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STRONG CONVERSE INEQUALITY FOR POISSON SUMS
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ABSTRACT. The rate of convergence of Poisson sums and their combinations
are shown to be equivalent to appropriate K-functionals.

For a function f that has the expansion
(1) f@)~ > Pi(f)
k=0
the Poisson sum is given by

(2) A=Y "rkP(f), 0<r<1.

k=0

For A, f to be written as a semi-group, we set r = e~* and obtain
(3) T(t)f = e *Pu(f).
k=0

For the purpose of this paper, Hy are eigenspaces of a given self-adjoint operator
P(D) with eigenvalues A, such that A, are either all positive or all negative, and
(—=1)7\x = |Ak] < |Aks1]. Moreover, Ay is a polynomial in k. We deal with a Banach
space of functions B such that Hy, C B, H, C B*, span UZ":O Hj, is dense in B and
Py (f) is the projection of f onto Hy, (see [Ch=Dil).

We further assume that the Cesaro summability of order ¢, for some /, is a
contraction on B, that is,

(4) ICLfllB < I flls-

We note that if C f is a contraction, so is C™™ f for m > £. We also note that in all
cases known to us C/ f is a contraction when it is a positive operator. If C¥ is a
contraction on B, so is the Poisson sum A, f, which can be written (see [Hal p. 108]
or simply summation by parts) as

®) Arf =<1—T>1”§Air’fo£<f>, A"z( N )

and clearly T'(¢)f is also a contraction. (Positivity is also inherited.)
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The infinitesimal generator of T'(¢)f is formally given by

(6) Af ~ Y —kPL(f),
k=1

and the domain of A, D(A) in B is all f in B such that Af € B where Af is given
by (6).
We now have the following result.

Theorem 1. If for a given space B, C.f satisfies (4), then AT(t)f € B for all
t>0 and

(7) AT (@) flls < 206+ 2)(€+ )| f]] 35
that is, T'(t) is a holomorphic semigroup of contractions.
Proof. Clearly, AC%(f) is in B. A simple calculation yields

ACL(f) = (n+ L+ 1) (CLH () = Co(f)),
and hence

AT()f = (1—e )™ i Aje” M ACK(f)

k=0
— (1= ety iAie_tk(k + L+ 1) (CEN ) = CL().
k=1

Therefore,

MT()flls < (1 —e )Y Afe ™ (k+ £+ 1) (ICH ()l + 1CL(H)]5)
k=1

<2lf5(1—e )Y Ape T h(E+2)

k=1

) d 1
<20+ 2 fllp(1 e ) <— p m)

eft

<2(+2)[fllp(€+1) (1= ety (1—e )t
ot
<2+ 2)(+1) T 11,
and as 1t_e;t <1 fort >0, (7) follows. O

We can now follow [Di-Ivl Section 5, Theorem 5.1] and deduce the following
result as an immediate corollary.

Theorem 2. Let T(t)f and A, f be given by (3) and (2) respectively, let A be given
by (6) and suppose (4) is satisfied for some integer £. Then

8 @) —1)™ ~ inf - tm]|.A™ t>0
(8) I(T(t) = D™ flls ggl)r(lAm)(llf glls +t"lA™gllB), t>0,
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0 |5 ()0 s+ com

~ inf (— 1— 7)™ A™ ) 0<r<l1,
it (1= glls + (- Agls), o<

where D(A™) is the domain of A™ in B.

Remark 3. If A(k) is a polynomial of degree b in k, a simple calculation or Lemma 3.2
of [Da] shows that domain A is the same as the domain of ((—l)jP(D))l/b and
lA™gll5 = [[(=1)7 P(D)™/*g|| 5 with

(10) (=17 P(D))"g ~ > A(k)*Pi(g)
k=0

as defined in [Di].
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