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SEIBERG-WITTEN INVARIANTS
AND BRANCHED COVERS ALONG TORI
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(Communicated by Ronald A. Fintushel)

ABSTRACT. We compute the Seiberg-Witten invariants of double covers of
smooth four-manifolds branched along tori of self-intersection zero.

1. INTRODUCTION

This short paper is a modest generalization of [RW]. In that paper Ruan and
Wang computed (mod 2) the Seiberg-Witten invariants of double covers of 4-
manifolds branched along a connected orientable Riemann surface of genus greater
than one. In what follows, we shall present a similar (mod 2) computation when the
branched locus is a torus. Our shared philosophy is to express the Seiberg-Witten
invariants of the closed 4-manifolds in terms of the relative invariants of the com-
plements of the branch locus. The computation depends essentially on the gluing
formulae for the Seiberg-Witten invariant found in [P2] or [T]. In the last section,
we answer in the affirmative a conjecture made by Ruan and Wang in [RW]. More
examples of our formulae will appear in [P3].

2. PRELIMINARY SETUP AND DEFINITIONS

We shall try to be faithful to the notation in [RW] and [P2]. Let X, X be closed
smooth 4-manifolds and ¥ C X be a smoothly embedded connected orientable
surface. We say that a smooth map p : X > Xisa cyclic m-~fold cover branched
along ¥ when the following holds: if Y= p~1(X2), then the restriction p : X \ N
X \ X is an unbranched m-fold cover, and p has the form z — 2™ locally on the
normal complex planes of Y and .

T%UV(Z)
X =Y, U v

Let () denote a tubular neighborhood of ¥ and let Yy := X \ v(%), Yy :=
p~1(Yp). Again, p restricts to an unbranched cover p : }N/O — Yy. When m = 2, let
o }70 — 370 be the covering involution. We shall reserve the ~ symbol for indicating
some pull-back object by p. As in [RW] we will always assume that [X]? > 0.
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2796 B. DOUG PARK

Definition 2.1. (i) Given any complex line bundle L — X, the virtual dimension
with respect to L is defined to be

Ay = glea(E) — (2ex +35x)],

where ex and sy are respectively the Euler characteristic and the signature of X.
(ii) The adjunction term of ¥ with respect to L is defined to be

Jr(X) = |ei(L) - PDIE][ + 2] - [X] + ez,
where PD : Hy(X;7Z) — H?(X;Z) is the Poincaré duality isomorphism.
By changing [¥] to —[X] if necessary, we can always assume that ¢;(L)- PD[X] <
0. With that understood, we have the following
Lemma 2.2. (i) [Z]? = L[3]2.
(ii) ex =mex — (m —l)ex, and s =msx — ’”23*1 [%]2.
(iii) For any complex line bundle L — X, we have ¢1(p*L)? = me1(L)?.
(iv) Let L be a line bundle such that c1(L) = c1(p*L) — (m — 1)PD[X]. Then
J: () = J(%).
(v) dz =mdp, + 1(m —1)J,(2).
Proof. We refer to the excellent book [GS] for some of the proofs and [RW] for the
special case when m = 2. The signature formula in part (ii) can be found in [H].
The rest is an easy exercise, which we omit. O

From now on we will restrict our attention to the case when the genus of ¥ is
one and [X]? = 0. We now briefly recall the setup in [P2]. Suppose we are given
a compact 4-manifold Yy with boundary 0Y, =2 T2 and a fixed factorization 0Yy =
Y x St where ¥ = T2. Let v = [{pt} x S1] € H1(0Yp), and let v* € H'(dYp) be the
Poincaré dual of [X] € H2(9Yp). Let X be the closed 4-manifold Yy Ugy, (X x D?),
where the boundaries are identified using the above factorization.

