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ABSTRACT. For a Cantor set X, let Homeo(X) denote the group of all home-
omorphisms of X. The main result of this note is the following theorem. Let
T € Homeo(X) be an aperiodic homeomorphism, let p1, pa, ..., ur be Borel
probability measures on X, and let ¢ > 0 and n > 2. Then there exists
a clopen set E C X such that the sets E,TE,...,T" 1E are disjoint and
wi(EUTEU...UT* 'E)>1—¢, i =1,...,k. Several corollaries of this re-
sult are given. In particular, it is proved that for any aperiodic T' € Homeo(X)
the set of all homeomorphisms conjugate to 7" is dense in the set of aperiodic
homeomorphisms.

1. INTRODUCTION

One of the most useful results in ergodic theory which has many important ap-
plications is the Rokhlin lemma [R]. This statement asserts that given an aperiodic
(non-singular) automorphism 7" of a standard measure space (X, B, u), € > 0, and
n > 2, there exists a measurable subset £ C X such that E,TE,..., 7" 'E
are pairwise disjoint and u(E UTE U ...UT" 'E) > 1 —¢e. It immediately
follows from this result that the set of periodic automorphisms is dense in the
group of all nonsingular automorphisms of (X, B, u) with respect to the metric
d(T1,Ts) = p{(x € X : Tz # Thx)} where T1,Ty € Aut(X,B,p). Subse-
quently, the Rokhlin lemma was generalized in various directions (see, for example,
[AP] [EP] [ET] W], [OW]). It is well known that the Rokhlin lemma is also related
to amenability.

Our goal is to prove a version of the Rokhlin lemma in the context of Cantor
dynamics. To start with, we need to consider a topology on Homeo(X) analogous
to the metric d. It is well known that Homeo(X) equipped with the topology 7,
of uniform convergence (the sup-topology) is a Polish space. But 7, is too weak
to trace the dynamical properties of homeomorphisms. For instance, the set of
pointwise periodic homeomorphisms is not dense in Homeo(X) with respect to 7,
(for more details see [BDK1|[BDK?2]). In [BK1,BK2, BDK1},BDK2|, we introduced
and studied a topology 7 which has its origin in measurable dynamics. It was shown
in [BDK1,[BDK2] that 7 plays the same role in Borel and Cantor dynamics as the
metric d plays in ergodic theory. Recall the definition of the uniform topology 7. For

Received by the editors October 20, 2003.
2000 Mathematics Subject Classification. Primary 37TH15, 37B05; Secondary 54H20.

(©2005 American Mathematical Society

2957

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2958 S. BEZUGLYI, A. H. DOOLEY, AND K. MEDYNETS

T,S € Homeo(X), define E(S,T) ={zx € X : Tox # Sx}U{z € X : S~ta # T 'z}
Let M;(X) denote the set of all Borel probability measures on X.

Definition 1. The uniform topology 7 is defined by the base of neighborhoods
U={U(T;p1,p2,---,n)} where

U(T, p, 2, - -« fin, ) = {S € Homeo(X) | ;(E(S,T)) <e, i =1,...,n},
T € Homeo(X), p1, 42, -, fin € M1(X), and € > 0.

Homeo(X) is a Hausdorff topological group with respect to 7.

Remark that if one considers the set Ey(T,S) = {z € X : Sz # Tz} instead of
E(T,S) in the definition of 7, then the topology defined by Ey(T,S) is equivalent
to 7.

The main result of this paper is the Rokhlin lemma proved for an arbitrary ape-
riodic homeomorphism of Cantor dynamics. Let Ap denote the set of all aperiodic
homeomorphisms of X.

Theorem 2. Let T € Ap, p1,...,ux € M1(X), € > 0, and n > 2. Then there
exists a clopen set E C X such that sets E,TE,..., T" 'E are pairwise disjoint
and

w(EUTEU...UT" 'E)>1—¢ foralll<i<k.

In contrast to measurable dynamics, we do not assume that p; is invariant (or
non-singular) with respect to 7'. Furthermore, we prove in Theorem [2that the base
E of the tower (E,TE,...,T" 'E) can be chosen clopen.

The proof of Theorem [ is based on the following result. It turns out that a
Cantor set X can be represented as a disjoint union of clopen T-towers of sufficiently
large height where T is an aperiodic homeomorphism. Then we can reconstruct
these towers to get new ones such that the union of bases and tops is of small
measure.

We prove several statements which are immediate consequences of Theorem[2l In
particular, we will show that every aperiodic homeomorphism may be approximated
in 7 by periodic homeomorphisms with finite periods. We will further prove that,
given S € Ap, the set {T'ST~!:T € Homeo(X)} is 7-dense in Ap. This property,
called the Rokhlin property, was also studied in |[GK], IGW], [R].

