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ABSTRACT. We show that a bounded homomorphism T : LL(RT) — A is
equivalent to a uniformly bounded family of fractional homomorphisms Ty :

Act) (R*T) — A for any a > 0. We add this characterization to the Widder-
Arendt-Kisynski theorem and relate it to a-times integrated semigroups.

1. INTRODUCTION

Let A be a Banach algebra (with or without identity). For Q C C, a family
(ra)aen of elements of A is called a pseudo-resolvent if the equation ry —r, =
(¢ — A)rary, holds for A, u € Q. An example of a pseudo-resolvent is the following.
Let R,R™ and C be the sets of real, positive real and complex numbers, respectively.
For each A\ € R, denote by €y the function

at)=eM  teR'

Take w € RT U {0} and let L. (RT) be the usual Banach algebra with norm given
by

1l = / F(®)]e!dt < +oo,

and the convolution f * g(t) := fot f(t —s)g(s)ds, with t > 0, as its product. Then
(€—A)AE(w,+00) Is & pseudo-resolvent in LY, (RT) and verifies

1

m, AE(UJ,‘FOO), n € N.

[e—x*-xex[lw=
—_———
n times

Moreover, the set (€_x)xe(w,+o0) I8 linearly dense in LL(R™).

The next result shows the equivalence between a homomorphism 7' : LL(RT)
— A and a class of pseudo-resolvents; in other words, the family (€_x)xe(w,+o0) 18
universal for this class of pseudo-resolvents. We present here an early version; see
[8] and [3] which is included in [0 Theorem 5.1]. Recently, this result has been
called the Widder-Arendt-Kisyriski theorem; see for example [5 Theorem 1.1].
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Theorem 1.1 ([8]). Let A be a Banach algebra, let w > 0, let (7a)xe(w,+o00) e @
pseudo-resolvent in A and let

M =sup{(A—w)"|Ir}] : n€N, X € (w,+00)}.

Then the following conditions are equivalent:

(i) M < 4o0.

(ii) There exists a continuous homomorphism T : LL(RT) — A such that
T(e_x) =7y for each \ € (w, +00).

Furthermore, if a continuous homomorphism T : LL(RT) — A satisfying T (e_)
=ry for each A € (w,+00) ezists, then it is unique and |T| = M.

This theorem has many interesting applications, as W. Chojnacki pointed out,
and it is equivalent to Hille-Yosida theorem; see [3] and [4]. Another different proof
of this result is given in [2], where the author uses Yosida approximation in a more
general setting. A generalization of [0 Theorem 5.1] is presented in [5] improving
Kisynski’s arguments.

In this paper, we arrive at Theorem 1.1 with an original point of wiev. We
show that a bounded homomorphism 7' : LL(RT) — A is equivalent to a uniformly
bounded family of homomorphisms Ty, : ACLE,O‘) (RY) — A for any a > 0; see
Theorem 3.1. Fractional Banach algebras ACS* (R*) are included in LL(R+) and
defined in the second section. The proof of this main result is based on Theorem
1.1.

A family of fractional algebras similar to ACU(JO’)(R*) was introduced in [I0],
working with a-times integrated semigroups. Integrated semigroups are consid-
ered in the fourth section to complete a different approach to the Widder-Arendt-
Kisyniski theoreom in which Lipschitz and Holder continuous functions appear; see
[1, Theorem 1.1], [6] Theorem 2.6], [0l Corollary 7.2], or [7, Theorem 3.2]. Lipschitz
functions are considered in the integrated version of the Widder’s characterization
of Laplace transforms on arbitrary Banach spaces.

Actually, a-times integrated semigroups (in the case a = 1) were also used to
prove Theorem 1.1 with w = 0 in [8] Theorem 4.2]. However, we present here a
different technique since we consider a-times integrated semigroups for any a > 0
and the limit when a goes to zero.

2. FRACTIONAL BANACH ALGEBRAS

Suppose f € Dy, where C°[0,00) = Dy is the set of infinitely differentiable
functions with compact support on [0,00). The Weyl fractional integral of f of
order a > 0, W~“f, is defined by

_ 1 > 1
* = —— t—u)® t)dt >
W) = gy [ -0 o,
with @ > 0; see for example [II]. This operator W~* : D, — D, is one-to-one
and onto. Its inverse, W% is called a Weyl fractional derivate (of f) of order o and
we = (—1)"%W_(”_a) with n € Nand n > a.

Theorem 2.1. Suppose o >0 and w > 0. If f € Dy, then the formula

oo
1@y = /0 t e (W f(t)|dt

(a+1)
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defines a norm in Dy such that

Hf * gll(oz,w) < (2a+1 - 1)Hf||(a,w)||g”(a,w)a

with f,g € Dy. We denote by AC (RT™) the Banach algebra obtained by the
completion of Dy in this norm.

