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ABSTRACT. We present a new proof of the classical Kirszbraun—Valentine ex-
tension theorem. Our proof is based on the Fenchel duality theorem from
convex analysis and an analog for nonexpansive mappings of the Fitzpatrick
function from monotone operator theory.

Let H be a real Hilbert space, let D be a nonempty subset of H and let
T: D +— H be nonexpansive. According to the Kirszbraun—Valentine extension
theorem ([B], [12]), there is a nonexpansive extension of T to the whole of H.
Proofs of this classical result, as well as related information, can be found in, for
instance, [6], [10], [3], [13] and [I]. The purpose of this note is to present a new
proof of the Kirszbraun—Valentine extension theorem, which we state as Theorem
5 below. Our proof is based on the Fenchel duality theorem from convex analysis
(see Theorem 1 below) and an analog for nonexpansive maps of the Fitzpatrick
function from monotone multifunction theory (see [4] or [11I] — in the context of
monotone multifunctions, related functions appear in [2] and [8]). We start off by
stating Rockafellar’s version of the Fenchel duality theorem (see [9, Theorem 1, pp.
82-83]). We recall that if f: E +— (—o00,00] is convex, then the Fenchel conjugate,
f*, of f is the function on the dual, E*, of E defined by f*(z*) = supg[z* — f].

Theorem 1. Let E be a nonzero normed space, let f,g: E — (—o0,00] be proper
and convex, let g be finite and continuous at a point where f is finite, and let
f+9>0o0nE. Then there exists * € E* such that f*(z*) + ¢*(—z*) < 0.

Definition 2. Let D be a nonempty subset of a Hilbert space H andlet T: D +— H.
The map T is said to be nonexpansive if z,y € D = ||T'(x) — T(v)| < ||z — -
We say that T is maximally nonexpansive if T' is nonexpansive, and there is no
nonexpansive extension of T' to a proper superset of D.

Lemma 3. Let T: D — H be mazimally nonexpansive, and define x: H x H —
(=00, 00] by
x(p,q) = sup [[lg = T(d)|]* — |[p — d|*].
deD

Let G(T) be the graph of T, {(p,T(p)) . pe D}. Then:
(a) x>0o0on H X H.
(b) x(p,q) =0 <= (p,q) € G(T).
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Proof. (a) If (p,q) € (H\ D) x H, then we can extend T to a function 7' on DU {p}
by defining f(p) = ¢. Since T' is maximally nonexpansive, T is not nonexpansive
on D U {p}, from which it easily follows that there exists d € D such that || T(p) —
T(d)|| > |lp — d||, that is to say, ||¢ — T(d)|| > ||p — d||. Consequently, x(p,q) > 0.
If, on the other hand, (p,q) € D x H, then x(p,q) > |l¢g — T(®)||*> — |lp — p||* =
llg — T(p)||> > 0. This completes the proof of (a).
(b) If (p,q) € G(T), then, since T is nonexpansive on D, for all d € D,
llg = T(@)|I* = llp - dII* = IT'(p) = T(@)II* — llp - dII* <0,

while ||¢—T'(p)||> — lp — p||* = 0— 0 = 0, which shows that x(p, ¢) = 0. Conversely,
if x(p,q) = 0, then the proof of (a) shows first that (p,q) & (H \ D) x H, from
which (p,q) € D x H, and then that [lg — T(p)||* = 0, from which (p,q) € G(T),
completing the proof of (b). O

Lemma 4. Let T: D +— H be mazimally nonexpansive and define p: H x H —
(_007 OO] by
o(z,z%) = ix(x +atx— )+ (x, ).
Define the norm of H x H by ||(z,z*)| := /|[=]|2 + [[#*]]2. Then:
(a) For all (x,2*) € H x H,
p(x,2") = supgep [2(z,d = T(d)) + 2(z*,d + T(d)) + || T(d)||* — [|d]*]-

(b) Por all d € D, p(L(d+T(d)), 3(d—T(d))) = Ld| - L|T(@)|>
(c)  is proper, convex and lower semicontinuous.

(d) For all (z*,2) € H x H, p*(z*,2) > p(z,2%).

