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WECKEN PROPERTY FOR ROOTS

DACIBERG GONÇALVES AND PETER WONG

(Communicated by Paul Goerss)

Abstract. We show that maps from a compact space into a topological man-
ifold which have geometric Nielsen root number zero satisfy the Wecken prop-

erty, i.e., N(f ; a) = 0 ⇒ f ∼ g such that g−1(a) = ∅.

1. Introduction

Let f : M → N be a map between two closed smooth oriented n-manifolds
and a ∈ N be a regular value. It is well known that the topological Brouwer
degree deg f is an algebraic count of the set f−1(a) of preimages. In 1930, H. Hopf
[8] generalized this degree for maps between manifolds that are not necessarily
orientable. He introduced his theory, now known as Hopf degree theory, using
Nielsen root theory. Following the work of J. Nielsen on fixed point theory, Hopf
introduced an equivalence relation on the set f−1(a) and defined a Nielsen root
number, denoted by N(f ; a). This number is a homotopy invariant and is a lower
bound for the cardinality of f−1(a) among all maps homotopic to f . In particular,
Hopf showed that if the degree deg f is zero, then N(f ; a) = 0.

For fixed points, F. Wecken in the early 1940’s showed that for self-maps of a
compact triangulated manifold of dimension at least three, the Nielsen number,
which is a lower bound for the number of fixed points, can be realized in the
homotopy class of the given map, i.e., there exists a map homotopic to the given
map with exactly the Nielsen number as the number of fixed points. In particular,
the vanishing of the Nielsen (fixed point) number is equivalent to showing that the
given map is deformable to be fixed point free. Subsequently in 1955, H. Schirmer [9]
proved a Wecken type theorem for coincidences of two maps between triangulated
closed orientable manifolds of the same dimension. When the target space is a
manifold, the Nielsen root theory is indeed a special case of the Nielsen coincidence
theory where one of the maps is a constant map. Thus, if f : M → N is a map
between triangulated closed orientable n-manifolds, then N(f ; a) = 0 ⇒ ∃g ∼ f
such that g−1(a) = ∅.
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In the late 1960’s, R. Brooks independently discovered Hopf’s result by general-
izing Nielsen root theory (see [1], [2]). Now let f : X → Y be a map between two
topological spaces and let a ∈ Y . Two roots x, y ∈ f−1(a) are said to be equivalent
if there exists a path C : [0, 1] → X such that C(0) = x, C(1) = y and f ◦ C is
homotopic to the constant path at a, relative to the endpoints. These equivalence
classes are called root classes. In order to extend the Nielsen theory to more general
spaces, Brooks used the following index-free notion of essentiality: a root class F is
essential if for any given homotopy f ∼H f1, there exist a root y of f1 and a path C
in X × [0, 1] with C(0) ∈ F , C(1) = y such that H ◦C is homotopic to the constant
loop at a, i.e., F is related to some roots of f1. In other words, a root class F
is inessential if it disappears under some homotopy of f . The (geometric) Nielsen
root number is defined as the number of essential root classes. Since it reduces to
the classical one when the spaces are oriented manifolds of the same dimension, we
use the same notation N(f ; a) to denote this geometric Nielsen root number.

While Nielsen root theory has been given much attention in recent years (see
e.g. [4]), the Wecken property for roots has not been fully investigated in situa-
tions where the spaces are not manifolds or are manifolds of different dimensions.
R. Brooks gave a partial result in [2] in which he showed that every map f from an n-
complex to an n-manifold is homotopic to a map g with exactly N(f ; a) root classes.
In this note, we improve this result for the case when N(f ; a) = 0. In fact, we show
that if the target space is a topological manifold, then N(f ; a) = 0 ⇒ ∃g ∼ f such
that g−1(a) = ∅ for every f : X → Y .

2. Main results

We now show that if the target space is a topological manifold, then the vanishing
of the Nielsen root number is sufficient to guarantee the existence of a root free
map in the homotopy class of the given map. By a topological manifold, we mean
a separable metric space that is locally euclidean.

Theorem 2.1. Let f : X → Y be a map between two path connected spaces.
Suppose X is compact, Y is a topological n-manifold (not necessarily compact),
and a ∈ Y is a point in Y . If the Nielsen root number N(f ; a) = 0, then there
exists a map g ∼ f such that g−1(a) = ∅.

Proof. Suppose f−1(a) is nonempty; otherwise there is nothing to prove. Let p :
Ŷ → Y be the cover corresponding to the subgroup f�(π1(X)) in π1(Y ). Since
N(f ; a) = 0, the root classes are inessential. (In fact, Brooks [1] showed that
N(f ; a) �= 0 implies that all root classes are essential.) Consider an inessential root
class γ of f . Then f is homotopic to a map f ′ such that γ is not related to any
roots of f ′. Let â ∈ p−1(a). It follows that there exists a lift f̂ ′ : X → Ŷ such that
p ◦ f̂ ′ = f ′ and â /∈ f̂ ′(X).