Definition 2.3. Let v denote the homology class of the meridian of ¥ in 9Y; as
above, and let i : Yy < Y be the inclusion map. We shall say that the pair
(Yp, X) is admissible if the following three conditions are satisfied:
(i) ny € Ker [y : H1(0Yy;Z) — H1(Yo;Z)] for some positive integer n.
(ii) Coker [i*: HY(Yy;Z) — H(0Yy;7Z)] is torsion-free.
(iii) The intersection form of Yy is not negative definite.
For an admissible pair (Yp, X)), we define
ny :=min{n > 0| ny € Ker [i, : H1(0Yy; Z) — H1(Yy; Z) ]},
ny ;= max{n > 0| [X] = na for some a € Hy(X;7Z)}.
We shall say that the pair (Yp,X) is strongly admissible if it is admissible and
Ny =Ny

Note that condition (i) above implies the existence of an embedded surface T’y C
Yy such that [0T'g] = ny7. Let ' denote the closed connected surface

(2.1) ToU (ﬁ{pti} x D?) c X.

i=1
It follows that [['] € Hy(X;Z) is primitive and [['] - [£] = n,. I' is not unique, but
we may choose I' so that its genus is minimal among all such surfaces.
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SEIBERG-WITTEN INVARIANTS 2797

Note that for an m-fold branched cover, m divides ny. Let © denote a smoothly
embedded surface in X such that [¥] = ny[0]. Let N denote the regular neighbor-
hood of the union OUT inside X. If (Y5, X) is strongly admissible, then [I']-[©] =1,
and hence there is an orthogonal decomposition

Hy(X;Z2) = ([©], [I]) & Ha(X \ N; Z)
and the corresponding splitting of the intersection form:

(2.2) Qx = { (1) i ] ® Qx\nN,
where ¢ = [T - [T'].

If (Y, X) is admissible, then we can define a relative Seiberg-Witten invariant of
Yy as follows. Let S(Yp) denote the set of isomorphism classes of Spin® structures
on Y that restricts to the trivial (canonical) Spin® structure on the boundary 9Yp.
Let Hy, denote the cokernel of the homomorphism i* : H!(Yy;Z) — H(0Yy; Z).
In [P2], we defined a function

SWYO : S(YO) X HYD — Z,

which algebraically counts the number of solutions to the twice-perturbed Seiberg-
Witten equations for a Spin® structure £ € S(Yj) on the cylindrical end 4-manifold,
Y = Yb Uayo (8Y0 X [0,00))

ﬁA¢ = 07
(2.3) p(Fa+mn)=4q(9),

n=f- (ih’(kA’(b) (w) —irmim*us) .
We refer the reader to [P2| for the exact definition of the terms in (Z3]). The cylin-
drical end moduli space M7, (L, g,w) is defined by dividing the space of finite energy
solutions to (23)) by the action of the Lg)loc gauge group G(Y). Note that every

solution to (Z3) is irreducible, i.e. ¢ # 0. Recall that there exists a continuous
map

Ooo : My (L, g,w) — Hy, -
If M} (L,g,w) is O-dimensional, then we define
SWy, (L, z) == #[M-(L,g,w) NI (2)].

Definition 2.4. (i) Let Ky, be the set of isomorphism classes of complex line
bundles on Yj that pull back to a trivial bundle on p~!(Yp). Let Kj, = Ky, \ {C}
be the subset of non-trivial line bundles.

(ii) Suppose (Yp, ) is strongly admissible. For any Spin® structure £ on X with
det{ = L and J(X) = —c1(L) - PD[X] = 0, we let

my, :=c1(L) - PD[I,
where I' C X is defined as in (2.1]). We also define
oo
ke(X,2) = D > SWy(Elv@r, (Ime/n,] —n)y"),
nGlC’{,O n=1

where [mp/n.] denotes the greatest integer less than or equal to my/n., and v*
is the non-zero element of Hy, coming from PD[Y] € H(dYy).
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2798 B. DOUG PARK

Note that Ky, is isomorphic to the kernel of the homomorphism p* : H?(Yy; Z) —
H2(Yy; Z). Also recall that ¢;(k) is m-torsion for every line bundle x € Ky,. (See
the proof of Theorem 3.8 in [RW] for the case of double covers.) For any complex line
bundle L — X, let us write ¢;(L) = a PD[O] + bPD[I'] + 3, with 3 € H*(X \ N;Z)
according to the decomposition (ZZ)). Then ¢i(L) - PD[X] = 0 implies that b =0
and a = my. When b5 (X) > 1, one can show that the sum defining k¢(X,Y) is
finite as in [P1].

