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ABSTRACT. Consider the function
400
fl@)="> b "g(b"x)
n=0

where b > 1 and g is an almost periodic C1:¢ function. It is well known that
the function f lives in the so-called Zygmund class. We prove that f is gener-
ically nowhere differentiable. This is the case in particular if the elementary
condition ¢’(0) # 0 is satisfied. We also give a sufficient condition on the
Fourier coefficients of g which ensures that f is nowhere differentiable.

1. INTRODUCTION
The function
—+oo
w(z) = Z b " cos(2mb"x)

n=0
where b > 1 and a < 1 is probably one of the most famous continuous nowhere
differentiable functions. This function was introduced by Weierstrass. He proved
that w is nowhere differentiable for some of these values b and «. A few years later,
Hardy gave the proof for every b > 1 and every a < 1 (see [A]). The critical case
«a = 1 is especially interesting. In that case, the function w is in the Zygmund class
A+, that is, it satisfies

(1.1) lw(z + h) + w(z — h) — 2w(z)| < C|h|

for some C > 0, but is nowhere differentiable. In particular, w is not Lipschitz.
More generally, one can consider the function

+oo
f(;v) _ Z b—nag(bnx)’
n=0

where g is almost periodic and 1 < b < 4o00. Such a function is often called a
Weierstrass-type function.

If @ < 1 and g is Lipschitz, it is easy to prove that f is of class C* (see for example
[4]). Moreover, studying the oscillations of f, numerous works give the conclusion
that in good cases the function f is nowhere differentiable (see for example [I], 2]
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6 [7) 8, [11]). In particular, it is proved in [2] and [I] that, as soon as f is not
Lipschitz, there exists a constant C' > 0 such that for every interval I of length
1] < 1, 05¢ (f, 1) = sup, (f) — inf (f) > C |1]"

The method proposed in [2] and [1] does not work any more in the limit case
a = 1. Moreover, the inequality osc (f, I) > C'|I| would not imply that f is nowhere
differentiable. For example, the sawtooth function ¢(z) = dist (x,Z) is Lipschitz
and satisfies osc (¢, I) > £ || if [I]| < 1.

The purpose of this note is to study the regularity properties of the function

+oo
(1.2) flz) =Y b "g(b"x) .
n=0

We suppose that g is almost periodic and of class C1°. A natural question is then
to ask if f is nowhere differentiable. We will answer that it is generically the case
when the set of functions g is endowed with the natural norm

l9ll1.e = lglloo + N1+2(9)
with

h —h)—2
N1+e(g):sup<|g(x+ )+S;L(|916+8 ) g(m)|7 z €R, h>0> .

As a preliminary result concerning the regularity properties of the function f, let
us recall the following classical proposition (see for example [10] and the references
therein).

Proposition 1.1. Suppose that g is a bounded function of class C*¢ for some
€>0. Let 1 <b< 400 and define f by (L2). Then, f is in the Zygmund class
Ay. That is,

|f(x+h)+ f(x—h)—2f(z)| < Clh| forallxzeR and |h|<1.

More precisely, we can choose

Niye(g) | 20sc(g)
1—b—¢ 1—0p1’

Proof. This result is well known. Let us briefly sketch the proof. Suppose that
b= (ot < || < b~"0. We can write

C= where osc(g) = sup(lg(x) — g(y)|, =,y €R) .

+oo
[f(x+h) + flo—h) = 2f(x)] < Db " [gb"(x + h)) + g(b"(x — k) — 29(b")]

n=0
no +OO

<Y VT Nigeg) PRI 4 Y 26 ose(g)
n=0 n=ngp+1

_ Nuse(g) [P (bt — 1) 267" ose(g)

B b —1 1—b1

Niye(g) | 20sc(g)
= {1—1;8 )
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WEIERSTRASS FUNCTIONS IN ZYGMUND’S CLASS 2713

The previous proposition suggests that it is easier to estimate the second-order
oscillations of the function f defined by ([CZ)). Let us introduce the following nota-
tion:

(1.3) osca(f, I) = sup(|f(z + h) + f(z —h) = 2f(z)|, [x —h,z+h] CI)

where [ is a bounded closed interval.
Finally, let us denote by A? f(x) the second-order difference

Ajf(@) = fle+h)+ flz—h) - 2f(z) .

