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LOW REGULARITY SOLUTIONS FOR A CLASS
OF NONLINEAR WAVE EQUATIONS

NIKOLAOS BOURNAVEAS

(Communicated by Christopher D. Sogge)

ABSTRACT. We construct local low regularity solutions for a class of nonlinear
wave equations with power-type nonlinearities.

1. INTRODUCTION

The purpose of this note is to present a new proof of the existence of local low
regularity solutions to the Cauchy problem

(1.1) upp — Au=F(u) , u(0,)=f, u(0,-)=g

in the case of three space dimensions and for nonlinearities F'(u) which ‘behave like’
a ‘supercritical’ power u?, p > 5 (see Theorem 2.3l for precise assumptions on F).
We assume that f € H* (R®) and g € H*~" (R®) with s = § — ~2¢ (critical). This
result was first proved by Lindblad and Sogge [LS| using Strichartz estimates.

Applying the standard energy estimate to the wave equation in (TI) we
obtain the term fOT | F'(w(t))|| s-1 dt, which is the same, roughly speaking, as
fOT [|uP=t(t)0" L u(t)|| ., dt and can be estimated by fOT Hu(t)Hi}l |05~ u(t)]| . dt.
In the classical theory of nonlinear wave equations the Sobolev inequality is used
to estimate the L° norm, thus imposing the restriction s > % However, a simple
scaling argument shows that the critical value of s is s = 3 — %. In [LS] (see
also chapter 3 of [S]) the authors prove a Strichartz-type estimate which, when
applied to ([I]), produces a term which behaves like H83’1/2u1’||L4/3([0 T]xR3)? and
this space-time norm is then estimated using another Strichartz estimate. In this
argument the energy estimate is not used and the L*> norm of the solution doesn’t
come up at all.

On the other hand, as Klainerman has pointed out in [KJ, in the case p = 5, s = 1,

the term fOT Hu5(t)HL2 dt which the energy estimate brings in can be estimated

1/2
by (fOT ||u(t)||im dt) . Hu||is([0 T)xrs)- The second factor is exactly what the

standard Strichartz estimate can handle and, in the first factor, the square of the
L norm is integrated in time. The relevant estimate here is the ‘missing Strichartz
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inequality’,

- 1/2
(1.2) ([;n¢umqu)w> < C [[160ll s gy + 161 g |

where ¢ solves ¢y —A¢ = 0 with initial data (¢, ¢1) € H*@L2. As it turns out, this
estimate is true in the spherically symmetric case but fails in general [KM] M-S| [S].
If, however, the initial data have e derivatives more, namely ¢, € H'*¢ (R?),

. . T ! 1/1

¢1 € H® (R?), then certain space-time norms of the form (fo 16t Lo dt) can
actually be estimated: a Sobolev embedding can be used to control ||¢(t)| . by
[0°¢(t)[|L», where p is suitably large, followed by a Strichartz-type estimate to
control the resulting mixed space-time norm. This idea, implicit in the proof of the
main theorem of [PS],was also used in [B] and was later developed systematically in
[EV] where the end-point case we shall need was proved (see Lemma [2.T]). In this
end-point case the Sobolev embedding alluded to above fails and a more delicate
argument is needed. We aim to show in this note that estimates involving space-
time integrals of the L> norm can be very useful in the study of equation (IIJ),
and that, at least in the case p > 5, the energy estimate need not be avoided. Our
argument is a modified version of Klainerman’s observation discussed above.

Notation. We denote by H, the standard Sobolev spaces in R3. Mixed space-
time norms are defined by

Lug=<AT(4memwm);ﬁ>é

Unlabelled norms refer to the space variable x. We use obvious abbreviated

notation as, for example, fOT a2 [|0°~ul|,, dt, which stands for

[l

T
-1
N iy e .
The wave operator is defined by O = 97 — A.

