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ABSTRACT. We study the realisation A of the operator A = A — (D®, D-)
in L?(Q, 1) with Dirichlet boundary condition, where Q is a possibly un-
bounded open set in RN, @ is a semi-convex function and the measure du(z) =
exp(—®(z)) dx lets A be formally self-adjoint. The main result is that A :
D(A) = {u € H2(Q,p) : (D®, Du) € L?(Q, ), u = 0 at 9N} is a dissipative
self-adjoint operator in L2(€, ).

1. INTRODUCTION

Second-order elliptic operators with unbounded coefficients in RY or in un-
bounded subsets of RY have been the object of several recent papers; see e.g.
[2,8, B, [9]. Since the very first studies it was apparent that operators of the type
Au = Tr Q(x) D*u(x) + (F(z)Du(z)), without potential terms, are not well settled
in LP spaces with respect to the Lebesgue measure, unless the matrix ) and the
vector F satisfy very severe restrictions, such as global Lipschitz continuity (see
[9,[7]). Tt is much more natural and fruitful to work in suitably weighted LP spaces;
see [3,[8]. This is what we do in this paper. We consider the operator A defined by

(1) Au = Au — (D®, Du) = e®div (e~ Du),
where ® : RY — R is a C? semi-convex function, i.e., there is o > 0 such that
(2) ®,(z) == ®(z) + alz|*/2 is convex,

or, equivalently, the matrix D?®(z) + ol is nonnegative definite at each z. We
emphasize that we do not assume any growth restriction on ® or on its derivatives.
The natural weight is then p(z) = e~ ®®) because, as it is easy to check, if Q is any
open set in RV,

/Auvd,uz—/(Du,Dv)du, Yu, v € C3° (),
Q Q

if u(dr) = e ®®@)dx, so that A is associated to a nice Dirichlet form and it is
formally self-adjoint in L?(, ). The aim of this paper is to study the realisation
of A in L?(Q, u) with Dirichlet boundary condition, i.e., the operator
3)

A:D(A) ={uec H*(Q,u) N HYQp) : Auec L*(Q,p)} — L*(Q,pn); Au = Au.
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2626 A. LUNARDI, G. METAFUNE, AND D. PALLARA

Note that for u € H2(, i), condition Au € L?(Q, p) is equivalent to requiring
(D®,Du) € L?(,u). Our main result is that A is self-adjoint and dissipative,
provided 99 is smooth enough and the normal derivative 9®/9n is bounded from
above on 0f). A lot of consequences then follow; see Section 3.

A natural approach to the study of A consists in defining an operator Aq :
Cs°(Q2) — L2(Q, i), Agu = Au, in showing that Ag is closable, and that its closure
is self-adjoint and dissipative. But the problem of the characterisation of the domain
of the closure still remains. So, we follow a more direct approach, solving the
resolvent equation Au — Au = f for all A > 0 and f € C§°(Q2), which is dense in
L?(Q, i1). Proving the existence of a solution to Au — Au = f that vanishes on 99
is not hard, thanks to the regularity of the data. Estimates of its H' (€2, u)-norm,
and uniqueness of the solution in D(A), are easy consequences of the integration
formula (B) proved in LemmaR22 below. Estimating the second-order derivatives of
u is much more delicate, and here the assumptions of semi-convexity and of upper
boundedness of 9®/dn are used and play a fundamental role.

This paper is in some sense parallel to the paper [3], where the operator A was
studied in the whole space RY and in any convex regular open set 2 with Neumann
boundary condition. The conclusions of [3] are similar to the ones of the present
paper, but the assumptions on ® and ) are a bit different, i.e., ® is just convex,
with no further regularity assumption, and 2 is convex, too.

