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ABSTRACT. Let i1 be a non-negative Radon measure on R?® which only satisfies
some growth condition. In this paper, the authors obtain the boundedness of
Calderén-Zygmund operators in the Hardy space H! ().

1. INTRODUCTION

In recent years, many papers focus on the analysis on R? with non-doubling
measure; see [2, B, 6] [8, B, @[] and their references. Moreover, the analysis on such
R? was proved to play a striking role in solving the long open Painlevé’s problem
by Tolsa in [9]; see also [I0] for more background of this. Throughout this paper,
the Euclidean space R is endowed with a non-negative Radon measure p which
only satisfies the following growth condition that there exists Cy > 0 such that

(1.1) w(B(z,r)) < Cor™

for all x € R and r > 0, where B(z,7) = {y € R : |y —z| < 7}, n is a fixed
number and 0 < n < d. Such a measure p is not necessary to be doubling. We
recall that u is said to satisfy the doubling condition if there exists C' > 0 such
that u(B(x,2r)) < Cu(B(z,r)) for all € supp (1) and r > 0. It is well known
that the doubling condition in the analysis on spaces of homogeneous type is a key
assumption. However, some research has now indicated that the doubling condition
is superfluous for most of the classical Calderén-Zygmund theory.
Let K be a function on R? x R?\ {(z, y) : = = y} satisfying that for  # v,

(1.2) |K(z, y)| < Cle—y|™",

and for |z — y| > 2|z — 2|,
/ ! |SL‘ — x/‘g
where § € (0, 1] and C' > 0 is a constant. The Calderén-Zygmund operator associ-

ated to the above kernel K and the measure y is formally defined by
Tfa) = [ Ko Wi
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2672 WENGU CHEN, YAN MENG, AND DACHUN YANG

This integral may not be convergent for many functions. Thus we consider the
truncated operators T, for € > 0 defined by

i@ = [ K,

We say that T is bounded on L?(p) if the operators {1 }.~¢ are bounded on L? ()
uniformly on € > 0. In this case, there is an operator T which is the weak limit as
e — 0 of some subsequence of operators {T:}.s0; see [B]. It is easy to see that T
is still bounded on L?(p); moreover, for f € L?(u) with compact support and a. e.

z € R\ supp (f),

(1.4) Tf(x) = y K(z, y)f(y) du(y)

with the same K as in (1.2) and (1.3). By the same argument of Tolsa as in [5] [7],
we see that T is also bounded from L'(y) into weak-L!(y) and from H!(u) into
L (p). B

In this paper, we will prove that 7 is bounded on the Hardy space H'(u) if
71 = 0. Here, by T1 = 0, we mean that for any bounded function b with
compact support and fRd bdu =0,

(1.5) /]R Tb(a) du(a) = 0.

We remark that for such a function b, b € H* () and therefore, Th € L*(p). Also,
if Th € H'(p), then Tb should satisfy (1.5) by the definition of the Hardy space
H'(u); see [5, 18] or Definition 2 below. Thus, in some sense, the condition (1.5) is
also necessary.

If 1 is the d-dimensional Lebesgue measure on R?, this result is well known and it
was proved by verifying that T maps any atom of the Hardy space H'(R?) into some
molecule. However, if 1 only satisfies (1.1), it is still unknown if there is a molecular
characterization for the Hardy space H!(u). We will prove that T is bounded on
the Hardy space H'(u) via its “grand” maximal function characterization of Tolsa
in [8] and its new atomic characterization of the authors in [1].

/Rdfwdu

where the notation ¢ ~ x means that ¢ € L'() N C(R?) and satisfies

() llellzr <1,
(ii) 0 < op(y) < ﬁ for all y € R?, and

(ili) |Ve(y)| < W for all y € R?, where V = (0/0x1, --- , 0/0x4).

Definition 1. Given f € L} _(p), we set

Mg f(z) = sup

o~z

b

Based on Theorem 1.2 of Tolsa in [§], we define the Hardy space H'(u) as follows.

