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ABSTRACT. We consider the nonlinear eigenvalue problem
—Au+g(u) =Asinu in Q, v>0in Q, v=0 on 99,

where Q C RY (N > 2) is an appropriately smooth bounded domain and A > 0
is a parameter. It is known that if A > 1, then the corresponding solution
) is almost flat and almost equal to 7 inside 2. We establish an asymptotic
expansion of uy(z) (z € Q) when A > 1, which is explicitly represented by g.

1. INTRODUCTION

We consider the nonlinear eigenvalue problem

(1.1) —Au+g(u) = Asinu in
(1.2) u > 0 in Q,
(1.3) u = 0 on 09,

where Q@ ¢ RV (N > 2) is an appropriately smooth bounded domain and X > 0 is
a parameter. We assume the following conditions (A.1)—(A.3):

(Al)ge C™Y"(R) (m>1,0 <y <1)and g(u) > 0 for u > 0.

(A.2) 9(0) = ¢/(0) = 0.

(A.3) g(u)/u is strictly increasing for 0 < u < 7.

The typical example of g(u) is g(u) = |u|™ tu (m > 1).

The equation (1.1)—(1.3) is regarded as the equation of a simple pendulum with
a nonlinear self-interaction term g(u), and the following (P.1) and (P.2) are well
known and easy to show (cf. [11, [2], [4], [B]).

(P.1) For a given A € R, (1.1)-(1.3) has a unique solution uy € C3(Q) if and only
if A > A1, where A\; > 0 is the first eigenvalue of —A with Dirichlet zero boundary
condition.

(P.2) |Jurlloo < 7 and uy — 7 locally uniformly in © as A — oo.

Therefore, we see from (P.2) that u, is almost flat inside €2, and one common
interest to study (1.1)—(1.3) is to investigate precisely the asymptotic behavior of
uy inside €. In other words, we are interested in “how flat u, is inside Q7.

In the case when g = 0, there are many works concerning the asymptotic behavior
of the solutions of (1.1)-(1.3) inside £ as A — oo, since the properties (P.1) and
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(P.2) are valid when g = 0 (cf. [2], [3] and the references therein). To take a simple
example, let us consider the case N =1, Q = (=R, R) and g = 0. In this case, we
denote by uo » the unique solution associated with given A > A;. Then it is known
(cf. [6]) that as A — oo,

(1.4) Jtorllse = 7 — 8(1 + o(1))e~VA(IHo(R,

We remark that the second term in the right-hand side of (1.4) decays exponentially
as A — 00.

However, as far as the author knows, there are no works concerning the precise
asymptotic analysis of the interior behavior of uy as A — oo when g #Z 0. So the
natural and fundamental questions we have to ask here are as follows:

(Q.1) Does the second term of ||uy]|o decay exponentially, too?

(Q.2) If the answer to question (Q.1) is in the negative, then what is the second
term of ||up|lco @s A — 00?

(Q.3) How flat is u) inside Q when A > 17

To answer these questions, we establish an asymptotic expansion of uy(z) as
A — oo, which is explicitly represented by g and show that the second term and
the remainder terms decay algebraically as A — oo.

Now we state our results. Let G(u) := [ g(s)ds.

Theorem 1. Let x € Q) be fizred. Then the following asymptotic formula holds as
A — o0
m—+1

b, 1
(1.5) up(z) =m — )\—];—I—O(W) ,
k=1

where by, (k=1,2,--- ;m+ 1) are constants determined by {g(j)(ﬂ)}?;é.
For example,

(1.6) by (m),

by = —g(m)g'(m),

by = o) +g(m)g(m) + 39(me (x).

We explain the idea of the proof of Theorem 1 briefly. We first consider (1.1)-
(1.3) for the case Q = Bg := {z € R" : |z| < R}. In this case, (1.1)-(1.3) are
equivalent to the ordinary differential equation

Q

| =

(1.7) u”’(r) + N 1u’(r) —g(u(r)) + Asinu(r) =0, 0<r<R,
(1.8) u(r) >0, 0<r<R,
(1.9) ' (0) =u(R) =0.

Then we prove (1.5) for uy(0) (= |Jux||co). Then by using the fact that ||uy || does
not depend on the radius R of the ball Bgr, we prove Theorem 1. Therefore, to
prove (1.5) for Q@ = Bgr and = = 0 is crucial. The difficulty we encounter for the
case 0 = Br (N > 2) is as follows. If we directly follow the argument in [§], in
which (1.5) was obtained for the case N = 1,2 = (=R, R) and z = 0, then we
find that the second term (N — 1)uw)(r)/r in (1.7), which does not appear in the
case N = 1, is quite difficult to treat. We concentrate our attention on treating
this characteristic term appropriately and developing new devices to deal with the
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radial solution of (1.7)—(1.9) for the case N > 2. Then we obtain the answer to
(Q1)(Q3).
2. PROOF OF THEOREM 1 FOR 2 = Br AND x =0

In this section, we consider (1.7)—(1.9) and establish (1.5) for z = 0. Note that
ux(0) = JJurlloo- We begin with the fundamental equalities which play important
roles in this section. Multiply (1.7) by ). Then for r € [0, R},

{uf\'(r) + ?u&(r} + Asinuy(r) — g(u,\(r))} ui(r) = 0.