2. T-TOWERS COVERING A CANTOR SET

Let T € Homeo(X) and let E be a clopen set such that ENTHE) = 0,i =
1,...,n—1. Then { = (E,TE,...,T" 'E) is called a T-tower with base E and top
T"~1(E). The number h(£) = n is the height of £, and the clopen set C' = U?;Ol T'E
is called the support of &.

If T is a minimal homeomorphism of a Cantor set X, then for every clopen set
E one can easily find a finite collection of disjoint T-towers = = (&, ..., &) such
that their supports C;, ¢ = 1,...,m, cover X and FE is the union of bases of these
towers. Note that T" maps the union of tops of &; onto E.

In this section we show that a similar cover exists for any aperiodic homeomor-
phism T of X. The following proposition will be used in our proof of the Rokhlin
lemma.

Proposition 3. Let T be an aperiodic homeomorphism of a Cantor set X. Given a
positive integer n > 2, there exists a partition of X into a finite number of T-towers
2={&,...,&n} such that the height h(§;) of every tower is at least n.
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Proof. Since T is aperiodic, every point x € X has a clopen neighborhood V,, such
that the sets V,, TV,,...,T" 1V, are pairwise disjoint. The open cover {V, : z €
X} of X contains a finite subcover {Vi, Va, ..., Vi }. Setting

U1 - V17
Uy =Vo — Uy,

UkZVk—(UlLJUQU...UUk,l)

we get a disjoint finite cover of X by clopen sets such that U; N T7U; = 0, j =
1,...n—1, i=1,..., k. Throughout the proof we will deal with clopen sets only.

(a) The set = will be constructed inductively. At the first step, we start with
the T-tower & = (Uy, TUq, ..., T"1UY).

Let C1 = UZ;& T°Uy be the support of &. If C; = X, we are done. If C is a
proper subset of X, consider the sets Ul = U; —C1, i = 2,3, ..., k. Note that some
of the sets U! may be empty. Without loss of generality assume that Ui # (). Note
that the first set from C; which could meet the T-orbit of U] is U;. Define

Us(i)={xecUy : T'xclUy, T2 ¢ U, 0<j<i—1},i=1,...,n—1,
and .
U0)={zcU) : TVa ¢ Uy, forall1 <j<n-—1}.
In particular, some of the sets Uj (i), i = 1,...,n — 1, may be empty. Each set UJ} (i)
is the base of the T-tower
&) = {U3 (i), TU; (i),...,T" U5 (i)}, for all i = 0,1,...,n — 1.

We see that the first i — 1 sets of the tower £ (i) do not intersect & and the other

sets form a subtower in ¢;. Remark that the towers £1(i) and £3(j) are obviously

disjoint whenever i # j but each tower (i), 1 < i < n — 1, meets &. To make

all of them disjoint, we delete all sets T°U4 (i), 1 < i < n — 1, from the base of
n—1

the tower &;. Take the set Ul = U; — |J T°U3 (i) as the base of a subtower of ;.
i=1

Denote this subtower by &}. At the end of the first step, we get the collection of

disjoint T-towers Z(1) = {£1,£2(0),€3(1),..., & (n — 1)}, each of which has height

at least n. Denote by C}, C3(0), C3(1),...,C3(n — 1) the supports of corresponding

towers from =(1).
(b) We note that C{ UC3(0) UC3(1)U---UC3(n—1) = C; UC} where C] =

n—1
U TUS. If C; UC3 covers X, the proof is complete. If not, define the sets
=0

U} =U!—C3, for all i = 3,4,...,k. Tt is easily seen that {C],C3(0),C3(1),...,
Ci(n —1),U3,...,U?} is a partition of X. Without loss of generality we assume
that U3 # 0. For each tower £ of Z(1), put
Uz(€) = {x € U2 : T'x meets & for some 1 <4 <n—1}.

Also, let U2(0) = U2 —Ueezq) U2(&). Put n = {UZ(0),...,T""1U2(0)}. Note that
7 does not intersect any £ € Z(1). We can now apply the construction used in case
(a) to the set UZ(£) and the tower £ € Z(1). This means that we can partition
U2(€) into the sets {U2(£,4) : 1 < i < n — 1}, where UZ(£,4) contains all points
whose orbits meet £ precisely at the i-th step. Thus, we have defined a T-tower
(i), i =1,...,n — 1, with base U2(&,i). The height of this tower is h(¢) + i where
h(§) is the height of £&. The towers £(i) remove at most n — 1 subtowers from &.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2960 S. BEZUGLYI, A. H. DOOLEY, AND K. MEDYNETS

Denote by &' the remaining part of £. Thus, £ can be represented as a disjoint
union of at most n T-towers. At the end of this step, the set Z(2) consists of all
¢ €(i) and 7, where 1 < i < n and € runs over Z(1). Clearly, we have constructed a
disjoint set of T-towers of heights at least n. The union of supports of these towers

equals C; U C3 U CZ where C2 = U T'U?.