The main result of this note states that for most functions f, the second-order
oscillations osce(f,I) are uniformly bounded from below by C'|I]. This implies
that the function f is nowhere differentiable. More precisely, we have the following
results.

Theorem 1.2. Let g be an almost periodic function of class C1¢ and 1 < b < 400.
Define f using formula ([L2A). There are only two mutually exclusive possible cases:

. N1+€(g)
) Mse(f) < 52—
or
(ii) there exists a constant C > 0 such that for every closed interval I of
length |I] <1,

osca(f,1) = Cl| .
We can then deduce the following corollary.

Corollary 1.3. The hypotheses are the same as in Theorem[1.2l There are only
two mutually exclusive possible cases:

(i) f is of class C1#
or

(ii) f is nowhere differentiable.

Case (i) is obviously a possible case. If v is an almost periodic function of class
C1¢ and if g(z) = v(z) — b~ 1v(bx), then f = v and f is of class C1¢. In fact, this
is the exceptional case (see Theorems BT} and [£3). In the generic case, (ii) is
satisfied and the function f is nowhere differentiable.

The paper is organised as follows. In the next section, we give the proof of
Theorem and Corollary [[L3l In Section 3, we prove that the set of functions
g such that f is nowhere differentiable is a dense open subset of the set of almost
periodic functions of class C'!*¢. In particular it contains the set of functions g such
that ¢’(0) # 0. In the last section, we give a sufficient condition (in terms of the
Fourier coefficients of g) which ensures that the function f is nowhere differentiable.
We can then construct a lot of Weierstrass-type functions in the Zygmund class
which are nowhere differentiable.

2. PROOF OF THEOREM AND COROLLARY [[3

Throughout this section ¢ is an almost periodic function of class C'¢ and f
is defined by formula ([ZZ)). The first lemma gives a minoration of second-order
differences at some initial scale ¢.
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Lemma 2.1. Suppose that hypothesis (i) of Theorem is not satisfied. There
are three real numbers £ > 1, v > 0 and h > 0 such that every closed interval I of
length |I| = ¢ contains a point x satisfying

N € €
zr—hel, zr+hel and ‘Aif(:cz)‘EMWH .

bs -1
Proof. Suppose that (i) is not satisfied. We can find g € R, v > 0 and h > 0 such
that
Niie(g) + bv
83 (a0)| > Ml 250 e
bt —1
Set
B v ‘h|1+€
R

Since f is the uniform limit of almost periodic functions, it is also almost periodic.
We can then find a real ¢ > 0 (which we can assume is greater than 1 and greater
than 3h) such that

VyeR, €y, y+£/3[; l7sf— flle <eo,

where 75 f(z) = f(x +9).
Let I = [a,a + ¢] be a closed interval of length ¢ and take v =a — zo + £/3. We
can find ¢ € [,y + £/3) such that

[7sf — flloo <0 -
Set x7 = xg + 6. We have
xr€la+¥/3,a+2(/3) and a<zy—h<zr<zy+h<a+?.

Moreover,

|f(xr —h) = flzo — h)| < <o,

|f(zr) = f(z0)| < €0,

|[f(xr+h) = flzo+h)| <eo .
Finally,

N +v
827 (en)| 2 AR 7o) — e > VO EY e
and the proof is done. O
Let us now remark that the Weierstrass function f satisfies the functional equa-

tion
(2.1) f(a) = g(x) + 07" f(ba) .

This equation allows us to deduce minorations of second-order differences at scale
£/b from similar ones at scale ¢. This is the object of the following elementary
lemma.