2. THE DOMAIN OF A WITH DIRICHLET BOUNDARY CONDITION

Throughout the paper we assume that € is an open set in RY with sufficiently
smooth (at least C2) boundary. By L?(Q) and H*(Q), k € N, we mean the usual L?
and Sobolev spaces with respect to the Lebesgue measure. The spaces H*(, p),
k = 1,2, are defined as the set of all u € Hf () such that the function u and
its partial derivatives up to the order k belong to L?(),u). They are Hilbert
spaces with the standard inner products (u,v) = [, (uwv + foa‘zl D*uD*v)e~*dx.
H} (€, ) is the subspace of H(€2, 1) consisting of the functions with null trace on
the boundary. By C’f(RN ) we denote the space of bounded functions with bounded
derivatives up to order k. We say that 99 is uniformly C* if there exist r > 0,
m € N and a (at most countable) family {B; = B,(z;),j € J} of balls covering 92
with at most m overlapping and C*-diffeomorphisms ¢; + B — Bq(0) such that
¢;(B; N Q) = B1(0) N {yn > 0} and sup;, ||¢;cx + ||¢;1||Cg < 00.

Lemma 2.1. C§°(9) is dense in L*(Q, ) and in HL(Q, u).

Proof. Let u € L?(Q, 1), or u € H}(Q). Let # : RY — R be a smooth function
such that 0 < 0(x) <1 for each z, 6 =1 in B(0,1), § = 0 outside B(0,2), and set
U (z) = u(z)8(z/n). Then u, — u in L*(Q, ). Indeed,

/ i — uf? dps < / ul? dy
Q {xeﬂv‘xlzn}

which goes to 0 as n — oco. If u € H}(Q), then u,, — w in H*(Q, u), because
Du,(z) = 0(x/n)Du(x) + DO(x/n)u(zx)/n. Since each u, has bounded support, it
may be approximated in L%(2) (respectively, in H(£2)) by a sequence of C§°(£2)
functions. Such a sequence also approximates wu, in L?*(,u) (respectively, in
HY(, i) because p is equivalent to the Lebesgue measure on each compact subset
of RN, (]
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ELLIPTIC OPERATORS WITH UNBOUNDED DRIFT 2627

The realisation A of A in L?(Q, ) with Dirichlet boundary condition is defined
by (B). The following integration formulae will be very useful in what follows.

Lemma 2.2. Let ¢ € HY(Q, u), u € H?*(Q, u) be such that Au € L*(Q, ). Then

(4) / Autpdy = — / (Du, DY) dp.
Q Q
More generally, ifp € HY(Q, ) and v € H*(Q, p) is such that Au € L*(Q, 1), then
(5) / Aurpdp = — / (Du, DY) du +/ @we*q’da,
Q Q aq On

where do denotes the usual Lebesgque surface measure, the last integral is understood

as lim / u YO(x/R)e”®do, and 0 is the function used in Lemma B,
R—oo Jon on

Proof. The proof of @) is immediate if ¢p € C§°(€2), and the statement follows by
approximation in the general case. Equality (H) is obtained by approximating 3 by

Y(z)0(z/R). O
Let us state a consequence of Lemma

Lemma 2.3. If 99 is uniformly C? and u € H?(Q, i) is such that Au € L*(Q, i),
then Ou/dn is in L?(0Q, exp(—®) do). Moreover, there exists C > 0 such that for
every € € (0,1) the following estimate holds:

) e o < <(lAulaqagn + 11D% o) +  11Dul I}
oo \On € a0 = e\ NIAUIL2(Q,u) UHlL2(,m) c WHIL2 ()
Proof. 1t is sufficient to take ¢ = (Du, N) in (§), where N is any C} extension to

RY of the normal vector field n, and then to use the Holder inequality. O

Lemma implies that the operator A is symmetric. In the next theorem we
prove that it is self-adjoint if ® is smooth enough, and

od
(6) o = 0 on 99

Theorem 2.4. Assume that 9Q € C3 and that ® satisfies ) and (6). Then
(A, D(A)) is self-adjoint and dissipative in L?(Q, p). Moreover, the map u +
{((D%®)Du, Du) is continuous from D(A) to L*(Q, u).