2. LOCAL EXISTENCE
The Strichartz-type estimate that we shall need is contained in the following.

Lemma 2.1. Let f € H* (R?), g € H*"' (R?), F € L* (I; H*~* (R?)) and let ¢
solve:
¢t —Ap=F, ¢(0,-) =f, ¢(0,-) =g.
Assume s € (1,3) and define | = 31—3’ Then there is a positive constant C such
2

that
(2.1)

1/1
l
([wm»uﬂmwQ Scbﬂmdwwml+zhﬂhﬂmlwwt-

Here I is either (0,00) or any interval of the form (0,T) with T > 0. In the second
case, C' is independent of T

Proof. See estimate (1.14b) in [EV]. This may be seen as the end-point case of
estimate (1.14a) in that paper. O
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We shall also use the following ‘fractional chain rule’.
Lemma 2.2. Let F be a smooth real-valued fun_ction, p,q,7 € (1,00) and s € (0,1)
with % = % + %. Then for any u € L™ (R3) NnH (R3) we have
(2.2) ||F(“)HH§(R3) <C HF/(U)HLP(W) ||U||H;(R3) :
Proof. See Proposition 25, Chapter III in [C] and also [CW]. O
With these two tools at hand we can now prove our main result.

Theorem 2.3. Let f € H* (R®), g € H*" ! (R?) where s = s, = 3 — p%l and

p > 5 (equivalently: s > 1). Let F' be a smooth real-valued function such that
||F(uw)|] < Cllu||P and ||F'(u)|| < C||u|[P~t. Then there is a T > 0, depending only
on the initial data f and g, such that the Cauchy problem

Utt—AU:F(U> ) U(O,) :f ) Ut(t,') =49
has a unique solution
ue CO([0,T); H® (R*))nC* ([0, T); H* (R?))

with

T p=1
(2.3) / lu(t, )| % dt < oc.

0
If, moreover, the quantity Ds = | f|l s + |9l o1 is sufficiently small, then the
solution exists globally in time.

Proof. Fix T € (0,1) and M > 0 to be determined later. Define the s-energy

Euw) = sup [t ooy + et ) pgcs e

and the modified s-energy
) = sup [Ju(t.) — Flequsy + et ) — oll oo ]
0<t<T
Observe that Es(u) < ET*(u) + Ds, where Dy = || f|| 4= + ||gll -1, and also that
E™(uy) < Es(up — ug) + E™(us). Define
2
5T

T p—1 P
Jul = E2"(u) + ( | dt)
0

Let w be the solution of the linear Cauchy problem,
Wit —Aw=0 ; U)(O,) :f ) wt(o,') =g

By linear theory,
El'(w)—0 , as T — 0.

_ p—1
By (ZI)), and since 2% = %175, we have [* [Jw(t,-)|| % dt < oo; hence

T -
/ |lw(t,)||;% dt—0 , as T — 0.
0

Therefore,

(2.4) |lwls =0 , as T — 0.
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Define
X ={uecC®(0,T);H* (R*))nC" ([0,T]; H*~" (R*)) : |uls < M}.
We equip X with the metric
A uz) = sup [l (t2) = ua(ty )| s oy + 10vua (8, ) = Buun(t, ) o | -
0<t<T

Then (X, d) is a complete metric space. Consider the map 7 : X — X defined as
follows: Given u € X, v = 7 (u) is the unique solution of the linear Cauchy problem

vy — Av=F(u), v(0,-) = f, v(0,) =g.
We first need to prove that 7 maps X into X. So let u € X and v = 7 (u). Then

T 1 p—1
(2.5) [v]s < |w|s + Es(v —w) + </ v —wl % dt) )
0

Now v and w have the same initial data and O(v — w) = F(u). Therefore, by the
energy estimate and the Strichartz estimate (21]),

T 1 p—1 T
(26)  Buv-w)+ ( | =iz dt) <C [ NPy .
We have
T T T
/ | E )| gos dt < c/ IF )|,z dt + C’/ IF ()| jyoos dt = I + IT.
0 0 0
To estimate IT we first use the fractional Leibniz rule (2:2) to get
T
110 [ 1Pl g de
T
< CES(u)/ =] dt
0

T p—1 p—1
< CE.(u) / ST full 2y o dt.

