onQ\ K.

Proof. The result follows directly from the argument of Proposition A.1 and Corol-
lary A.1in [I0]. The results in [T0] deal with the case where K = {z € Q, dist(z, 02)
> (8} for some B > 0, but it is clear that the argument there works for general K. O

Proof of Theorem[[L2. Let uj,us be two solutions to (ILT). Again by regularity
theory we have uy,us € C1(Q\ {0}). For all sufficiently small 7 > 0 set

= min uz(x) r) = max uz(x)
(3.1) fr) = min, oy o F) = max Sors.

Thanks to Corollary B] we have lir(r)1+ F(r)/f(r) =1, and we can define
m:= hrrgériff(r) = hTQ(l)rifF(r) €10, 0],

M : =limsup f(r) = limsup F(r) € [0, oc].

r—0+ r—0+

We can assume without loss of generality that m < oo (otherwise we interchange
uy and ug). For every € > 0 there exists a sequence r,, — 0 such that

us(z) < (m+¢e)ui(xz) on {|lz| =r,}.
By Lemma [B.1]it follows that
(3.2) ug(z) < (m+e)ur(z) on Q\ B, (0).
Letting n tend to oo in (B2) and then sending € to 0, we obtain that
uz(x) <muq(z) on Q\ {0}

It follows that M = m > 0. Interchanging u; and wus and repeating the above
argument we also get that us(z) > muq(x) and we conclude that us = muy. O
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2554 ARKADY POLIAKOVSKY AND ITAI SHAFRIR

Remark 3.1. In the linear case p = 2 the uniqueness (up to a multiplicative factor)
of a solution to (L)) is easy for any p and A. Indeed, if u and v are two solutions,
we have by (£I12) below that v > ¢yu in Q for some ¢; > 0. Defining ¢ := sup{c; >
0; v > cju} we have v — ¢ju > 0 in Q. If v — ¢u = 0, we are done. Otherwise,
since v — ¢ju is also a solution of the equation in (recall that we are in the
linear case), we have by the strong maximum principle v — ¢;u > 0 in 2. Hence
by the above argument there exists co > 0 such that v — ¢;u > cou in €. This is a
contradiction to the maximality of ¢;.

4. APPENDIX: EXISTENCE AND UNIQUENESS IN THE SUBCRITICAL CASE

This section is devoted to the subcritical case I[A] < ¢; y. Existence of a mini-
mizer in ([2) is established in the next proposition.

Proposition 4.1. Assume that I[A\] < ¢ . Let {u,} C W,yP(2) be a sequence of
nonnegative functions satisfying

p
(4.1) Un _q gy,
|z[?
Q
and
p
(4.2) T (T (| N
n—oo Jq o |z

Then u, — u strongly in WP (Q\ {0}), where u is a minimizer for (L2).

Proof. We shall first prove the convergence of a subsequence. It is clear from (E1I)—
([E2) that {u,} is bounded in Wy (Q2\ {0}), and passing to a subsequence we may
assume that

(4.3) U, — u weakly in WP (Q\ {0}) and wu, — u in LP(Q)

for some nonnegative u € Wy (Q\ {0}). We denote v,, = u,, — u. Fix any r > 0
such that Bs,.(0) C . Then

(1.4)
|/ ( ) |VU/n‘p — |V'Un|p| S CHV(un — 'Un)HLp(BZT(O)) = CHVUHLP(BQ,.(O)) =&,
B2, (0

with e, — 0 as 7 — 0. Let ¢, € C2°(RY) denote a cut-off function satisfying:
(i) ¢r(@) = 1 for || <,
(i) 0 < pp(x) <1 for r < |z| < 2r,
(ili) ¢, (z) =0 for |x| > 2r,
(i) Vool < 4/r.
By Holder’s inequality,

—1
/ IV (orvm)|P < / (o0 | Va4 / [0nV0r] (|00 Vpr |+ 0r Ta])?
B, (0) B2, (0) B3 (0)

-1

4 p—1
< / |V1}n|p + —p(/ (|'Unv907'| + |§0rvvn‘)p> !
) B2T(O)
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UNIQUENESS OF POSITIVE SOLUTIONS 2555