By a result of Doyle and Hocking [5], since Ŷ is a manifold, Ŷ = P ∪C, a disjoint
union of P and C where P is homeomorphic to the Euclidean n-space (open n-cell)
and C is a nowhere dense closed subset so that dim C ≤ n− 1. Since C is nowhere
dense and p is a local homeomorphism, without loss of generality, we may choose
the point a so that p−1(a) ⊂ P . Since f̂ ′(X) is compact, there are only a finite
number of points â1, â2, ..., âk ∈ p−1(a) that lie inside f̂ ′(X)∩ P . Now, we can use
the fact that P is a manifold and get a closed n-disk Dn ⊂ P containing â and all
of the âi (similar to Lemma 1 of [5], p. 469). Then, we use â as the center of the
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disk and get a strong deformation retract of Dn − {â} to its boundary ∂Dn. Since
â /∈ f̂ ′(X), we can compose f̂ ′ with the retraction and obtain a map ϕ homotopic to
f̂ ′ such that p−1(a)∩ϕ(X) = ∅. Now let g = p◦ϕ so that f ∼ g and g−1(a) = ∅. �

Corollary 2.2. If the subgroup f�(π1(X)) has infinite index in π1(Y ), then f is
homotopic to a map g such that g−1(a) = ∅.

Proof. Since Y is a manifold, it follows from [1] that N(f ; a) > 0 ⇒ R(f ; a) =
N(f ; a) < ∞ where R(f ; a) = [π1(Y ) : f�(π1(X))] is the Reidemeister number.
Now R(f ; a) = ∞; therefore N(f ; a) = 0 and the result follows from Theorem
2.1. �

With additional hypotheses, Theorem 2.1 can be strengthened as follows.

Theorem 2.3. Let f : X → Y , a ∈ Y be as in Theorem 2.1 with N(f ; a) = 0. If
Y is closed and R(f ; a) < ∞ or if Y is triangulable, then f is homotopic to a root
free map g such that dim g(X) ≤ n − 1.

Proof. Case I: Y is closed and R(f ; b) < ∞.
A theorem of Brown and Casler [3] asserts that every closed topological n-

manifold Mn is the image of the closed n-cell such that Mn can be decomposed
into a disjoint union of an open n-cell and a closed subset of dimension at most
n−1. (This result is a refinement of the result of Doyle and Hocking [5] in the case
of closed topological manifolds.) More precisely, there exists a map ϕ : In → Mn

such that Mn = ϕ(In), (i) ϕ|intIn is a homeomorphism; (ii) ϕ−1(ϕ(∂In)) = ∂In;
(iii) dimϕ(∂In) ≤ n − 1.

Let Ỹ
p→ Y be the covering which corresponds to the subgroup f#(π1(X)). Let

f1 be a map homotopic to f such that one of the root classes is empty. Call f̃1

a lifting of f1. This means that there exists â ∈ p−1(a) such that â /∈ f̃1(X).
Since R(f ; a) < ∞, Ỹ is a closed n-manifold. So following [3], there exists a map
ϕ : In → Ỹ such that ϕ(In) = Ỹ and it satisfies conditions (i) – (iii). We may
assume that â ∈ ϕ(intIn). Let ψ : In − ϕ−1(â) → ∂In be a strong deformation
retraction.

Now the map

η(x) =

{
ϕ ◦ ψ ◦ ϕ−1, if x ∈ ϕ(intIn);
x, if x ∈ ϕ(∂In)

is a strong deformation retraction of Ỹ − {â} → ϕ(∂In). Since ϕ(∂In) is at most
(n−1)-dimensional, the map f̃1 is homotopic to a map g̃ such that g̃(X)∩p−1(a) = ∅.
It follows that f1 and hence f is homotopic to a map g such that a /∈ g(K).

Case II: Y is triangulable.
Consider the map f1 and its lift f̃1 as in Case I. Consider a triangulation of Ỹ

such that the projection is a simplicial map. Since f1(X) is compact, it is contained
in a finite simplicial subcomplex. In fact, a compact triangulable n-manifold with
boundary admits a retraction to a subcomplex which is contained in the (n − 1)-
skeleton. Together with this retraction, it is straightforward to construct a map
g ∼ f such that g(X) lies in the (n − 1)-skeleton of Y and g−1(a) = ∅. �

Remark 2.1. We should point out that when N(f ; a) > 0 the number of roots within
each root class may be minimized but not simultaneously (see [6]). Furthermore,
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the Wecken property for coincidences does not hold true in general, even in the case
when N(f, g) = 0 as we illustrate in the next example.

Example 2.4. Let f : S11 → S6 be a map given by the Whitehead product. It
was shown in [7] that the map f and itself are homotopic to maps f1, f2 that are
coincidence free. However, such maps must have the property that there exists a
point x ∈ S11 such that f1(x) = −f2(x). Thus, if p denotes the covering map from
S6 to RP 6, then p◦f1 and p◦f2 must have a coincidence. In other words, p◦f and
p◦f cannot be made coincidence free. On the other hand, there are two coincidence
classes, one of which is empty and the other is all of S11, and they correspond to
π1(RP 6). These two classes are related by homotopy in the sense of [2]. This fact
can be seen by the fact that the two lifts, namely, f and A ◦ f , of f are homotopic
where A is the antipodal map on S6. Thus, N(p ◦ f, p ◦ f) = 0.
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