3. MAIN FORMULA

We now restrict ourselves to the case when m = 2. The following is a direct
generalization of Theorem 6.8 in [RW].

Theorem 3.1. Let p : X — X be a double cover branched along a homologically
non-trivial torus X C X. Let Yo = X \v(X) be the complement of the tubular neigh-
borhood of X, and let Yo = p~1(Yy), & = p~1(X). Assume that bj (X),bF (X) > 1
and [X]? = 0. Suppose that € is a Spin® structure on X whose determinant line
bundle L satisfies c1(L) - PD[X] =0 and dr, = 0. Let L denote the restriction |y, .
If both (Yy, %) and (Yo, %) are admissible, then we have

SWe (p*(£),p* () = SWy, (L, 2) + Z SWy, (L ® k,z) mod 2.

*
~eKy,

Moreover let 2 be a Spin® structure on X whose determinant bundle is L = pL®
PD[Y]7! and whose restriction to Yy is p*(L). Also define

A= T [[m_ﬂ .

Suppose both (Yo, %) and (Yo,X) are strongly admissible. If Ap(X) # 1, then we
have

(3.1) SWe(€) = SWx(€) + ke(X,3) mod 2.

If AL(X) =3, then we have

SWx (&) + ke(X,X) = 0 mod 2.

Proof. Let Y := Yy U 9%, (6570 x [0,00)). Consider the following system of equations
for the Spin® structure p*(£) on Y:

aAqb =0 )
(3.2) p(Fa+1m) =q(9),

7= (fop)- (ihz‘A7¢) (p*w) — irp*min*py) .
Here, éA is a twisted Dirac operator constructed from the Levi-Civita connection
of the pull-back metric p*g on Y. (g is a generic cylindrical end metric on Y used
to define (2.3).) Let MZ(p*L,p*g, p*w) denote the solution space of ([3.2)) divided
by the action of a suitable gauge group G(Y). We can choose w such that both
w and p*w are supported away from the critical values of the Chern-Simons-Dirac

functional of [P2]. Hence we can prove the compactness the same way and obtain
a continuous map

0o : M (p"L,p*g, p'w) — Hy, .

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SEIBERG-WITTEN INVARIANTS 2799

Note that d;, = 0 implies that the virtual dimension of MJ, (L, g,w) is zero. Since
we have also assumed that Jz(¥) = 0, it follows that d; = 0, and hence the virtual

dimension of Mvg (p*L,p*g,p*w) is also zero. We introduce the notation
Ny (p*L,p*z; r,p*g, p'w) i= ML(p*L, p*g, p'w) NI (p*z)
Ny (L,257,9,0) := MY (L, g,w) N 0L (z) -
Note that there is a well-defined homomorphism p* : Hy, — Hy, -

Next let Pgo(4) denote the frame bundle of Yo, and let P be the principal Spin®(4)
bundle corresponding to p*£. As in [RW] we choose a lifting 7 of the covering
involution o

P P

L

Pso(a) —— Pso)

Let 7* denote the induced action on the Seiberg-Witten configuration space B(p*L).
Given any subset S C B(p*L), we let S™ C S be the fixed point set of 7* : B(p*L) —
B(p*L). Since every solution to ([B2) is irreducible, Theorem 3.8 of [RW]| gives us
a homeomorphism

Ny, ("L, p*x; r,p'g, p'w)”

~ Ny, (L,z57, 9,w) H H Ny, (LR K,x;7,g,w)

«
~eKy,

Now let ¢’ be a generic cylindrical end metric on Y. We need to compare the
moduli spaces of (23) and ([BZ) on Y. Since prmiTr uy = 2mi7 pug and we are
free to vary the parameter r € R\ {0} in (Z3)) (as long as |r| is very small and
the sign of r remains the same), we easily see that the only difference between

MZ(p*L, ¢, p*w) and MZ(p*L, p*g, p*w) is in the non-generic choice of the metric
p*g in the definition of (3:2)). Hence Theorem 2.2 of [RW] implies that
SW (p"L,p*x) = #Ng, (0°L,p™x; 2r, ¢, p'w)]

= #Ny, (0L, p"x; 1, p’g,p'w)7] mod 2.