Therefore, using (E3)) we infer that

(4.5) /Nw%mws/\ww+m%

Ba(0) Bay(0)

with D, > 0 and a,, — 0. By Hardy’s inequality (I.3) we get

% |907“|p|vn|p * |Un|p
V(oo > ¢ / ferlloal” 5 ,
/Bmm PN ) lalP PN g Ll

which together with (@4) and (£3) yields

P
(4.6) / [Vu, [P > c*’N/ [onl” D,ay, — €.
Bar o) B,(0) |ZIP

On the other hand, as in ([@4) we get

p p
(4.7) ‘/ U / [on]
B,(0) |7|P |z [P

u \p\1/P
<C — =0y,
o (/B,.(o)(|$|) )
B,-(0)

with 6, — 0 as r — 0 (by (L3)). Moreover, by [@3) and ([3]) we easily deduce

that
P P
(4.8) lim/%f/ﬂ:()
n—oo Jo |zl Jq |zf?
By (@), (£6) and (£7) we obtain
(4.9)

p p p
/\vunv’—x M z/ |Vun|p+c;N(1—/ ) —A/ M
Q o lzlP Q\ Ba,(0) ’ O\B,.(0) 7P o lzlP

X
— ¢y NOr — Dy, — &1

Passing to the limit n — oo in ([£9) and using (€2)), (£3) and (&3, yields

uP nu?
(4.10) 1]A z/ Vul? + ¢! 1_/ oy [
) I Q\Bzr(O)l | p’N( O\ B.(0) |x|p> o |zl

Passing to the limit » — 0 in ([I0) gives, using the definition of I[A],

uP nuP
I > Pt o(1— [ —)—x [ 1=
O RN (B ARy R

uP uP
> c* - — —.
2 (1 Au@+”&LMP

By (@II) and our assumption I[A] < ¢ y it follows that [, % = 1, and then

X
—Cp NOr — Er-

(4.11)

by (@II) we infer that w is a minimizer. Since [, % — o % =1 we also get
that [, [Vu,|? — [, |Vu[P, and the strong convergence u, — u in Wy*(Q\ {0})
follows. So far we proved the convergence of a subsequence of {u,}. But since it
is known that a solution to (II) in Wy ?(Q2\ {0}) is unique up to a multiplicative
factor (see [I, Theorem 2.1] and [7} Proposition 3.2]) the full convergence w,, — u
follows as well. (]
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2556 ARKADY POLIAKOVSKY AND ITAI SHAFRIR

Proof of Theorem [[1l. Existence of a positive minimizer u for (LZ), which is then
a solution of (), follows directly from Proposition[@1l Next we turn to the proof
of the uniqueness part. Let v be another solution to (LI) with p = I[A]. We claim
that there exists ¢; > 1 such that
(4.12) l <v<cu on\ {0}

¢

Indeed, to see for example why /v is bounded, assume by negation that supu/v =
Q

oo. By Hopf’s boundary lemma [12] we must have lim sup w/v = co. Using
"0 B, (0)\{0}

Harnack’s inequality [9] we obtain for some sequence r,, — 0 that u > nv on

0B, (0). But then we get by Lemma BIlthat u > nv on 2\ B, (0). This is clearly

a contradiction for n large enough, and (@I2) follows. On the other hand, by a

simple rescaling argument, Harnack inequality ([9]) and C* regularity estimates

(111, [4]), it follows (see [10, Lemma A.3]) that, for some ¢ > 0, we have

(4.13) ‘(%)(x)’ < % on Ba(0)\ {0}, with d := %min{|y|; y € o).
Combining (AI2) and (EI3)) we get that
(4.14) [Vu(z)] < cre0 u|gcx) on B4(0) \ {0}.

By (@T4) and (I3) we obtain that v € Wy (Q\ {0}) and therefore v is a minimizer
for (C2). The fact that v is a multiple of u follows from the argument cited at the
end of the proof of Proposition &Il To complete the proof we remark that in [8] it
was proved that there is no solution in W, *(€2\ {0}) to (CI) with p = - U
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