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UNIFORMLY BOUNDED LIMIT
OF FRACTIONAL HOMOMORPHISMS
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(Communicated by Jonathan M. Borwein)

Abstract. We show that a bounded homomorphism T : L1
ω(R+) → A is

equivalent to a uniformly bounded family of fractional homomorphisms Tα :

AC
(α)
ω (R+) → A for any α > 0. We add this characterization to the Widder-

Arendt-Kisyński theorem and relate it to α-times integrated semigroups.

1. Introduction

Let A be a Banach algebra (with or without identity). For Ω ⊂ C, a family
(rλ)λ∈Ω of elements of A is called a pseudo-resolvent if the equation rλ − rµ =
(µ − λ)rλrµ holds for λ, µ ∈ Ω. An example of a pseudo-resolvent is the following.
Let R, R+ and C be the sets of real, positive real and complex numbers, respectively.
For each λ ∈ R, denote by ελ the function

ελ(t) = eλt, t ∈ R
+.

Take ω ∈ R
+ ∪ {0} and let L1

ω(R+) be the usual Banach algebra with norm given
by

‖f‖w :=
∫ ∞

0

|f(t)|eωtdt < +∞,

and the convolution f ∗ g(t) :=
∫ t

0
f(t − s)g(s)ds, with t ≥ 0, as its product. Then

(ε−λ)λ∈(ω,+∞) is a pseudo-resolvent in L1
ω(R+) and verifies

‖ ε−λ ∗ · · · ∗ ε−λ︸ ︷︷ ︸
n times

‖ω =
1

(λ − ω)n
, λ ∈ (ω, +∞), n ∈ N.

Moreover, the set (ε−λ)λ∈(ω,+∞) is linearly dense in L1
ω(R+).

The next result shows the equivalence between a homomorphism T : L1
ω(R+)

→ A and a class of pseudo-resolvents; in other words, the family (ε−λ)λ∈(ω,+∞) is
universal for this class of pseudo-resolvents. We present here an early version; see
[8] and [3] which is included in [9, Theorem 5.1]. Recently, this result has been
called the Widder-Arendt-Kisyński theorem; see for example [5, Theorem 1.1].

Received by the editors February 1, 2003.
2000 Mathematics Subject Classification. Primary 47D62; Secondary 26A33, 46J25.
Key words and phrases. Pseudo-resolvents, homomorphisms, integrated semigroups.
This work was supported by a grant from Programa Europa, CAI, 2002. This paper was made

during a visit to the Charles University in Prague. The author thanks Dr. Eva Fasangova and
the Analysis Mathematical Department for the stay in Prague.

c©2005 American Mathematical Society
Reverts to public domain 28 years from publication

2569

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2570 PEDRO J. MIANA

Theorem 1.1 ([8]). Let A be a Banach algebra, let ω ≥ 0, let (rλ)λ∈(ω,+∞) be a
pseudo-resolvent in A and let

M = sup{(λ − ω)n‖rn
λ‖ : n ∈ N, λ ∈ (ω, +∞)}.

Then the following conditions are equivalent:
(i) M < +∞.
(ii) There exists a continuous homomorphism T : L1

ω(R+) → A such that
T (ε−λ) = rλ for each λ ∈ (ω, +∞).

Furthermore, if a continuous homomorphism T : L1
ω(R+) → A satisfying T (ε−λ)

= rλ for each λ ∈ (ω, +∞) exists, then it is unique and ‖T‖ = M .

This theorem has many interesting applications, as W. Chojnacki pointed out,
and it is equivalent to Hille-Yosida theorem; see [3] and [4]. Another different proof
of this result is given in [2], where the author uses Yosida approximation in a more
general setting. A generalization of [9, Theorem 5.1] is presented in [5] improving
Kisyński’s arguments.

In this paper, we arrive at Theorem 1.1 with an original point of wiev. We
show that a bounded homomorphism T : L1

ω(R+) → A is equivalent to a uniformly
bounded family of homomorphisms Tα : AC

(α)
ω (R+) → A for any α > 0; see

Theorem 3.1. Fractional Banach algebras AC
(α)
ω (R+) are included in L1

ω(R+) and
defined in the second section. The proof of this main result is based on Theorem
1.1.

A family of fractional algebras similar to AC
(α)
ω (R+) was introduced in [10],

working with α-times integrated semigroups. Integrated semigroups are consid-
ered in the fourth section to complete a different approach to the Widder-Arendt-
Kisyński theoreom in which Lipschitz and Hölder continuous functions appear; see
[1, Theorem 1.1], [6, Theorem 2.6], [9, Corollary 7.2], or [7, Theorem 3.2]. Lipschitz
functions are considered in the integrated version of the Widder’s characterization
of Laplace transforms on arbitrary Banach spaces.