Proof. We have to show that, for A > 0 and f € L?(, u), the equation Au—Au = f
has a unique solution u € D(A). Uniqueness is an immediate consequence of Lemma
22, taking ) = v in (B). Concerning existence, we first assume that f € C§°(Q)
and we show that there is a solution u € D(A) satisfying

1
(@) Mullzzu < X”f”L?(Q,p)a
1
(M) § ) [Dul 22 < ﬁ”f”m(ﬂ,u)a
(0%
(©  1D%*ul |22 (@ + [{(D?*®4) Du, Du)|| L1 () < <2 + X) 11l 22 (2,

where ®,, is defined in ([@). Using the Lax-Milgram lemma, we find u € H}(Q, p)
such that

3 [ wsdt [ (DD = [ podu v e HY(@.0).
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2628 A. LUNARDI, G. METAFUNE, AND D. PALLARA
By local elliptic regularity, u € HZ_(Q) and Au — Au = f. In particular, Au €
L?(Q, it). Again, by classical elliptic regularity,

ue C*P(Q N B(0,R)) N H3(QN B(0,R))

for every R > 0 and § < 1.
Now we can prove ([f). To prove estimates (a) and (b), we multiply the identity
Au — Au = f by u, we integrate over {2 and we use (#) to get

o puPydi = [ fudp < e lelzza
which implies that (a) and (b) hold. To prove (c) we differentiate the equation
Au — Au = f with respect to xp, h+1,..., N, and we get
ADpu — A(Dpu) + (D(Dp®), Du) + (D®, D(Dpu)) = Dy f,
that is,
N
ADpu — ADpu + Z Dpi® Dyu = Dy f.
k=1

Set Or(z) = 6(x/R). Multiplying by 0% Dpu, summing over h, and integrating by
parts, from (&) we get, since u € H3(Q N B(0, R)) for every R,

N
(8) / {9§(A|Du|2 + | D?ul* + (D2<I>Du,Du>)+220R<D(Dhu),DQR>Dhu}du
Q h=1

N, 9Dyu
= 62 "“D ue*q)cla—l—/ﬁ2 Df, Du)dpu.
| sy S, [ 6(01.u)

h=1

Since f has compact support, for R large enough 6zr = 1 on the support of f.
Using (@) again in the last integral, we write it as ffﬂ f(wu — f)dp. Thanks to
the assumption D?® > —al, we obtain

) / 62 (\Dul2 + |D2ul? + ((D?®,) Du, Du)) ds
Q
g/ (ab%|Dul? + CR™'05|D?u| |Du| + f(Au — f)) du
Q
+/ 0% ((D*u)n, Du) e~ *do,
o9
for a suitable C' > 0, independent of R. Using (a) and (b) we get

!
| (@8RIDu? + f0u= 1) du< (24 5) 11,0
Moreover,
/03—19 D2 | Dul dp < Q/ 92\D2u|2du+£/ \Dul? dp
0 " “2R J, T 2R Jq, ‘
Let us now show that the boundary integral in (f) is negative. Since u = 0 on

99Q, we have (Du,7) = 0 and ((D?u)7,7) = 0 for every tangent vector 7 to 9.
Then Du = (u/On)n and ((D?u)n, Du) = ((D?*u)n,n)0u/0n at 9. Therefore
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ELLIPTIC OPERATORS WITH UNBOUNDED DRIFT 2629

Au = trace D*u = ((D*u)n,n) at 9Q, and the equality Au — Au = f (which is
satisfied also at 92, since u € C2(Q2 N B(0, R)) for every R) yields

0® ou 0d [ ou\”
Au=—— D*u)n,Du) = — | — )
u= g (P pu = 52 (S4) L aven.
hence
0® /0u\?2
6% ((D?*u)n, Du) e~ % d :/ 02— (=) e ®do <
\/(’)Q R<( U)n, ’LL>€ o 50 Ran(an> € 0——07
thanks to (B). Thus, we have proved that
c 21 12,12 2 2 «a c 2
A(l—ﬁ> 9R|D u| +9R<(D (I)Q)DU,DU,)d/LS 2+X+ﬁ ||fHL2(Q“u)7

and statement (c) follows by letting R — oo.
The general case f € L?(Q, u) is easily handled by approximation. Let (f,) C
Cs°(Q) be such that f, — f in L?(Q,u) and let u,, € D(A) be such that Au,, —

Au,, = fn. The above estimates imply that the sequence (u,) converges to a
function u in H?(, ) and it is readily seen that u € D(A), Au — Au = f and that
(a), (b), and (c) hold. O

Condition () can be relaxed assuming some more regularity on 9.