Definition 2. The Hardy space H'(u) is the set of all functions f € L(u) sat-
isfying that [, fdp = 0 and Mg f € L'(p). Moreover, we define the norm of

f e H'(u) by
Ity = IF Ly + 1 Ma fll L1 (-
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Theorem 1. Let K be the function on R? x R\ {(z, 9) : = =y} satisfying (1.2)
and (1.3). Suppose that the operator T in (1.4) is bounded on L?(p) and T*1 =0
as in (1.5). Then T is bounded on H'(p).

It is known that the dual space of H'(u) is the space RBMO(u), which was
introduced by Tolsa in [5]. From Theorem 1, the fact that RBMO(u) = (H (u ))*
(see [5]) and a standard dual argument, it is easy to deduce the boundedness of the
transpose operator of T in RBMO(u) as below.

Corollary 1. Let T be the same as in Theorem 1. Then T*, the transpose operator
of T, is bounded on RBMO().

Remark 1. Obviously, from different subsequences of operators {7 }.~o which are

bounded on L?(p) uniformly on & > 0, one may deduce different T’s. However,
they are all bounded on L?(u) and satisfy (1.4). But, the relation between these
different T"s is still open.

In what follows, C' denotes a positive constant that is independent of the main
parameters involved but whose value may differ from line to line.

2. PROOF OF THEOREM 1

We begin with some necessary notation and definitions. Throughout this paper,
we only consider the closed cubes with sides parallel to the coordinate axes. For
any cube @ and any « > 0, a@ denotes the cube with the same center as @ and
l(aQ) = al(Q), where I(Q) denotes the side length of the cube Q.

Given two cubes Q C R in R?, set

NQR

r=1+ Z z2kQ

where Ng g is the smallest positive integer k such that 1(2"Q) > I(R); see [5] for
some properties of Kg, g.

To prove Theorem 1, we need to recall the atomic characterization of the Hardy
space H!(u) as follows.

Definition 3. Let p > 1, 1 < p < oo and v € N. A function b € L} _(u) is called
a (p, v)-atomic block if

(1) there exists some cube R such that supp (b) C R,

2) fRd bd,u =0,
(3) for j =1, 2, there are functions a; supported on cube @); C R and numbers
A; € R such that b = Aja; + Aaaz, and

sl oy < [(pQ)YP ™" [Ko,, &)
Then we define
Blane = Pl + 1.
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We say that f € H=P (u) if there are (p, 7)-atomic blocks {b; };en such that

atb, vy
o
F=> b
1=1

with >°2%, |bi|H§g§’,w(u) < 0o. The H;t’]fw(,u) norm of f is defined by

Witz o0 =6 { Sl 0

where the infimum is taken over all the possible decompositions of f into (p,~)-
atomic blocks.

The above definition when v = 1 was introduced by Tolsa in [5] and when v > 1
by the authors in [I]. It was proved in [5, [T] that the definition of H;t’fﬂ(u) is
independent of the chosen constant p > 1, and for any integer v > 1 and 1 < p <
0o, all the atomic Hardy spaces H;éf,y(ﬂ) are just the Hardy space H'(u) with
equivalent norms. We remark that in the proof of Theorem 1 below, we need to
choose v > 1, especially, v = 2.

The following lemma will be used in the proof of Theorem 1.

Lemma 1. Let Mg be as in Definition 1 and 1 < p < co. Then Mg is bounded on
LP ().

In fact, Tolsa proved that Mg is bounded from H!(u) into L'(u); see Lemma
3.1 in [8]. On the other hand, it is obvious that Mg is bounded on L*(u). By
Theorem 7.2 in [5], we obtain that Mg is bounded on LP(u) for 1 < p < oo.

Now we turn to the proof of Theorem 1.

Proof of Theorem 1. By a standard argument, it suffices to verify that for any
atomic block b as in Definition 3 with p =4, p = co and v = 2, This in H*'(p) with
norm C|b| HY 22, () where C' is independent of b. Let all the notation be the same
as in Definition 3. By our choices, a; now satisfies the following size condition that

-1
(2.1) oo < [p(4QNES, 5]

where j =1, 2. B N N
The assumption that T%1 = 0 tells us that f]Rd Tbdp = 0. Recalling that T is
bounded from H'(p) into L'(p) (see [5]), we obtain

T 11y < O] 1.

atb, 2(/1«) :

By this and Definition 2, we deduce that the proof of Theorem 1 can be reduced
to proving that

(2.2) [Ma(TO)| 1 (n) < Clolg2; 00, ()
Write

Vo T0)lirgy = [ MaEE)dute)+ [ Ma(TH @) dp(a) =18
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Noting that Mg is sublinear, we can control I by

1< /4 M [(Th)xsr] (@) du(x) + /4 My [(Popxsinan] 0) di(e) =1y +1z.