This proves our first congruence. To prove the second, recall from [P2] (Corol-
lary 20) that

(3.3) SWx =SWy, - (B +[ZP+[ZP° +--),

where SW denotes the Seiberg-Witten series. Hence it follows from the product
formula in [P2] that

(34) SWx () =D SWy (£, (e /n=] — 20+ 1)7").
n=1
(Note that PD[O] € H?(Yy;Z) =& Hy(Yy,dYy;Z) is nyg-torsion.) ~* is indivisible

and since the difference (modulo torsion) of any two characteristic elements of
H?(Yy,0Yy; Z) is divisible by two (cf. [MMS], [P1]), we must have by default

(3.5) SWy, (L, ([mr/ns] = 2n)y") = 0
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2800 B. DOUG PARK

for every integer n. Thus we may rewrite (B.4) as
SWi (¢ Z SWy, (L, ([mp/ns] —n)y").

Summing our first congruence over n, we conclude that

SWx (&) + ke(X,X)

nil SWy, (£ ([[7:_;]] —n)y) + Y SWYO(ﬁm,(M—;ﬂ —n)y")

REKY,
Z SWy, (p°L, p*([mr/ns] —n)y*) mod 2.
Let 0 € Hy (aYO) denote the homology class of the meridian of f], and let 6* :=
PD[Y] € H'(3Yy). Asin ZI), let A C X be a minimal genus surface such that

[i] -[A] = ns = ng. Note that [X] - p.[A] = 2ns = n,. Since p*(v*) = 26*, we get

(3.6) SWx (§) + ke(X, %) = ZSW%(p*ﬁ, 2([my/ns] —n)d*) mod 2.

n=1
As in (B4), we have
ZS s (Imz/ng] = 2n +1)6%).
But now note that
m; = ¢i(L)- PDIA] = —ns + e1(p*L) - PD[A] = —ns +my, .

Since ny = 2ng (cf. [GS]), we must have

mp o Znmetmu L 2mn

ns ny /2 ny
Hence it follows that
(3.7) SW( Z SWg, (p°L, ([2mr/nx] — 2n)6").

Let & be the complex conjugate Spin® structure on X with det & = —L. We have
SWx (€) = (—1)(ex+sx)/4 STy (€). Hence by changing ¢ to & if necessary, we may

assume that
1
o< ™ _[me] oL
ny ny 2

Now if mp/ny — [mr/ns] # 1/2, then we get
[[QTTLL/TLZJ]] = 2[[mL/nz}].

Thus the combination of (3:6) and (BZ]) proves our second congruence, provided
that mr/ny — [mr/ns] # 1/2. Finally suppose that

mry, ny
3.8 = |[|— — .
(3.8) e [[nz]]nz+ :
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Then we have [2mr, /nx] = 2[m/nx] + 1, and thus
(o)
SWe(&) = > SWy (0L, (2[mp/ns] + 1 —2n)5%) .
n=1

As in BF), it follows that
SWy, (p°L, (2[mr/nx] — 2n)é6*) = 0
for every integer n. Hence (B.6) implies that
SWx (§) + ke(X,¥) = 0 mod 2. O
Remark 3.2. (i) If b5 (X) > 1, then by the adjunction inequality (cf. [OS]), e1(L)-

PD[X] # 0 implies that SWx (€) = 0. Since ¢1(L) - PD[] = ¢1(L) - PD[S)], it also
implies that if b7 (X) > 1, then we must have SW;(&A) =0 as well.

(ii) If ¢1(L) - PD[X] = 0 but d # 0, then by Lemma 2.2] (v) we have d; # 0.
Hence if X is of Seiberg-Witten simple-type (e.g. if X isa symplectic manifold),
then SW)?(EA) =0.

(iii) Let A — X be the complex line bundle with ¢;(\) = 1 PD[X] determined by
the branched cover p: X — X. If (Y, %) is admissible, then [X] € Ha(X;Z) is not
torsion. Hence Proposition 5.3 of [RW] implies that A|y, € Ky, and if H,(X;Z)
contains no 2-torsion, then K3, = {Aly, }-

4. EXAMPLES

We start out with the following conjecture made by Ruan and Wang:

Conjecture 4.1 (cf. [RW], p. 502). The difference of the SW -invariants,

SW(€) — SWx(€) mod 2,
is not always zero.