Theorem 2.5. Assume that 0 € C3 and that it is uniformly C?. Let ® be a C?
function satisfying @) and

0P
10 — <k at 9Q
(10) O <k a0,
for some k € R. Then (A, D(A)) is self-adjoint and dissipative in L*(Q, u). More-
over, the map u — {(D*®)Du, Du) is continuous from D(A) to L*(Q, u).

Proof. The proof is similar to the proof of Theorem 24 For f € C§°(Q), A > 0,
let u € HE(, 1) be the variational solution of the equation A\u — Au = f. As in
Theorem 24 we get estimates (7)(a), (b) and

/ <1 - C> 9§|D2u|2du+/ 0%((D*®,,) Du, Du) du
Q 2R Q

! C 0P /O0u\2
11 < |24+ -+ == 2, (=) e *do.
1D = < 3 2R)\) CALCY +/m i () "
The boundary integral does not exceed
Ou 2
2 -
k 390R(5n) e " do,

and it can be estimated as follows (see also Lemma 223)).
Let us take 1 = 6%(Du, N) in (B), where A is any C} extension to R of the
normal vector field n, so that, using Holder inequality, we obtain for every 0 < ¢ < 1

0% (22Y e~ do < <]l Aul? 10810l 2 0 ) + S| Dl
o\ an e “do < e([|Aull72(q ) + 10D ull|72(0,)) E|| ull| 720, -
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2630 A. LUNARDI, G. METAFUNE, AND D. PALLARA

Since Au = Au— f, writing the last inequality with ek < 1/2 and combining it with
(II) and with estimates (a), (b), we arrive at

/ <;§%> 02| D%ul?dp + /9§<(D2@Q)Du,pu>du
Q Q
« C 2
< (2454 505+ O) Il

with Cy independent of R. Letting R — oo we obtain estimate ([@)(c) of Theorem
24 (with different constants), and from now on the proof follows the same lines as
in Theorem 241 O

Remark 2.6. If D?® is bounded from above, then the mapping u +— ((D?®) Du, Du)
is bounded from H'(£2, i) to L*(£2, ) and the last statement of Theorems 2.4 and
is obvious. But, if D?® is not bounded, the statement is not obvious, and it
will be used in the next section to obtain a quantitative Poincaré inequality.

We end this section by showing that D(A) can be strictly contained in H2(£2, )N
Hy ().

Example 2.7. We construct a convex function ¢ : [0,00) — R such that e~¢
and z2e~? are in L'(0,00) but ¢'?e~? ¢ L'(0,00). Then u(z) = x belongs to
H?(w) N H (1) but not to D(A). For simplicity, ¢ will be nonsmooth. However,
smooth versions are easily obtained using straightforward arguments.

Let 0 = a1 < by < ag < by < --- be points in [0,00) such that b, — a; = 1.
Set 1/1] = aj41 — bj, ll = 1 and define (;3/ =1in (al,bl), (725/ = lj in (bj,aj+1)
and ¢’ = l;_1 in (aj,b;). We have to choose 1 = 1 < lp < --- in such a way
that ¢ satisfies the properties above. First observe that ¢ is convex, ¢’ > 1, hence
¢(z) > z and then e~ ?,z%~% € L'(0,00). Moreover, if z € (bj,a;4+1), then
d(x) < j+1+ 37" 1; eand therefore

aji1 j—1 j—1
/ ¢re”Cdr > I exp(—(j+ 1+ > 1)) > Liexp(—(j + 1+ Y _ 1))
bj i=1 i=1

Choosing (inductively) I; = eI+ 1) the above integral is bigger than 1, hence,
summing over j, ¢’ does not belong to L*(p).

3. FURTHER PROPERTIES OF A

Under the assumptions of either Theorem 4] or Theorem P8, since the operator
A is self-adjoint and dissipative in L?(Q, u1), it is the infinitesimal generator of an
analytic contraction semigroup 7'(t) in L?(Q, ). In this section we prove further
properties of T'(¢) and of A.