Lemma 2.2. Let x,h € R satisfy

|AG f(2)] > % W' for some v >0 .
Then

N (N11(g) +vb®

872507 )| 2 PO pyapre
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WEIERSTRASS FUNCTIONS IN ZYGMUND’S CLASS 2715

Proof. The above lemma is an easy consequence of the functional equation (2.1)).
We have

Afa f(07 ) = Af (b ) + b7 AT f(2) -
Suppose that z, h and v satisfy the hypothesis of the lemma. Then

AL f0 )| = b AL f(@)| = A1 g(b )|
2 b71 (Nl'g:(_)1+ ’l)) |h‘1+6 o N1+5(g) ‘bflh‘l""a
_ (NHZE(_)—ll—vb |b 1h‘1+s

O

We can now finish the proof of Theorem Suppose that property (i) is not
satisfied and consider £ > 1, v > 0 and h > 0 given by Lemma 2Tl Let I be
an interval of length |I| < 1. Define k as the unique positive integer such that
Eb_k < |I| < ¢b=**1. Finally, let J C I be an interval of length |J| = ¢b=*

= bk J. According to Lemma[2.1] we can find z ; j€ J such that

T N g €
$J"—h, iL‘j-l—hEJ and |A%f($j)|z%|h|l+

Iterating Lemma we obtain

Niye(g) + vb* e vlh| bk
Set
C = M .
(b= — 1)tb
We get
v|h|tTE bk
osca(f, 1) > osca(f, J) = uﬁ >ClI| .

O
We can now prove Corollary Let us first recall that a continuous bounded
function ¢ is of class C'1¢ if and only if the quantity Ni;.(p) is finite (we can refer
o [9], Lemma 5.4, p. 207, for an easy proof of this fact).
More precisely, suppose that the Weierstrass function f is of class C'°. The
functional equation (2:1)) gives

THALLf(b) = Af f(z) — Afg() -
It follows that
b"Nive(f) < Nive(g) + Nive(f) -

Finally,

N1+€(g)
be—1

We have just proved that f is of class C1*¢ if and only if Ny .(f) < Nblj—j(lg).

Corollary [.3] is then an immediate consequence of the following lemma.

N1+s(f) S
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Lemma 2.3. Let ¢ : R — R be a real function and let xo € R. Suppose that ¢ is
differentiable at xo. Then

lim osca(p, I)
DNz} |1

Proof. Let € > 0. We can choose n > 0 such that
oo +1) = p(x0) + te' (z0) + te(t)

with |e(t)| < e if |t| < n. Let I be an interval of length |I| < 7 and such that o € I.
Finally, suppose that y € R and h > 0 are such that [y — h,y + h] C I. We have

‘Ai@(yﬂ = Jp(xo+ (y+h —x0)) + @(xo + (y — h — x0)) — 2¢(x0 + (y — 20))|
= [(y+h—mz)e(y+h—z0)+
(y —h—wm0)e(y — h —x0) — 2(y — zo)e(y — 20)|

=0.

< el

and the conclusion follows. O

3. ON THE SET OF FUNCTIONS g SUCH THAT f IS NOWHERE DIFFERENTIABLE

We begin this section by describing two elementary sufficient conditions on the
function g which ensure that the associated Weierstrass function f is nowhere dif-
ferentiable.

Theorem 3.1. Let g be an almost periodic function of class C1° and 1 < b < 400.
Suppose that g satisfies one of the following two conditions:

(1) g'(0) #0
or

(2) ¢'(0) =0, g is not constant and 0 is a global extremum of g.
Then, the function f defined by formula (L2) is nowhere differentiable.

Remark 3.2. In particular, this theorem can be used to prove that the classical
Weierstrass functions

+00 400
w(zx) = Z b~ " cos(2mb"x) and w(z) = Z b~ " sin(27b"x)
n=0 n=0

are nowhere differentiable.