Actually, α-times integrated semigroups (in the case α = 1) were also used to
prove Theorem 1.1 with ω = 0 in [8, Theorem 4.2]. However, we present here a
different technique since we consider α-times integrated semigroups for any α > 0
and the limit when α goes to zero.

2. Fractional Banach algebras

Suppose f ∈ D+, where C∞
c [0,∞) ≡ D+ is the set of infinitely differentiable

functions with compact support on [0,∞). The Weyl fractional integral of f of
order α > 0, W−αf , is defined by

W−αf(u) =
1

Γ(α)

∫ ∞

u

(t − u)α−1f(t)dt, u ≥ 0,

with α > 0; see for example [11]. This operator W−α : D+ → D+ is one-to-one
and onto. Its inverse, Wα, is called a Weyl fractional derivate (of f) of order α and
Wα = (−1)n dn

dtn W−(n−α) with n ∈ N and n > α.

Theorem 2.1. Suppose α > 0 and ω ≥ 0. If f ∈ D+, then the formula

‖f‖(α,ω) :=
1

Γ(α + 1)

∫ ∞

0

tαeωt|Wαf(t)|dt
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defines a norm in D+ such that

‖f ∗ g‖(α,ω) ≤ (2α+1 − 1)‖f‖(α,ω)‖g‖(α,ω),

with f, g ∈ D+. We denote by AC
(α)
ω (R+) the Banach algebra obtained by the

completion of D+ in this norm.

Proof. The proof is similar to [10, Theorem 1.2]. �

Remark 2.2. For α = 0, it is clear that AC
(0)
ω (R+) = L1

ω(R+) and AC
(β)
ω (R+) ↪→

AC
(α)
ω (R+) holds with 0 ≤ α ≤ β.

It is easy to check that Wα(ε−λ) = λαε−λ with α ∈ R and λ > 0. Functions
(ε−λ)λ∈(ω,+∞) belong to AC

(α)
ω (R+) with α ≥ 0 and

(2.1) ‖ε−λ‖(α,ω) =
λα

(λ − ω)α+1
, λ ∈ (ω, +∞).

Note that ‖ε−λ‖(α,ω) → ‖ε−λ‖ω when α → 0+ and λ ∈ (ω, +∞). Moreover,
(ε−λ)λ∈(ω,∞) is a pseudo-resolvent in AC

(α)
ω (R+) and (nε−n)n>ω is a bounded ap-

proximate identity in AC
(α)
ω (R+) for any α ≥ 0.

Proposition 2.3. The set (ε−λ)λ∈(ω,+∞) is linearly dense in AC
(α)
ω (R+) with

α, ω ≥ 0.

Proof. It is a consequence of Wα(ε−λ) = λαε−λ with α ≥ 0, λ > ω and [5, Propo-
sition 2.2]. �

3. Main result

Theorem 3.1. Let A be a Banach algebra.
(i) If there exists a continuous homomorphism T : L1

ω(R+) → A, then there
exists a family of continuous homomorphisms Tα : AC

(α)
ω (R+) → A for each α > 0

such that Tα(ε−λ) = T (ε−λ) for each λ ∈ (ω, +∞) and ‖Tα‖ ≤ ‖T‖ for any α > 0.
(ii) Conversely, if for each α > 0 there exist a countinuous homomorphisms

Tα : AC
(α)
ω (R+) → A such that Tα(ε−λ) does not depend on α for each λ ∈ (ω, +∞)

and lim supα→0+ ‖Tα‖ < +∞, then there exists a unique continuous homomorphism
T : L1

ω(R+) → A such that T (ε−λ) = Tα(ε−λ) for each λ ∈ (ω, +∞) and ‖T‖ ≤
lim supα→0+ ‖Tα‖.

Proof. The first part follows from Remark 2.2. To prove (ii), we use Theorem 1.1.
We define rλ := Tα(ελ) for each λ > ω. The family (rλ)λ∈(ω,∞) is well defined and
is a pseudo-resolvent in A. For n ∈ N and λ ∈ (ω, +∞),

‖rn
λ‖ ≤ ‖Tα‖ ‖ ελ ∗ · · · ∗ ελ︸ ︷︷ ︸

n times

‖(α,ω).