From the fact that for j = 1, 2, Q; C R, it follows that for any z € ); and any

y € 2R\ 28R k > 3, |y — 2| > 1(2¥72R). By this fact, (ii) of Definition 1, (1.2)
and (2.1), we obtain

I SAREEI; [/Rd\SRITb(y)w(y) du(y)] dp(x)

<Z|A |/ K, 2)0;(2) du(2)

4Rk 3/2’€+1R\2‘R Q;

ﬁ du(y) du(z)

kIR 4R
< CZP‘ |ZHGJHL°"(M)“ Q) (ék 2R)) (;(2}%)71

< CZP\H-
=1

To estimate I;, we write
2 ~
bl Me [Faon] @)t
¥ Z Al /
£l [
Z R\4QJ

=1y + I12 + Iis.

o [(Tay)xeq,] (@) dp(z)
R\4QJ

[(Ta;)xsmq, ] (@) du(a)

The Hélder inequality, Lemma 1, the boundedness of T in L2(x) and (2.1) lead to

2
11 Z A |ﬂ 4@] 1/2 HM@ Taj)XgR]‘ L2(u)

< Z\/\j|u(4Qy‘)1/2HT@jHLZ(M)
j=1
<O N 11(AQ) laj L2 ()
j=1
2

< CY N 1(4Q)las] o)

j=1

<CY N
=1
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For j = 1, 2, denote Ngq, 4r simply by N;. By (ii) of Definition 1, the Holder
inequality, the boundedness of T in L?(u) and (2.1), we have

Lo <Z\)\|Z/ sup
Jj=1

k+1Q]\2kQ] p~T

<J21A|Z/ 1(2k- iQ) () / ’Taj ‘d,u()

k+1Q \2kQ

du(x)

/ Ta;(y)e(y) du(y)
QQj

< Z ‘)\ |Z l 2k 2Q ||Ta]|‘L2(u)u(2Q])

Jj= 1

< CZ INiIKq,, ri(2Q5) [l L2 )
j=1

<O Il
j=1

where we have used the fact that
(23) KQj,4R < CKQ].,R

For 1,3, we further decompose it into

Ls : 1A|Z/
+;|A|Z/
*;'Aj',é/

2k+1Qj\2ij
=E+F+G.
Lemma 1, (1.2) and ( 1) tell us that

5

j=1 =2

2 N
2k+1Q 1/2

My [(Tey) oy, ] () o)

2kT1Q;\2%Q;

o [ITajlxorsag 210, | (2) dplz)
o {|faj|Xmax{2k+2Qj,8R}\2k+2QJ (z) dp()

2F1Q;\28Q;

Mo [[Ta;lx220,\20, ] (@) dp(2)

2k+1Q 1/2 HM@ [‘Ta]‘)(ngQ \2k QJ}

L2 ()

| /\

1/2

x / K(y, 2)a;(2) du()
2k+2Q.\2k—1Qj Qj

<o |Zl o 3@ AP —tes
j 1

< CZ\M-
=1

du(y)
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By (ii) of Definition 1, (1.2), (2.3) and (2.1), we easily see that

¢ = zgp\ Z/k+1Q \2kQ; ili}; l/leQ i\2Q; |Ta](y)‘(p(y) dlu(y)‘| dﬂ(x)
S \Z ),

K(y, 2)a;(z) dp(z)

k+1QJ QkQJ =1 Ll+1QJ\2[QJ Q]

du(y) dp(z)

ly — x|
1Q) k=2 n(21Q

< Cz 1\ |Z -
] - l 2k+1Q 1(2H1Q )™

SCZP\H (K, &) llas] 2= (0 1(Q;)

j=1
2

<O Il
j=1

—[la; Lo (u)1(Q;)
=1

An argument similar to the estimate for G leads to

2
F<CY |\l
j=1

The estimates for E, F and G give the desired estimate for I;3. Combining the
estimates for 1117 112, 113 and 12 yields