Proof. The proof is similar to [10, Theorem 1.2]. O

Remark 2.2. For o = 0, it is clear that ACY(R+) = LL(R+) and AC/(R+) —
ACKY (R*) holds with 0 < o < .

It is easy to check that W< (e_)) = A%_, with @ € R and A > 0. Functions
(€-A)re(w,+o0) belong to Act) (RT) with a > 0 and
)\a

(2.1) le-Mllaw) = F=yar

A€ (w,+00).

Note that [|e_x|[(aw) — llé=allw When a — 07 and A € (w,+00). Moreover,
(€-A)re(w,00) 18 @ pseudo-resolvent in AC’&O‘)(RJF) and (ne_y)n>w is a bounded ap-

proximate identity in ACU(JQ)(RJF) for any o > 0.

Proposition 2.3. The set (e_x)xe(w,+o00) @5 linearly dense in AC’E,O‘)(Rﬂ with
a,w > 0.

Proof. Tt is a consequence of W*(e_y) = A%_y with a > 0, A > w and [5], Propo-
sition 2.2]. O

3. MAIN RESULT

Theorem 3.1. Let A be a Banach algebra.
(i) If there exists a continuous homomorphism T : LL(RT) — A, then there

exists a family of continuous homomorphisms T, : AC’LE,Q)(RJF) — A for each a > 0
such that To(e_x) = T(e_y) for each A € (w,+0) and ||To|| < ||T|| for any a > 0.

(ii) Conwversely, if for each o > 0 there exist a countinuous homomorphisms
T, : ACY (RT) — A such that Ty, (e_») does not depend on a for each \ € (w, +00)
and limsup,_,o+ || Ta| < +00, then there exists a unique continuous homomorphism
T : LLRT) — A such that T(e_y) = To(e_») for each A € (w,+00) and ||T| <
lim sup,, o+ [|Tall-

Proof. The first part follows from Remark 2.2. To prove (ii), we use Theorem 1.1.

We define 7 := T, (ex) for each A > w. The family (rx)xe(w,00) is Well defined and
is a pseudo-resolvent in A. For n € N and \ € (w, +00),

730 < 1 Tall 1lex * - - % ex llaw)-
n times
We apply Theorem 2.1 and get that
)\TLQ

L < a+l n—1 n _ a+l n—1
It 20y line < @ = 1) sl = 7 = 1" =Ty,

n times

where we use (1). Now we obtain

Ana
n < i a+l n—1 .
Il < Jim (20 = 0 s Yt |7
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and we get
sup{(A —w)"[|r}]] : n €N, X € (w,+00)} <limsup ||To || < +o0.
By Theorem 1.1, there exists a unique continuous homomorphism 7" : L. (R*) — A

such that T'(e_x)=rx=Ta(e_y) for each A€ (w,+00) and ||T|| <limsup,_,g+ || Tall-
O

Remark 3.2. Since the set (€_x)ae(w,+00) is linearly dense in AC’LE,O‘)(R*) (Proposi-

tion 2.3), To,(f) = T(f) for any f € AC’LE)O‘)(R*) and a > 0. Also, we may combine
(i) and (ii) to get
17| = Tim sup || T[] = sup | T |,
a>0

a—0t

where we use || Tg|| < ||Tw|| with 8 > a > 0.

4. CONNECTION WITH INTEGRATED SEMIGROUPS

Widder’s characterization of Laplace transforms of real-valued bounded functions
which states that for r € C(>)(0, 00) there exists f € L>(0, 00) such that

r(\) = / e ME(t)dt,  A>0,
0
if and only if
(n)
sup{)\"HL'()\)‘ : A>0,n € N} < 4o0,
n!

(see [12]) was considered by W. Arendt on arbitrary Banach space X. An integrated
version of this result is given in terms of a function F' : [0,00) — X such that
F(0) = 0, [|F(t +h) — F()]| < Mh, (£ h > 0) and

oo
r(\) = )\/ e ME(t)dt, A > 0;
0

see [II Theorem 1.1]. This result was improved by M. Hieber who showed that
for any a € (0,1] there exists a function F, : [0,00) — X such that F,(0) = 0,
| Ea(t+h) — Fo(t)|| < Mh®, (t,h > 0) and

r(\) = Aa/ e MFE(t)dt,  A>0;
0

see [7, Theorem 3.2]. If r is a pseudo-resolvent in a Banach algebra A, then the
function F, is an a-times integrated semigroup in 4. We now give here the defini-
tion of a-times integrated semigroups in a Banach algebra A, since they are usually
considered in the setting of linear and bounded operators on a Banach space X;
see for example [7].