We apply Theorem 2.1 and get that

‖ ελ ∗ · · · ∗ ελ︸ ︷︷ ︸
n times

‖(α,ω) ≤ (2α+1 − 1)n−1‖ελ‖n
(α,ω) = (2α+1 − 1)n−1 λnα

(λ − ω)n(α+1)
,

where we use (1). Now we obtain

‖rn
λ‖ ≤ lim

α→0

(
(2α+1 − 1)n−1 λnα

(λ − ω)n(α+1)

)
lim sup
α→0+

‖Tα‖,
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and we get

sup{(λ − ω)n‖rn
λ‖ : n ∈ N, λ ∈ (ω, +∞)} ≤ lim sup

α→0+
‖Tα‖ < +∞.

By Theorem 1.1, there exists a unique continuous homomorphism T : L1
ω(R+) → A

such that T (ε−λ)=rλ =Tα(ε−λ) for each λ∈(ω, +∞) and ‖T‖≤ lim supα→0+ ‖Tα‖.
�

Remark 3.2. Since the set (ε−λ)λ∈(ω,+∞) is linearly dense in AC
(α)
ω (R+) (Proposi-

tion 2.3), Tα(f) = T (f) for any f ∈ AC
(α)
ω (R+) and α > 0. Also, we may combine

(i) and (ii) to get
‖T‖ = lim sup

α→0+
‖Tα‖ = sup

α>0
‖Tα‖,

where we use ‖Tβ‖ ≤ ‖Tα‖ with β ≥ α > 0.

4. Connection with integrated semigroups

Widder’s characterization of Laplace transforms of real-valued bounded functions
which states that for r ∈ C(∞)(0,∞) there exists f ∈ L∞(0,∞) such that

r(λ) =
∫ ∞

0

e−λtf(t)dt, λ > 0,

if and only if

sup{λn+1 |r(n)(λ)|
n!

: λ > 0, n ∈ N} < +∞,

(see [12]) was considered by W. Arendt on arbitrary Banach space X. An integrated
version of this result is given in terms of a function F : [0,∞) → X such that
F (0) = 0, ‖F (t + h) − F (t)‖ ≤ Mh, (t, h ≥ 0) and

r(λ) = λ

∫ ∞

0

e−λtF (t)dt, λ > 0;

see [1, Theorem 1.1]. This result was improved by M. Hieber who showed that
for any α ∈ (0, 1] there exists a function Fα : [0,∞) → X such that Fα(0) = 0,
‖Fα(t + h) − Fα(t)‖ ≤ Mhα, (t, h ≥ 0) and

r(λ) = λα

∫ ∞

0

e−λtF (t)dt, λ > 0;

see [7, Theorem 3.2]. If r is a pseudo-resolvent in a Banach algebra A, then the
function Fα is an α-times integrated semigroup in A. We now give here the defini-
tion of α-times integrated semigroups in a Banach algebra A, since they are usually
considered in the setting of linear and bounded operators on a Banach space X;
see for example [7].

Definition 4.1. For any α > 0, an α-times integrated semigroup sα(·) : [0,∞) → A
is a continuous mapping with sα(0) = 0 and

(4.1) sα(t)sα(s) =
1

Γ(α)
(
∫ t+s

t

(t + s − r)α−1sα(r)dr −
∫ s

0

(t + s − r)α−1sα(r)dr),

with t, s ≥ 0.
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If ‖sα(t)‖ ≤ Ceωt for C, t ≥ 0 and ω ∈ R, then condition (2) is equivalent (by
Laplace transform) to rλ := λα

∫ ∞
0

e−λtsα(t)dt, with λ > ω a pseudo-resolvent
in A; see the analogous proof in Banach space in [7]. If (sα(t))t≥0 is an α-times
integrated semigroup in A, then (sν(t))t≥0 with

(4.2) sν(t) :=
1

Γ(ν − α)

∫ t

0

(t − s)ν−α−1sα(s)ds, t ≥ 0,

is a ν-times integrated semigroup with ν > α in A. The set of Bochner-Riesz
functions (Rν

t )t≥0, i.e,

Rν
t (s) :=

(t − s)ν−1

Γ(ν)
χ(0,t)(s), t ≥ 0,

is an example of a ν-times integrated semigroup in AC
(α)
ω (R+) for ν > α, ω ≥ 0

and

‖Rν
t ‖(α,ω) ≤

tνetω

Γ(ν + 1)
, t ≥ 0.

Now, we may add in the Widder-Arendt-Kisyński theoreom more conditions related
to fractional homomorphisms and α-times integrated semigroups.