We prove the conjecture (at least when the genus of ¥ is one) by providing
examples with k¢(X,¥) =1 mod 2.

For each integer n > 0, let E(n) be a simply-connected elliptic surface with
no multiple fibers and with geometric genus p, = n — 1. Let F' denote a generic
torus fiber of E(n), and let E(n), be the result of a logarithmic transformation of
multiplicity ¢ >1 along F. Let F; C E(n), denote the multiple fiber. Recall that
[F] = ¢[F,] in Hy(E(n)y;Z). If ¢ = 20 is even, then let E(n), be the double cover
of E(n), branched along the torus ¥ = F'.

We may take I' to be the union of a normal disk of F;, and ¢ punctured sections

in E(n)\v(F), and set © = Fy. It is not very hard to check that the pairs (E(n)\
v(F),F) and (E(n)q\ v(F), F) are strongly admissible. (Note that H gy pw(F) =
Hem\vir) =27
Lemma 4.2. Let t = [F] and t, = [Fy] in Ho(E(n)g;Z). Then we have
WE(n)q =t —t)n2. (tgfl +tg*3 4t t;(q—S) +t;(q_1)),
SWam,\wim) = (7 =077 (7 1070 4 Y g ),

Proof. S—WE(n)q was computed in [ES]. Apply Corollary 20 of [P2] to it. (See
formula (33) above.) O
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Theorem 4.3. Let &; denote the Spin® structure on E(2)q with ci(det&;) =
PD(j[F2)). If j is odd and satisfies 1 < j < 20— 1, then

e, (B@), F) = 1.
Moreover, if j # £, then
SWE(Q)N (&) = SWg(2),,(§;) =1 mod 2.
Therefore Conjecture BT is true.

Proof. As before let Yy = E(2)9 \ ¥(F) and let L; = det&;. Let t = [F] and
ty = [Fae] with ¢ = 2¢. Note that np = 2¢ and mp;, = j. Thus [mg,/nr] = 0.
Since E(n), is simply-connected, Ky, = {Aly,}, where ¢;(\) = {PD(t;). Thus if
1 <5 <20 -1, we have

kfj (E(Q)%’F) = Z SWYO (£j|Yo® /\‘Yoa (—TL)’Y*) .

n=1

Now recall from [P2] that
SWYO (£j|Yo® /\‘Yoﬂ m,y*) = SWYO (§j|Yo7 (m - 1)’7*)

for every integer m. Hence we conclude that

ke, (E(2)a0, F) =Y SWyy (5lvps (=1 = 1)) -

n=1
From Lemma[£2], we have
SWyy = (071 —t) - (¢ 41273 4ot 078 g (=)
Let a,, ; denote the coefficient of t"tg in SWy, with |j| < ¢—1. From the definition
of a Seiberg-Witten series in [P2], we deduce that if |j| < ¢ — 1, then

anj = SWy, (&lye:n7") -
It follows that if j is odd and 1 < j < 2¢ — 1, then

ke,(E(2)20,F) =Y an1; =a 5; =a_1; 2 =1.

n=1

For the last statement note that if 1 < j <2¢ —1 and j # ¢, then

mr,. mry,. J J J 1
Ap(F) = Db sl T I 2
() =27 anﬂ 20 [[%ﬂ 2% 73
Now apply congruence (B.1)) of Theorem Bl O

Remark 4.4. (i) For n > 2, let & ; be the Spin® structure on E(n)g, such that
c1(det&; ;) = PD(it + jt,) with [j| < 2¢. As in the last proof, we can express
ke, ;,(E(n)2¢, F) as a sum of coefficients of SWg(,),0u(r)- In this way we can find a
plethora of instances where ke, ;(E(n)ze, F) = SWy,,, | (fA”) — SWen)s, (i) =1
mod 2.
(i) If ¢ is odd and j = ¢, then Ap,(F) = § and SWg(a),,(§;) = 1. Thus we have
SWi2),, (&) + ke, (E(2)2¢,F) = 2 =0 mod 2,

which is the final congruence of Theorem Bl
(iii) Many more examples with k¢(X,%X) =1 mod 2 can be found in [P3].
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