The characterisation of the domain of (—4)/? is a standard consequence of the
integration formula (@), as the following proposition shows. Recall that the norm

in Hg (9, 1) is given by [[ull i,y = llull2@.u) + 1Dull L2 -

Proposition 3.1. The domain of (—A)Y/? is H}(Q, p). Therefore, the restriction
of T(t) to H} (2, 1) is an analytic semigroup in HL(Q, u).

Proof. Any u € D((—A)Y?) is the L*(Q, u)-limit of a sequence of functions u, €
D(A) C H(Q,u) which is a Cauchy sequence with respect to the norm |jul[z2 +
(—Au,u)r2. From (@) it follows that (Du,) is a Cauchy sequence in L2(€2, p),
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hence u € H(Q,u). Conversely, let u € Hg (2, 1) and let u,, € C§() C D(A)
converge to u in H(, ). Formula (@) implies that (u,,) is a Cauchy sequence in
D((—A)'/2), hence u € D((—A)/?). O

Corollary 3.2. Under the assumptions of either Theorem 24l or Theorem B3,
T(t) is a symmetric Markov semigroup, that is, a semigroup of self-adjoint pos-
itivity preserving operators in L?(Q, u) that satisfy |T(t)fllee < ||fllec for each
feL3Q,u)NL>(Q,u) and t > 0.

Proof. Since A is self-adjoint, each T'(t) is self-adjoint. To prove that each T'(t)
preserves positivity and that it is a contraction in L°°, we use the Beurling-Deny
criteria; see e.g. [4, Theorems 1.3.2, 1.3.3].

As D((—A)Y/?) = H}(Q,p), then u € D((—A)Y?) implies |u| € D((—A)'/?),
and

II(—A)I/z(\UI)IFZLID(IHI)IzduS/QIDUPdu:II(—A)1/2UH27

so that T(t) is positivity-preserving for all ¢+ > 0. Again, since D((—A)'/?) =
H}(Q,p), if 0 <u € D((—A)?), then u A1 € D((—A)'/?), and

I(—4) 2 (A 1) = / D(uA D)2 ds < / Dul? dp = ||(—A4)?ul .
Q Q
This implies that ||7(2) f|loo < ||f]lec for each f € L2(Q, u) N L®(Q, w). O

Another immediate consequence of the integration formula () is that A is injec-
tive: if u € D(A) and Au = 0, then Au-u = 0, and integrating over 2 we obtain
Du = 0 so that u is constant on each connected component of §2; since u vanishes
at 010, then u = 0.

A natural question is now whether 0 is in the resolvent set of A. This is true if
D(A) is compactly embedded in L?(€2, i), because in this case the spectrum of A
consists of a sequence of isolated eigenvalues. But in general D(A) is not compactly
embedded in L2($, p), as the following counterexample shows.

Example 3.3. Let ¢ : R — R be any convex C? function such that ¢(z) = z for
x> 0. Set ®(z,y) = p(z) + y2, and let Q be the half-plane {(z,y) € R? : y > 0}.
Then D(A) is not compactly embedded in L?(£2, ).

Proof. Let § € C§°(0,00) be such that [;~(6(y))? exp(—y?)dy = 1, and set for each

neN n>3

xn
Up(z,y) = 0(y), =, y >0, wuy(x,y)=0otherwise.

(2n)!

Since dp = exp(—¢(z) — y?)dx dy, then ||uy| 120, = 1 for each n. Moreover,
,n‘,L.nfl "

Dyun(z,y) = 0(y), Dyun(z,y) = ——0(y), = >0,
(z,9) o (4), Dyun(z,y) o ()
Davtn(ayy) = "= DT ps D un(sy) = — 07(y), &> 0
2xUn\T,Y (2n)! Y), yyUn T, Y (2n)! Y), s

and every derivative vanishes for z < 0. Therefore, u,, € D(A) and [[Au,||12(q,u)
is bounded by a constant independent of n. But no subsequence may converge in
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2632 A. LUNARDI, G. METAFUNE, AND D. PALLARA

L?(Q, 1) because

o 2n 2m n+m |
2 z x x e (n+m)!