Definition 4.1. For any a > 0, an a-times integrated semigroup s, (-) : [0,00) — A
is a continuous mapping with s,(0) = 0 and

t+s s
(4.1) sq(t)sa(s) = ﬁ(/t (t+s— r)aflsa(r)dr — /0 (t+s— r)aflsa(r)dr),

with ¢,s > 0.
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If ||so(t)]] < Ce*t for C;t > 0 and w € R, then condition (2) is equivalent (by
Laplace transform) to ry := A\ fooo e Ms,(t)dt, with A > w a pseudo-resolvent
in A; see the analogous proof in Banach space in [7]. If (so(t))i>0 is an a-times
integrated semigroup in A, then (s, (t));>o with

1 ¢ 1
- PR Zte’ >
T ) /0 (t—29) Sa(8)ds, t>0,

is a v-times integrated semigroup with v > « in A. The set of Bochner-Riesz
functions (RY)¢>o, i.e,

(4.2) su(t) :==

v (t — S>V_1
R{(s) := WX(O,t)(S)v t >0,
is an example of a v-times integrated semigroup in ACU(JQ)(RJF) forv>a w>0
and
tl/etw
RY < ——— t>0.
H t”(oz,w) > F(I/+ 1)7 =

Now, we may add in the Widder-Arendt-Kisynski theoreom more conditions related
to fractional homomorphisms and a-times integrated semigroups.

Theorem 4.2. Let A be a Banach algebra, let w be a mon-negative number, let
(TA)re(w,+00) be a pseudo-resolvent in A and let

M = sup{(A —w)"[[rX]| : neN, A€ (w,+00)}.

Then the following conditions are equivalent:

(i) M < 4o0.

(ii) There exists a continuous homomorphism T : LL(RY) — A such that
T(e_x) =7y for each X € (w, +00).

(ili) For any a > 0, there exists an a-times integrated semigroup (sq(t))i>0 C A
such that |[sq(t)| < H%H)t%wt with C,t > 0 and vy = X* [;° e s, (t)dt, with
A > w.

(iv) For any o > 0, there exists a continuous homomorphism Ty, : ACO(JO‘)(RJr) —
A such that T, (e—\) = 7 for each A € (w,+00) and sup,~q |[|Ta| < +00.

Furthermore, if a continuous homomorphism T : LL(RT) — A such that T(e_»)
= ry for each A € (w,+00) exists, then it is unique, T(f) = To(f) for f €
ACK) (R*) and

M = T = sup [Tl = nf{C = sa()]| < o5 ¢ > 0}

B 7a>1()J o s - Tla+1)  — 7
Proof. (ii) = (iii) Take (R%)¢~o to be the family of Bochner-Riesz functions of
order a > 0. Then (R%);>o C LL(R™") and we define s, (t) := T(R), for t > 0 and
54(0) := 0. Since (R$)¢~0 is an a-times integrated semigroup in LL(RT), (sq(t))t>0
is an a-times integrated semigroup in A and
ta
O TN MRl S NT |5
[sa@I < T 1B [l < |\F(a+1)€

By continuity of T', we have for A > w,

)\0‘/ e Mso(t)dt = \°T </ e/\tR?dt> = ANT (W™ %) =T(ex) = 7a.
0 0
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(ifi) = (iv) We define T, : ACS (R+) — A by

T(f) = [ W@, feD..

Following the same arguments as in [10, Theorem 3.1], we prove that T, are con-
tinuous homomorphisms, ||T,|| < C for any a > 0 and sup,~ [|Ta|| < C < +o0.
Since €, € AC&Q)(RJF) for A > w and W%(ex) = A%y, we have T, (ey) = r) for
A>w.

(iv) = (ii) It is proved by Theorem 3.1(ii).

If a continuous homomorphism 7' : LL(RT) — A satisfying T'(e_y) = 7y for
each A € (w,+00) exists, then AC‘E,O‘)(Rﬂ — LLRY) and T(f) = Ta(f) for
fe ACLE,O‘) (R*). Moreover, if we collect in the proof the following inequalities,

) taewt
Tl =M = sup [ Ta]| < inf{C" : flsa(®)l < CF , 20} <71,

(a+1)
we finally get the equality. O

Remark 4.3. If 0 < a < 1, we use $,(t) = T(RY) (t > 0) to obtain

ha
at+h) —sa@®)|| <2|T||———et+h
Isa(t + ) = sa(®ll < 2T Igrgye ™

with ¢, h > 0; see also [7, Corollary 3.3].
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