(e) D> O

(f) D

Proof. (a) This follows from the observation that, for all (z,z2*) € H x H and
de D,

|z — 2" = T(d)]* — |z + 2" —d||?
= llo —a*||* = 2(z — 2, T(d)) + | T(@)|* = [lo + 2" ||* + 2(a + 2", d) — ||d||?
= Az, z*) + 2(x,d — T(d)) + 2(z*,d + T(d)) + | T(d)||* — [|d]|>.
(b) This follows since, for all d € D, Lemma 3(b) gives
P(3(d+ (), 3(d = T())) = x(d, T(d)) + 1{d +T(d).d - T(d)
= Hd+ T(d),d— T(d) = L|d? — L|T()].

(¢) This is immediate from (a) and (b).
(d) We have from (b) that

©* (2%, 2)

= sup [<$7Z*> + <x*,z> *(ﬁ(%,l‘*)]
(z,z*)EHXH

> sup [(3(d+T(d)),z*) + (5(d = T(d)), 2) — p(3(d+ T(d)), 5(d — T(d)))]
=ggg[<%(d+T(d)>7Z> (3(d=T(d)), z) — ;lld|)* + I T(d)|]?]
= Lsupyep [2(d +T(d), z*) +2(d — T(d), z) — ||d||> + | T(d)]|?],

and the result now follows from (a).
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(e) For all (x,2*) € H x H,
p(@,2%) + 5ll(z, 2|1 = gx(z + 2%, 2 — 2*) + (z,2%) + 3 [(z, 27)|>.
Thus, from Lemma 3(a),

{ p(z,2%) + 5l (@, 2%) P > (2, 27) + 5l(z, 2|

(4.1) . .
slal® + 3l = flll|2*] > 0.

V

Part (c) and Theorem 1 now give us an element (z*,z) of (H x H)* = H x H
such that ¢*(z*,z) 4+ 1||(=2*,—2)||*> < 0. Part (d) and (4.1) imply, in turn, that
©(z,2%) + 3l(z,2%)||* = 0, that is to say,

IX(z+ 2% 2= 2%) + (z,2) + 3ll(z,29)|* = 0,
which can be rewritten as
ix(z+2%2—2%)+ 3]z + z*|* = 0.

It is clear from Lemma 3(a) that ||z + 2*||> = 0, that is to say z + 2* = 0, and then
x(0,z —2*) = 0. Lemma 3(b) now gives (0, z — z*) € G(T), from which (e) follows.
(f) This is immediate from (e) and a simple translation argument. O

Theorem 5. Let T: D +— H be nonexpansive. Then there is a nonexpansive
extension of T to H.

Proof. Zorn’s lemma easily gives that there is a maximal nonexpansive extension
of T. The result now follows from Lemma 4(f). O

Remark 6. We note the fact that we have actually proved in Lemma 4(e) that

Lo [o(a) + dl @) = o
Remark 7. The proof of Theorem 1 uses the KEidelheit separation theorem in
E x R. It would be interesting to find a more direct proof for the special case
we need for Lemma 4(e). This can be stated without conjugate functions in the
following way: if f: H +— (—o00,00] is convex and, for all z € H, f(x)+ %Htz >0,
then there exists y € H such that, for all z € H, f(z) > (z,y) + 3]ly[*.

Remark 8. We note that, in contrast with other proofs, the proof of Theorem
5 given here does not use any compactness arguments. We also remark that it
was observed in [7] that Theorem 5 is equivalent to Minty’s theorem on maximal
monotone multifunctions.

Remark 9. We show in this remark how Theorem 5 can be bootstrapped to give
a similar result for maps from one Hilbert space into another. Let H; and Hy
be Hilbert spaces, § # D; C H; and U: D; ~— H, be nonexpansive. Define
T: Dy X Hy — Hy X Hy by T(x1,29) := (0, U(xl)). Then T is nonexpansive.
Theorem 5 gives a nonexpansive T: Hy, x Hy — Hy x Hy such that f|Dle2 =T.
If pry is the projection from H; x Hy onto Ho, then the map U: H, — Hs defined

by U(z1) := pryT(z1,0) is a nonexpansive extension of U.
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Remark 10. If T is maximally nonexpansive, then the operator S defined by
G(S):={(lp—a)/2.(p+9)/2): (p,q) € G(T)}

is maximal monotone. The Fitzpatrick function of S, ¢g, is then given by the
formula s (2, ") == sup(, g yeqs) (T, 8") + (s,2%) — (s,s)]. This turns out to be
identical with ¢(x,z*) as defined in Lemma 4.
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