Theorem 4.2. Let A be a Banach algebra, let ω be a non-negative number, let
(rλ)λ∈(ω,+∞) be a pseudo-resolvent in A and let

M = sup{(λ − ω)n‖rn
λ‖ : n ∈ N, λ ∈ (ω, +∞)}.

Then the following conditions are equivalent:
(i) M < +∞.
(ii) There exists a continuous homomorphism T : L1

ω(R+) → A such that
T (ε−λ) = rλ for each λ ∈ (ω, +∞).

(iii) For any α > 0, there exists an α-times integrated semigroup (sα(t))t≥0 ⊂ A
such that ‖sα(t)‖ ≤ C

Γ(α+1) t
αeωt with C, t ≥ 0 and rλ = λα

∫ ∞
0

e−λtsα(t)dt, with
λ > ω.

(iv) For any α > 0, there exists a continuous homomorphism Tα : AC
(α)
ω (R+) →

A such that Tα(ε−λ) = rλ for each λ ∈ (ω, +∞) and supα>0 ‖Tα‖ < +∞.
Furthermore, if a continuous homomorphism T : L1

ω(R+) → A such that T (ε−λ)
= rλ for each λ ∈ (ω, +∞) exists, then it is unique, T (f) = Tα(f) for f ∈
AC

(α)
ω (R+) and

M = ‖T‖ = sup
α>0

‖Tα‖ = inf{C : ‖sα(t)‖ ≤ C
tαeωt

Γ(α + 1)
, t ≥ 0}.

Proof. (ii) ⇒ (iii) Take (Rα
t )t>0 to be the family of Bochner-Riesz functions of

order α > 0. Then (Rα
t )t≥0 ⊂ L1

ω(R+) and we define sα(t) := T (Rα
t ), for t > 0 and

sα(0) := 0. Since (Rα
t )t>0 is an α-times integrated semigroup in L1

ω(R+), (sα(t))t≥0

is an α-times integrated semigroup in A and

‖sα(t)‖ ≤ ‖T‖ ‖Rα
t ‖ω ≤ ‖T‖ tα

Γ(α + 1)
eωt.

By continuity of T , we have for λ > ω,

λα

∫ ∞

0

e−λtsα(t)dt = λαT

(∫ ∞

0

e−λtRα
t dt

)
= λαT (W−αελ) = T (ελ) = rλ.
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(iii) ⇒ (iv) We define Tα : AC
(α)
ω (R+) → A by

Tα(f) :=
∫ ∞

0

Wαf(t)sα(t)dt, f ∈ D+.

Following the same arguments as in [10, Theorem 3.1], we prove that Tα are con-
tinuous homomorphisms, ‖Tα‖ ≤ C for any α > 0 and supα>0 ‖Tα‖ ≤ C < +∞.

Since ελ ∈ AC
(α)
ω (R+) for λ > ω and Wα(ελ) = λαελ, we have Tα(ελ) = rλ for

λ > ω.
(iv) ⇒ (ii) It is proved by Theorem 3.1(ii).
If a continuous homomorphism T : L1

ω(R+) → A satisfying T (ε−λ) = rλ for
each λ ∈ (ω, +∞) exists, then AC

(α)
ω (R+) ↪→ L1

ω(R+) and T (f) = Tα(f) for
f ∈ AC

(α)
ω (R+). Moreover, if we collect in the proof the following inequalities,

‖T‖ = M = sup
α>0

‖Tα‖ ≤ inf{C : ‖sα(t)‖ ≤ C
tαeωt

Γ(α + 1)
, t ≥ 0} ≤ ‖T‖,

we finally get the equality. �

Remark 4.3. If 0 < α ≤ 1, we use sα(t) = T (Rα
t ) (t > 0) to obtain

‖sα(t + h) − sα(t)‖ ≤ 2‖T‖ hα

Γ(α + 1)
eω(t+h),

with t, h > 0; see also [7, Corollary 3.3].

Acknowledgment

I thank the referee for careful reading of this paper and valuable suggestions and
references that lead to its improvement.

References

1. W. Arendt, Vector-Valued Laplace Transforms and Cauchy Problems, Israel J. Math. 59(3)
(1987), 327–352. MR0920499 (89a:47064)

2. A. Bobrowski, On the Yosida Approximation and the Widder-Arendt Representation Theo-
rem, Studia Math. 124 (1997), 281–290. MR1456426 (99b:47058)

3. W. Chojnacki, On the Equivalence of a Theorem of Kisyński and the Hille-Yosida Generation
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