Proof of Theorem B.1. We are arguing by contradiction. Assume that f is differen-
tiable at some point. By Corollary [[.3], f must be differentiable everywhere. The
functional equation which is satisfied by the function f gives

fl(@) =g () + f'(bx) .
In particular, ¢’(0) = 0.
Suppose now that ¢’(0) = 0 and g(z) < ¢g(0) for all z € R. Suppose once more
that f is differentiable at some point. By Corollary I3l f/(0) must exist. Observe

that f(z) < f(0) for all x € R. So, f/(0) = 0. On the other hand, let  # 0. For
every n > 0, we have

+00
FO7" ) = f(0) =D b7 (g(0" b x) — 9(0) < b7 (g(x) — g(0)) -
k=0
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WEIERSTRASS FUNCTIONS IN ZYGMUND’S CLASS 2717

It follows that

Taking the limit, we get
0<g(x)—g(0) .

Therefore, g is constant. The case where 0 is a global minimum of g is similar. [

As a consequence of Theorem [[L2, we can also prove the following result about
the set of functions g such that the associated Weierstrass function is irregular.

Theorem 3.3 (Function f generically nowhere differentiable). Denote by E the
set of almost periodic functions of class CY¢ endowed with its standard norm.
The set of functions g € E for which the associated Weierstrass function f(x) =

:j’) b~ "g(b"x) is nowhere differentiable is an open dense subset of E. Its com-
plement is a closed vector subspace of E of infinite codimension.

Proof. First remark that the two norms ||gll1 = ||g|lcc + Ni4e(9) and g1, =
g’ (@+h)—g' (2)]

9lloc + 119’ llsc + sup(*——p =) are equivalent on the vector space E. This is

an easy consequence of Lemma 5.4 on page 207 in [9]. These two norms define the
standard topology in F, and the vector space F is a Banach space. Denote by F'
the set of functions g € F such that f is regular. It is clear that F' is a vector
subspace of E. Suppose that g, € F and converges to g € E. Denote by f, and f
the associated Weierstrass functions. Theorem [[.2] ensures that

N1+e(fn - fp) S W .

Moreover, it is clear that

lgn — 9pllo
1—-b1

It follows that the sequence f,, is a Cauchy sequence in E. In particular, according
to the previous remark, the sequence f;, converges uniformly. We can conclude that
f is differentiable. Finally, g € F' and F is a closed vector subspace. It follows that
E\ F is dense in E. We will see in Corollary that F' is a subspace of infinite
codimension. (]

an - f;DHoo S

4. ON THE FOURIER ANALYSIS OF FUNCTIONS g SUCH THAT f IS REGULAR

In this section we give a sufficient condition (in terms of Fourier coefficients of
g) which ensures that f is nowhere differentiable. We begin with the following
elementary proposition.

Proposition 4.1. Let g be an almost periodic function of class C%¢ and 1 < b <
+00. Suppose that the associated Weierstrass function f is differentiable. Then,
for all x € R,

+o00o
(4.1) F@) = J(0) = f'(0)z = ) b"(9(b""z) — 9(0)) .
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Remark 4.2. Suppose for simplicity that ¢(0) = 0. If a € R and if ¢’(0) = 0, it is
always possible to define f(x) by the formula

+oo
f(z) = ax — Z b"g(b "x) .

The function f is of class C! (the derivative series is normally convergent in every
compact set). Moreover it is easy to see that for every z € R, f(z) = g(z) +
b1 f (bx). On the other hand, the Weierstrass function associated to g is the unique
bounded solution of the functional equation (2.I). Finally, we can conclude that
the Weierstrass function f is regular if and only if we can choose a € R such that

f is bounded.
Proof of Proposition Il Remember that f(z) = g(x) + b= f(bx). We can then

write

f(@) = f(0) = b(f(b~"z) = £(0)) = blg(b~"w) — 9(0)) -

Iterating this relation, we get for every N > 1,

N
(4.2)  fla) = f(0) = bV(F(b~ V) = £(0) = Y b"(9(b7"w) — g(0)) .