Since ux(0) = [Jua|loo, this implies that for r € [0, R],

(2.1) %UQ(T)Z +/ N- 1u’)\(s)2ds — Acosuy(r) — G(ux(r)) = constant
0 S

= —Acos[[urlloo — G([Jurllec)  (put r=0)

1 AN -1
= —uh(R)* + / uh(s)%ds — X (put r = R).
0

2 S

Let My := inf{6 > 0 : Asinf = g(6)}. It is clear that M) < 7 and Asinf > g¢(0)
for 0 < 6 < M. We know from [1] that ||up||cc < M. Therefore, for 0 < r < R,

we have

(2.2) Asinuy(r) > g(ux(r)).
Further, it is well known that

(2.3) uh(r) <0 (0<r<R).

We begin with the following fundamental lemma.
Lemma 2.1. Let 0 < 1o < R be fized. Then uy(r) <0 for 0 <r <ry and A > 1.
Proof. We know that for 0 <r < R,

(2.4) (VT () = VT (g (ua(r) — Asinua (7).
Integrate (2.4) over [0,7] to obtain
(2.5) W (r) = TN% / "N (gun(s)) — Asinua(s))ds.
0
By this, we obtain
(2.6)  ux(r) = g(ua(r)) — Asinux(r)
+ (N - 1)7'*N/ s (Asinuy(s) — g(ux(s)))ds.
0
Then by integration by parts,
(2.7) /OT sNTE(Asinuy(s) — g(ux(s)))ds
N

= %()\ sinwux(r) — g(ux(r)))

T SN
—/0 W(A cosuy(s) — g’ (ux(s)))uh(s)ds.
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By this, (P.2), (2.2), (2.3) and (2.6), for A > 1, we obtain

W) =~ (sinua(r) - glur(r)
N-1[" , , N
N, (Acosuy(s) — g (ux(s)))uy(s)s" ds
< 0.
Thus the proof is complete. (I
Lemma 2.2. Let an arbitrary 0 < ro < R be fived. Then u}'(r) <0 for 0 <r <rg
and A > 1.
Proof. By (2.6), we have
—uy'(r) = (Acosux(r) — g (ua(r)))ux(r)
+ N(N — 1) N1 /07 sV (Asinuy(s) — g(ux(s)))ds

— (N = Dr Y (\sinuy (1) — g(ua(r))).
By this and (2.7),
(2.8) —uy'(r) = (Acosua(r) =g (ua(r)))ux(r)
— (N — 1)T*N*1/O sV (Acosuy(s) — g (ux(s)))uh(s)ds.

Since A > 1, by (P.2) and integration by parts, we obtain

/OT sV (Acosuy(s) — g’ (ux(s)))uh(s)ds

— g @)1+ o1) [ Vi ()i
0
=~ g @)1+ o) (g a0 - [ s )
= g (r 0 N1l 0N+18 uy(s)ds | .
By this, Lemma 2.1, (2.3) and (2.8), for 0 <r < ry and A > 1, we obtain
2
(2:9) () = g (kg (M) + (1) (s (1))
F R @)+ o) [ ()
N1 )
> 0.
Thus the proof is complete. (I
We put
(2.10) & = Asin [ualloo — g(lurlloo)-
By I'Hopital’s rule,
/
tim A Jn () = u0).

By this and (1.7), we obtain
Nux(0) + Asin [[urllsc = g(llurlloc) = 0.
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This along with (2.10) and Lemma 2.1 implies that
(2.11) &= —NuX(0) > 0.
Furthermore, we put
(2.12)  Ix(r) := Xcosux(r) —cos|lur]leo) + G(ur(r)) — G(||ualloo)s

"N-1
/ uh (s)%ds.
0 S

Then for r € [0, R], by (2.1), we obtain

(2.13)  II,(r)

(2.14) %u')\(r)2 = I(r) — I1\(r).

Lemma 2.3. Let 0 < 19 < R be fired. Then for 0 <r <rg and A > 1

1
(2.15) (1) = &(llualloe = ua(r) + A+ g' (M) (1 + o(1) ([ualloo = ua(r))*.
Proof. By Taylor expansion and (P.2), for 0 < r < rg and A > 1, we obtain

(2.16) cosup(r) = cos|[ualloo — sin ||ur oo (ux(r) = [Jurlloo)

- %cos l[ualloo (ua(r) = llurlloc)®(1 + o(1)),

217) Gt = Gllurlle) + gllurlloe) r(r) = ffr]lc)
+ 56 o) + 0(1) (1) — a1

Then by (P.2), (2.12), (2.16) and (2.17), for 0 < r < r¢ and A > 1, we have

I = Alcosux(r) — cos [luxllec) + G(ur(r)) = G([lurlloc)
Ex(urlloo = ua(r)) + %(A +9' (M)A + o(1))([lulloe — ur(r))*.