Up —U = + -2 )e dr=2—2———
[un = tmllz2 (0,5 /0 ((gn)! (2m)! (2n)!(2m)! (2n)!(2m)!
and for any fixed n we have

(n+m)! . )
im ———— =0, sothat lim ||lu, —u =2. (I
m—oco \ /(2n)!(2m)! m—00 an =t 22

In the above example D,®(z,y) is bounded for > 0, and the question of
whether D(A) is compactly embedded in L?(Q, 1) if |[D®| goes to oo as || — oo
remains open. In the next proposition we show that the answer is positive if ®
satisfies an additional (mild) nonoscillation condition.

Proposition 3.4. Assume that ® € C?(RY) satisfies A® < a|D®|?> + b for some
a<1,beR. Then the map u v |D®|u is bounded from HL(Q, u) to L2(Q, p). If,
in addition, |D®| — oo at infinity, the embedding of H3 (2, 1) (hence that of D(A))
in L*(Q, ) is compact.

Proof. Since C§°(Q) is dense in Hg (€2, u) it is sufficient to show that
I1D®@ul| 12,0 < Cllullmr,u)

for some C' > 0 and every u € C§°(Q2, u). Integrating by parts and using Young’s
inequality we get for every € > 0 and for a suitable C.

/|u|2|D¢>|2du = 7/ |u|?>(D®, De~?) dx
Q Q

/|u|2A<I>e*¢ dx+2/u<D<I>,Du>e*¢ dx
Q Q

IN

(a+€)/ |u\2|D<I>|2du+Cg/ |Du|2du+b/ lu|? dp.
Q Q Q

Choosing ¢ such that a + ¢ < 1, the first statement follows. Concerning the second
one, we observe that for each ¢ > 0 there is R > 0 such that |[D®| > 1/e in
Q\ B(0, R). Hence for every u in the unit ball B of Hg () we have

1
7/ Jul* dp < / u*| DP|* dp < C*.
€% JO\B(0,R) Q\B(0,R)

Since the embedding of H*(2N B(0, R)) into L*(2 N B(0, R)) is compact, we can
find {f1,..., fr} C L*(2N B(0, R)) such that the balls B(f;,e) C L2(Q2N B(0, R))
cover the restrictions of the functions of B to 2 N B(0, R). Denoting by f; the
zero-extension of f; to the whole of Q, it follows that B C Ule B(f;, (C + 1)e),
and the proof is complete. ([l

The compactness of the resolvent is a consequence of the logarithmic Sobolev
inequality

1
12 [ wtor(udn < 3 [ DU dut s o o8l 200,

for all u € H(Q, 1) and some w > 0 (where we set 0log0 = 0).
In what follows we give sufficient conditions for the validity of (I2).
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Proposition 3.5. Let us denote by \(x) the smallest eigenvalue of the matriz
D%®(z). Then:

(i) if Mz) > wo for all x € RY then ([[2) holds with w = wy;

(ii) if l‘im inf A(z) > 0, then ([I2) holds for some w > 0.

z|—o00

Proof. (i) Let u € H3(Q, 1) and extend u outside Q by setting u(z) = 0 for = ¢
Q. Then the extension is in H*(RY,v), where dv(z) = cexp(—®(z))dz, ¢! =
Jan exp(=®) dz > 1. By [3], for each u € H'(RY,v) we have

1
/ jul? log [u] dv < - / IDul? dv + a2 v o 108(6ll 2 o).
RN wo JrN

Since u vanishes outside €2 we easily get

1 1
ol do < 2 [ 1D di ol (0 + tox(l e

and ([I2)) follows since ¢ < 1.
(ii) The proof is similar to (i), using [11, Theorem 1.3] instead of [3]. O

Corollary 3.6. Under the assumptions of PropositionB5, H}(Q, i) is compactly
embedded in L*(Q, u). Therefore, sup a(A) < 0. Moreover T(t) maps L*(, 1) into
LI (Q, p) with ¢(t) =1+ et and

(13) IT(t) fll Loy < If 2@, t >0, f € L (Q,p).