Recall that ¢’(0) = 0 (see Theorem B.1l). The estimate

g(b~"z) — g(0)
b—"x

(a07"0) — 0D = o J)| < lalClpaf
ensures that the series > 0" (g(b~"xz) — g(0)) converges. On the other hand, using
that f is regular, we get

lim B (£(b~Na) - (0)) = 2£'(0) -

N—o0

Finally, we can take the limit in (£2) and we obtain (.1]). O

The following theorem gives a sufficient condition on the Fourier coefficients of g
which ensures that f is nowhere differentiable. A similar condition was previously
obtained by Kaplan, Mallet-Paret and Yorke in a slighly different context (see [§]).
Recall that the Fourier coefficients of a continuous almost periodic function ¢ are
defined by

1

T
~ o . —iAx
p(\) = Tlirfm 5T [T o(x)e” "dx, AeR.

Moreover, the set of reals A such that @$(A) # 0 is countable (see for example [3]).

Theorem 4.3. Let g be an almost periodic function of class C? and 1 < b < +oc.
Suppose that

Z b"g(b"A\) #£0  for some A € R* .
nez
Then, the associated Weierstrass function f is nowhere differentiable.

Remark 4.4. If g is of class C?, we have |g(u)| = ‘*/172;’\'(#)‘ < il 19" loo- Tt
follows that the series ) _, b"g(b"\) is convergent.
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WEIERSTRASS FUNCTIONS IN ZYGMUND’S CLASS 2719
Proof. Suppose that f is regular. Theorem [B1] ensures that ¢’(0) = 0. Moreover,
formula (&I is true. The estimate
g/ (b7"2)| = | (07"2) — ' (0)] < llg" [l [0 "] < llg" [l [ R,
which is valid on the compact set [—R, R], allows us to differentiate [@I) and to

get
+oo
(4.3) fla)=Ff0)=> g0t ).

The series Y ¢’(b~"z) is not uniformly convergent in R. That is why we cannot
compute the Fourier coefficients in relation (@3)). Nevertheless, we observe that the
second derivative series is normally convergent. We deduce that the function f is
of class C? and that

Z b~ n //

Now, we can calculate the Fourier coefﬁments and we obtain
—+oo
“A2F(A) = (A Z b (BMA) = 3 bAZG(DN)
n=1

In particular, if A # 0,
“+o0

(4.4) Fy ==Y bgeny) .
n=1
On the other hand, f(x) = Z:f) b~"g(b"x) and the convergence is uniform. Taking

the Fourier coefficents, we obtain

“+oo
(4.5) Fo) = Z "G
Relations (44)) and (f3) give the conclusion of Theorem F.3] O

Theorem B3 allows us to construct a lot of functions g such that the associated
Weierstrass function is nowhere differentiable. In particular, we have the following
corollaries.

Corollary 4.5. Let g be a nonconstant 2m-periodic function of class C? and 1 <
b < +o0. Suppose that for every integer n > 1, b™ is an irrational number. Then,
the associated Weierstrass function f is nowhere differentiable.

Corollary 4.6. Let b > 1 and B = {b", n € Z\ {0}}. Suppose that (ar)r>1 is a
sequence of positive real numbers satisfying

vk£e, Pagp.
ag

Then, the only function g in the vector space V' = vect {cos(ayx), k > 1} such that
the associated Weierstrass function f is reqular is the null function.

Proof of Corollary@3l. The function g is supposed to be 27-periodic. Its spectrum
S(g) = {A € R; g(A) # 0} is included in Z. Let k € Z with k # 0 satisfying
g(k) # 0. The hypothesis on b ensures that if n € Z and n # 0, then b"k ¢ Z.
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2720 YANICK HEURTEAUX

Finally, > ., 0"g(b"k) = g(k) # 0 and the associated Weierstrass function f is
nowhere differentiable. O

Proof of Corollary[4:6l The proof of Corollary [£:6]is quite similar. Let g € V with
g # 0. Its spectrum S(g) is not empty. Moreover S(g) C {%ax, k¥ > 1}. The
hypothesis on the sequence (ay) ensures that if A € S(g) and if n € Z\ {0}, then

b"\ & S(g). We can conclude with the same argument as in Corollary O
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