Lemma 2.4. Let 0 < rg < R be fixed. Then for 0 <r <rg and A > 1,

(218) In0) < N Falluale - us(r)
+ T 8 )+ o) = ()2

Proof. Since (2.18) is valid for r = 0, let » > 0. By "'Hopital’s rule and (2.11),

. II/\(T) T _(N - l)u/ (T) T "
(219)  lim ey = lim R = i (1 N (r)
= =N ="
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Then by this and Cauchy’s mean value theorem, for 0 < r < rg and A > 1, we
obtain

II(r) = (N = DE/N) (lualloo — ur(r))
(2:20) (Terlloe — un(r)?
(N =D\ (ry) + (N = 1)ér /N
=271 (|lualloe — ur(r1))
(N = 1) + (N — )& N
=2([lurlloe = ur(ra)) + 2raul (r2)
(N =DuY'(rs)
4ul (r3) + 2rzuf (r3)’

where 0 < r3 < rg <11 < r. By Lemma 2.2, we see that —u/(r) is increasing for
0 <r <rg. Then by (2.9), for any 0 < r < rg and A > 1, we obtain

SW() S (g @)L+ o)) (i (1)
S YO @ o)) [ s
(221) < g (g )+ o)~ ()
b (ot (1) (1 o) (i (1)

(N+1)(N +2)
(A +¢'(m) (1 + o(1)) (—4uj (r) — 2ruf(r)).

IN

2(N +1)

Put 7 = 73 in (2.21). Then by this and (2.20), we obtain (2.18). Thus the proof is
complete. |

Lemma 2.5. Let 0 < 19 < R be fized. Then &) = o <)\e_v 2)‘(1+0(1))/(N+1)T0) as

A — 00.

Proof. By (2.14), Lemmas 2.3 and 2.4, for 0 < r < rgand A > 1,

(2.22) %u;(rﬁ = I\(r)—II\(r)
> <6l — ua(r)
+ 27 (14 0(0) (9 () + (el = ()2
> (sl —ur(r) + 3 @a(lualloe —mr(r)),
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where Py = 26,/N,Qy = 2XA(1 + 0(1))/(N +1). We put t = /s/(Pr + Qx3).
Then by (2.14) and (2.22), for A > 1, we obtain

) we)
o= / Lt = \/2 NG A TNE ))d

[N 1
/ do
ux (o) \/PA(HuAHoo— 0) + Qxa(llurlls — 0)°

Hu%”oofu/\('ro) Ax

/0 «/—PAerQAs? / 1—@»52’f
1 log <1/\/_+AA>

VQx 1/v/Qx — Ax

N TN
P+ Qx([[urlloc — ur(ro))
This implies that

([[ualloo — ua(ro)) " eV@iro _ |
Py + Qx(Jualls — ua(ro)) = V@ eV@iro 41°

By this and (P.2), for A > 1, we obtain

zg _ po< ANV ([|ux [l —un(ro)) _ o (Ae_,/zA(1+o(1))/(N+1)r0)
N> r= (eV@iro —1)2 '

where

Thus the proof is complete. O
Proof of Theorem 1 for @ = Br and x = 0. We put (1(A) := 7 — ||url|lco. Then
¢1(A) = 0 as A — oo by (P.2). Then by Lemma 2.5, we obtain
(2.23) Asin|Juplloe = Asin(m — (G (N)) = Asin((N)
AL+ o(1))Gi ()
_ g(HuA”oo) + 0()\67 2)\(1+o(1)/(1\7+1)r0)
g9(m) (1 + o(1)).

This implies that

(2.24) G = @ +o (i) .

Therefore, we obtain the second term in (1.5). Then (1.5) is proved by completely
the same argument as that in [7} Proof of Theorem 2|, which is proceeded by the
mathematical induction. Thus the proof of Theorem 1 for the case 2 = Bgr and
x = 0 is complete. O

3. PROOF OF THEOREM 1

Now we consider (1.1)—(1.3). Let = € Q be fixed. Let ¢; := dist{z, 90} > 0 and
Ly :=sup{|y1 — y2| : y1,y2 € Q}. Since (1.1)—(1.3) is autonomous, by translation of
the coordinate system, we may assume that z = 0. Let By = B, /2 and By := By,
Furthermore, let uy1 and w2 be the solutions of (1.7)—(1.9) for R = 4¢1/2 and
R = 2L4, respectively. It is clear that uy is a super-solution of (1.1)—(1.3) for Bj.
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Further, for 0 < € < 1, we see from (A.2) that v.(|z|) = ep1(|x]) is a sub-solution
of (1.1)—(1.3) for By, where ¢, is the first positive eigenfunction of —A in B; with
the Dirichlet zero boundary condition. Since 0 < € < 1, we see that ep; < wuy.
Then since uy 1 is a unique solution of (1.1)—(1.3) for Q@ = By, we see from [T, p.
24] that for = € By

(3.1) eo1(z) <uxa(z) < ux(z).
By the same argument as above, for x € 2, we have
(3.2) ux(z) < uyo(z).

In particular, by putting x = 0, we obtain
(3.3) [ualloo < ur(0) < Jlux2/oc-

Since the formula (1.5) holds for |lux1le and |uy 2], by (3.2) and (3.3), we
immediately obtain (1.5). Thus the proof is complete.
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