(c) IfC1UCIUCE = X, the proof is finished. If C; UC} UC? is a proper subset
of X we consider the sets U]?’ = ] — C2 for all j = 4,5,...,k, and apply the
above construction again. It is obvious that after at most k — 1 steps we will have
constructed a collection of towers = satisfying the conditions of the proposition. [

Corollary 4. Let T be an aperiodic homeomorphism of X. Suppose that there exist
a clopen set F' and N € N such that X = U T'F. Then for any integer n > N

there exists a finite partition E = {&, . .. ,fm} ofX into T-towers of height at least
n such that the union of the bases of these towers is a subset of F'.

Proof. This result can be proved by the method used in Proposition Bl To do
this, we start with a finite cover {Uq, ..., U} of F by disjoint clopen sets such that
UyNTiU; =0, 0 < j <n, 1 <i<k Then we can construct disjoint clopen
T-towers of height at least n with bases containing in the U;’s as above. Since

X = Uf\;o T'F and n > N we prove that the towers we have constructed cover
X. O

3. PROOF OF THE ROKHLIN LEMMA

This proof will be based on the decomposition of X into a finite set of towers
found in Proposition Bl In this proof, we again work with clopen sets only.

Proof of Theorem 2. Choose m € N such that 1/m < . Using Proposition B] find
a finite set of disjoint T-towers A = (A1, ..., Aq), consisting of clopen sets, such that
h(X\;) > nm*, i =1,...,q. Denote by Vi,...,V, and By, ..., B, the tops and bases

of towers Aq, ..., Aq, respectively. It follows from the construction of towers that
q q
r(Uvo=Us
i=1 i=1

Fix the measure p;. Let

InmP—1

q i1
F=J U TV, 1=1,...,m.

s=1 j=(l—1)nmk-1
Then Fy, Fy, ..., F, are disjoint clopen sets. Amongst these sets there exists at
least one of them, say Fj,, whose uj-measure is not greater than 1/m. Denote this
set by F''. By construction, F** consists of ¢ towers
Ao =TV, (=D <j<lhimm* 1 -1}, s=1,2,...,q
such that A(Al1) > nm*~1. Let V1 denote the top of the tower A1, s =1,2,... ¢
Define the sets
lnmF=2—1

U U T9Vh, 1=1,2,...,m.

s=1j=(1—1)nmk=-2
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Since Flll,FZh,...,F,l,i are disjoint sets, at least one of them has po-measure not
greater than 1/m. Denote this set by F't!2. Since Flil2 ¢ F'| we have that
pi(Fll2)y <1/m, i =1,2.

We continue this construction by induction. At the last step, we have found
a set Fli-olke—1 which consists of g-towers of height at least mm. Denote by
Vlll"”’l’“’l, e ‘/qll’""l""1 the tops of these towers. Define

q In—1

Flele _U U TIVheler =12, m.

s=lj=(-1)n

[P Iyl
As above, at least one of the sets FyV" "~ .., Fin "% has pg-measure not greater

than 1/m. We denote this set by F't»~ = Fy. Thus, by construction of F,, we
have that

‘Uz(Fo)Sl/m<€, i:172a"'7ka

oo .
and, moreover, |J T7Fy = X (actually, this union is finite). We see that Fj is

7=0
formed by g T-towers which have height n. Let V"' . VIt-! be the tops of
these towers. Denote
q
= U ‘/SZI)“';Zk
s=1
n—1 .
Then the above inequality for p;(Fp) implies that pu,( |J T77F) < ¢, for all i =
3=0
1,2,...,k. Note that there exists K € N such that TK (Vi) = V, for all

s=1,...,q

Now we define a new finite collection = of T-towers whose bases are clopen subsets
of F. Let Dy, = T7'B, NV; and Cy, = T %Dy, 1 < s,p < ¢ (some of these
sets may be empty). Clearly, Usp 1Csp = F. Then (Csp, TClp, ...,Th(Sp)*IC’sp)
constitutes a T-tower {(sp) € = where the height h(sp) of £(sp) is defined from the
condition T"P)=1C,, Cc T7'F, 1 < s5,p < q¢. We get that the set = = (£(sp) : 1 <
s,p < q) consists of T-towers whose supports form a partition of X and