(2.4) 1_/ My (Th)(z) dp(x <CZ\)\ | = Clbly,

Now we turn to the estimate for II. Let g be the center of the cube R. Invoking
that T%1 = 0, we obtain

= /MR sup /Rd Tb(y)e(y) — ¢(zr)] du(y)’ dp(z)

< sup Tb(y)[(y) — o(zr)] dp(y)‘ dp()

RI\4R ¢~z |J2R

" /]Rd\4R ZEF; /]Rd\QR Tb(y) lp(y) — p(zr)] du(y)| du(z)
= II1 + IIQ

Note that for any z € 2R, z € 21 R\ 2¥R, and k > 2, we have |z — 2| > [(2*72R).
This together with (iii) of Definition 1 and the mean value theorem leads to

I(R)

(2.5) le(y) = eler)l < Crmrmpyert
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for y € 2R. By (2.5), (1.2), the Hélder inequality, the boundedness of T in L2 (1)
and (2.1) we have

I, < ]Zl\A IZ/WR\%R sup Vm\% Ta;(y)] le(y) — ¢(ar)| du(y)] dp(x)
8

Aj
+le| IZ/MWR%
R
<O IS [
j=1

2k+1R\2k R l 2k—2R

J

Ta;(y)|le(y) — o(ar)] du(yﬂ dp()

N
> /
—1 J211Q;\2'Q;

/ 95 42 du(y) du(e)

Q; ly—="

[(R) H =
Aj —— ||(Ta; , d
+Cjz:1‘ |Z/k+1R\2le 2k=2R)nt1 (Taj)xz L' (k) H(@)
j=1
+CZwZ2-k|\<faj>><2@_,»||Lz<mu<2czj>1/2
j=1 k=2
2 2
<O INIKG,, rllajliLeumm@s) +C D Nlllas | L2y n(2Q5)
j=1 j=1
2
<O Nl
j=1
We further estimate 115 by
M =Y / sup / Th(y)[o(y) — o(xr)] du(y)| du()
/28 1R\2KR o~z | JRI\2R

<>/ My [|Tblxasss s () ()
2 2k+1R\2kR

/ sup / I Tb(y)|o(zr) du(y)] dp(z)
2k+1R\2kR p~T 2k+2R\2k-1R

kZ/ sup /M\QMR ITb(y)| {¢(y) + ¢(zr)} du(y)] dp(x)

2k+1R\2F R pra

+ kz—z/Z sup /Zk_lR\m ITh(y)| {e(y) + ¢(zr)} du(y)l dy(z)

k1 R\2K R o

= IIa1 + Ilgg + Ilg3 + Ilo4.
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From Lemma 1, the fact that [,, bdu =0 and (1.3), we can deduce that

(o)
Iy < ZM(QkHR)l/Q HM<1> [\Tb|X2k+2R\2k—1R”

k=2
[e]

Z 2k+1R 1/2

L2(p)

2 1/2
X {/zk+2R\2k . /R[K(ya ) — K(y, xr)] b(2) du(z) du(y)}
s
< CZ,U, 2k+1R)%|bHL1
k=2
<O Il

where we have used the fact that

2 2
Bl < D Nlllaslizigy < CY I
j=1 j=1

An argument similar to the estimate for Iy tells us that

2
Iy <C Y [N

j=1

Finally, we estimate IIo3. By the fact that [, bdu = 0, (ii) of Definition 1 and
(1.3), we obtain

I <Z / / [ 1K ) = Kl anlb)] (2
2k HIR\2KR | 5o J2IH I R\2LR
+ du(y) du(z
[yooxw ] o)

k+1 I+1
<oy 3 M e T o

k+1 n I+1 n+d
k e 2 R)™ [(2*+1R)
< CZ Al
j=1

An argument similar to the estimate for Ilp3 indicates that

2
Iy < CZ IAj1.

=1
Combining the estimates for II5q, 1o, 1153 and Ils4, we obtain the desired esti-
mate for II;. The estimates for II; and II5 tell us that

(2.6) I = / Mo (T0)(x) dps(w) < Clbl 1, -
RI\AR

The estimates (2.4) and (2.6) lead to (2.2), and this completes the proof of our
theorem.
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