Proof. Let B be the unit ball of Hg(, 1). Inequality (IZ) yields the existence of
a positive constant C' such that fQ |u|2 dp < C for every u € B. Given t > 1, let
E = {Ju| < t}. Then for R >0

1
/ lul?dp < / 2 dy + —
Q\B(0,R) (NB(0,R))NE logt Jio\B(o,r)\E

c
u(Q\ B0, R)) + —
WO\ BOR) +
hence, given € > 0, there exists R > 0 such that fQ\B(O,R) lul?dp < e for every
u € B. As in Proposition [34] this proves that H}(Q, i) is compactly embedded
in L2(Q, p). The fact that T'(t) maps L?(, ) into LM (Q, 1), as well as estimate
([3), follow from [5} []. O

|uf* log |u| dp

IN

A necessary and sufficient condition in order that 0 be in the resolvent of A is
that the Poincaré inequality holds, i.e.,

1
(14) [ldn< s [ 1DuPdu e @),
Q w Ja

for some w > 0. More precisely, since A is self-adjoint, then ((—A — wl)u,u) > 0
for each u € D(A) if and only if 6(A + wl) C (—00,0]. In other words, (14) holds
for each u € D(A) (or, equivalently, for each u € H}(Q, ) = D((—A)*/?)) if and
only if o(A) C (—o0, —w]. In this case we have

(15) IT() fllL2 @y < e 2@, t>0, e L3R, p).
Indeed, for each t > 0 and f € L?(Q, u),

SIT@I? = [ 24708 -T0f du = ~2ADTO | < ~20]T(0)5]*
Q
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If @ = RY, the Poincaré inequality for functions having zero mean is a con-
sequence of the logarithmic Sobolev inequality (in which case D(A) is compactly
embedded in L?*(Q, 1)) and the constant w in (I[d) is the same as in ([Z); see [10].
This is not true in our setting; see Example [3.9 below. However, in the next propo-
sition we show how to get an explicit estimate of w in (I4)) when (6) holds.

Proposition 3.7. Assume that (@) holds and that there exists wy > 0 such that
the map x +— ®(x) — wolx|?/2 is convex. Then (I[4) holds with w = wy.

Proof. We have only to show that o(A4) C (—o0, —wg]. Corollary yields that
the resolvent of A is compact, hence o(A) consists of eigenvalues. If Au — Au =0
for some A € R and 0 # u € D(A), we write () with f =0 and let R — oo. Since
the boundary integral is nonpositive and D*® > woI we get (X +wo) [, [Dul* < 0.
Since w is not a constant, then Du # 0 and A < —wy. This concludes the proof. O

Let us again consider Example and show that, in general, the Poincaré in-
equality does imply that the embedding D(A) C L?(, 1) is compact.

Example 3.8. We use the same notation as in Example B3l Proposition B7]
applied to the one-dimensional function y +— 32, y > 0, yields

oo 1 oo
/0 lu(z, y)|? e*y2dy < 5/0 |Dyu(sr,y)|2e*y2 dy, ae.x €R, u € HYQ, p).

Multiplying by e~#(*) and integrating with respect to = € R, we deduce

1
/IU(ﬂr?y)\Qdué —/ |Dyu(z,y)* du
Q 2 Q

so that the Poincaré inequality holds, even if D(A) is not compactly embedded in
L?(Q, i), as we have shown in Example 3.3

If assumption (@) is replaced by the boundedness of 9®/0n at 9Q and still
®(x) — w?|x|? is convex, the constant w in (I4) may also depend on the constant k
in (), as we show in the following example.

Example 3.9. Let N = 1 and let Au = «” — zu’ be the Ornstein-Uhlenbeck
operator. Here ®(x) = 22/2, hence D?® = 1 and ([2) holds with w = 1. Let
Qg = (—00,a) and set u(xz) = a — x. Then u € D(A) and

a a —1
[ Wil [ wkan) o

as a — oo. This shows that the spectrum of A in L2(£2,, ) is not contained in
(—o00, —1] for large a, hence the constant w in ([[4)) is smaller than 1.
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