O U ThEP=1=l0 ) < i=1,2,... .,k

To finish the proof, define the clopen set E:

qa L(sp)
E=J | e,
s,p=1 j5=0

where L(sp) = [n=!(h(sp)—1)]—1. It is easily seen that ENT'E =0, j =1,...,n—1,
and

w(EUTEU.. UT" 'E)>1—-¢, 1<i<k.
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4. COROLLARIES

We give several immediate consequences of the result proved above. The next
two corollaries can be easily deduced from the proof of Theorem Pl

Corollary 5. Suppose T is an aperiodic homeomorphism of X. Let py,..., ux be
Borel probability measures, let n > 2 be a positive integer, and let € > 0. Then there
exists a clopen partition of X into a finite number of T-towers E = {&1,...,&;}
such that:

(i) for every tower & € 2, h(€) > n;

(ii) fori=1,...,k,

q h(&)—n
mlU U 7B >1-¢
s=1 5=0

where By is the base of &.

Corollary 6. Suppose T is an aperiodic homeomorphism of X. Let puy,...,ux be
Borel probability measures and let € > 0. Then there exists a clopen set A such that
UjsoTVA =X and pi(A) <e, i=1,... k.

Let T be an aperiodic homeomorphism of a Cantor set X. We recall the definition
of the full group [T] of homeomorphisms generated by T. By definition, a home-
omorphism v € Homeo(X) belongs to [T] if the sets X,, = {x € X : yo = T"x}
form a partition of X. In other words, there exists an integer-valued function n(x)
such that vz = T"®) g for all z € X.

Let Per denote the set of pointwise periodic homeomorphisms of Homeo(X).
Consider the subset Pery C Per consisting of all homeomorphisms with finite
period, that is P € Perg if and only if there exists m € N such that Pz = x for
all x € X. This means that X can be decomposed into a finite union of sets X,
such that the period of P at each point from X, is exactly p.

The following statement shows that every aperiodic homeomorphism can be
approximated by a periodic homeomorphism in the uniform topology. This result
has analogues in ergodic theory and Borel dynamics.

Corollary 7. Let T be an aperiodic homeomorphism and let
U(T) =U(T; i1y ey Pons €)

be a T-neighborhood of T. Then there exists a periodic homeomorphism P € Perg
such that P € U(T) N [T).

Proof. Apply Corollary [5l for n = 2. We obtain a clopen partition of X into a finite
number of towers = = {{1,...,&,} such that foralli=1,... k
q hij—2
wi(l ) U T'Bj) >1-¢,
j=1 1=0
where B; and h; are the base and the height of {;, respectively. Now we can define
the periodic homeomorphism P as follows:
q hj—2
Py — Tx, ifze jL:jl lL:Jo T'B;,
T-thi=Vg  ifze Thj’lBj for some j =1, ...,q.
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Obviously, P € [T] N Pery. It is easy to see that P also belongs to U(T). O
Corollary 8. Ap is a closed nowhere dense subset in (Homeo(X),T).

Proof. It was proved in [BDKZ] that Ap is closed in (Homeo(X), 7). It follows
from Corollary [ that Ap is a subset of (Homeo(X), ) with empty interior. O

Corollary 9. Let S € Ap. Then, for any R € Ap and U(R) = U(R; i1, - -, [ip; ),
there exists some T € Homeo(X) such that T=1ST € U(R). In other words, Ap is
the T-closure of {T~1ST : T € Homeo(X)}.

Proof. Given R € Ap, pu1,. .., pp € M1(X), and € > 0, apply Corollary[H with n =
3. We get a clopen partition of X into a finite number of R-towers 2 = {{1,...,&,}
such that
q hj=3
() | B*Bj)>1-¢ i=12,...4q
j=1 k=0
where Bj is the base of {; and h; is its height.

Put M = max{h; : 1 < j < ¢q}. Apply Proposition [J with n = M to the
homeomorphism S € Ap and find a clopen partition of X into a finite number
of S-towers A = {A1,..., A} such that the height n; of each tower \; is at least
M. We can refine either =Z or A to get the same number of towers in Z and A.
Thus, without loss of generality, we can set ¢ = [. Denote by Z; the base of
Aj. Let @; be a homeomorphism which maps B; onto Z;, j = 1,...,¢, and let @

q g mn;—1
be a homeomorphism which sends U1 R"i=1B; onto Ul . }LLJ SkZ;. Define the
Jj= Jj=1lk=h;-1

homeomorphism T as follows:
SiQ;R™Y, ifx e R'Bj, 0<i<h;—2,1<j<gq,

Tx == q
Qz, if v € |J R1B;.
j=1
In such a way, the homeomorphism 7" is defined on the set X. It is not hard to see
q .
that Eo(R, T 'ST) ={x € X : Re # T-'STz} c U U R"'B;. Therefore,
j=1i=1,2

T-1ST € U(R). O
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