Next, since 2221 = 6 we have [[u(t, )| a1z < C|lu(t, )]z < Es(u); hence,
p—1 T p—1
1< CES(u)HT/ lull 2 dt
0
pt1 p—1
< C(ES(u)+ Ds) % Juls?
P p—1
(2.7) < C(Juls+ Do) Juls?
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To estimate the integral I observe that p+ 1 < @ = =% hence by Sobolev,

3—2s?
llu(t, ) oer < Cllult, )| ygs < Es(u). Therefore,

T
ISC/HWWmﬁ
0

+1

T
scé|wmawmawt

p+1 T p—1
<cB.'F [ ullE d
0

p+1

p—1
S C(ES(u) +Ds) * fuls®

pt1 p—1
2
7 Juls?

<C (|u|5 + DS)

Therefore,
T ptl p—1
(2.8) | 1@ s de < C (Qul,+ D)l
0

From (23), €5) and (€3,
[v]s < Jwls +C (Juls + Ds)

pt1 p—1
2
7 fuls®

Since u € X we have |u|s < M. Therefore,

pt1 p—1
) 2

[v|s < |wl|s + C (M + Ds M= .
Thanks to (2:4]) we can choose a sufficiently small T so that

p+

C @luls + Do) 2wl)"? < ful..
Set M = 2|w|s. Then
ptl p— M M
o]y < |wls +C (M + D) T M* T < 5 T =M

We have shown that |v|s < M whenever v € X. We have also shown (see estimate
23)) that vy — Av = F(u) € L'([0,T]; H*~') . It follows from linear theory that
v e C°([0,T],H* (R®)) nC* ([0,T], H*~* (R®)). This completes the proof that
v € X whenever u € X.

Now let u;,us € X. Then, by the standard energy estimate,

T
AT (), T(w) < C [ 1F () = Flua)l]» de
OT
<C [ =) (] oy,
T 1 p—1
SCAHm—wamﬁimmwﬂﬁﬂt

T p—1 p—1
+A lur — wallgo uzll oy o u2lloZ .

By Sobolev inequalities,
Hul(tv ) - u2(t7 ')HLG < Cd(uh u2)

and
ut,2(t, )l a1z < Clurals < CM.
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Therefore,

T p—1
d(T (), T(us)) < C’MpTd(ul,ug)/ lusll % dt
0

p=1 g Bt
OM T d(uy. u) / lua| 1% dt
0

S C’Mp_ld(ul, UQ).

Recall that M = 2|w|s — 0 as T — 0. Therefore, if T is sufficiently small, we have
a contraction. Uniqueness is proved using similar estimates.

Suppose now that the quantity Ds = ||f||z. + [[gllz-—1 is small. The precise
smallness condition will be determined in the course of the proof. Instead of proving
that the solution we have just constructed exists globally in time, it is easier to
construct directly a global solution. For this purpose we define the ‘homogeneous’
s-energy by

Bo(w) = sup [t )ieqes) + et Mo e
0<t<o0

and the space
X ={ueC’([0,00); H* (R*)) N C" ([0,00); H*"' (R?)) : |uls < M}

where )

p—1

: T e
s = BP0+ ([ lE e
0

and M will be determined later. Estimates similar to those leading to (2-7)) can be
employed to show that

|v]s < CDg + Clult.
We then define M = 2C' D, and make the smallness assumption CMP < %, equiv-
alently Dy < (%) ﬁ. With this choice of M we then have

M M
vl < CDy+ Clulf < 5 + 5 = M.
The rest of the proof is similar to what we have already discussed. O

Remarks. 1. The condition p > 5 is needed to ensure that s.. > 1 so that Lemma
2.1 applies.

2. The integrability condition (Z3]) could be removed from the uniqueness part
of the theorem using the methods of [Ka, [P].
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