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ABSTRACT. Let X,Y be given Banach spaces. For A € £(X), B € L(Y) and
C € L(Y, X), let Mc be the operator defined on X @Y by M¢c = [‘6‘ g] We
give sufficient conditions on C to get X(M¢) = X(Mp), where X runs over a
large class of spectra. We also discuss the case of some spectra for which the
latter equality fails.

1. INTRODUCTION

In this paper, X and Y are Banach spaces and £(X,Y") denotes the space of all
bounded linear operators from X to Y. We let £(X) denote £(X, X). For a bounded
linear operator T' € L(X), let N(T), R(T), o(T), 0.(T), osr(T),0u(T), 0ap(T),
and o4(T') denote the null space, the range, the spectrum, the essential spectrum,
the Semi-Fredholm spectrum, the Weyl spectrum, the approximate point spectrum,
and the surjectivity spectrum of T', respectively.

Let D(A,r) be the open disk centred at A € C and with radius » > 0. The
corresponding closed disc will be denoted by D(\,7). For an open set U in C, we
denote by O(U, X) and £(U, X ) the Fréchet space of all X-valued analytic functions
on U and the Fréchet space of all X-valued C'°°-functions on U, respectively.

A bounded linear operator T' € L(X) is said to have the single-valued extension
property (SVEP for short) at A € C if there exists r > 0 such that for every open
subset U C D(A,r), the only analytic solution of the equation (7" — p)x(u) = 0 is
the null function. We use S(T) to denote the set where T fails to have the SVEP,
and we say that T has the SVEP when S(T) is the empty set, [11].

An operator T is said to satisfy Bishop’s property (8) at A € C (resp. (08).) if
there exists r > 0 such that for every open subset U C D(\,r) and for any sequence
(fn)n in O(U,X) (resp. in E(U, X)) such that whenever (T' — p)fn () — 0 in
OU, X) (resp. in (U, X)), then f,(u) — 0 in O(U, X) (resp. in E(U, X)). Let
o3(T) (resp. op,(T)) be the set of all points where T" does not have property (3)
(resp. (8)¢). Then T is said to satisfy Bishop’s property (3) (resp. ().) precisely
when og(T") = 0 (vesp. o, (T) = 0).

The operator T is said to have the spectral decomposition property (6) at A if
there exists an open neighbourhood U of A such that for every finite open cover
{U1,...,Uy} of C, with o(T) \ U C Uy, we have

(1) XT(U1)+"'+XT(UR):X,
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where Xr(F) is the set of elements x € X such that the equation (T — Az (\) =«
has a global analytic solution on C\ F. Following [13 page 32], Xr(F) is called
the glocal analytic spectral subspace associated with F', since the analytic functions
in their definition are globally defined on C\ F, but will depend on z.

If moreover in Equation the glocal subspaces are closed, then T is said to be
decomposable at .

The §-spectrum os(7T") and the decomposability spectrum og4..(T') are defined in
a similar way.

The properties (3) and (8) are known to be dual to each other in the sense that
05(T) = 05(T*). An operator is decomposable at A if it has both (8) and (J) at
A. Thus 0gec(T) = 05(T) U og(T). We refer to [1, 5] [6], [13] for a complete study of
local spectral theory and further details.

For A € L(X), B € L(Y) and C € L(Y,X) we denote by M¢ the operator
defined on X @Y by

A C}

Mo = {0 B
From the factorisation formula
@) {A C] _ {I 0] [I C} {A 0}
0 B 0 B||0 I||0 I}|’
it is not hard to see that for every C, we have o(M¢) C 0(A) U o(B). The latter
inclusion may well be strict as shown for A =S5, B=5* and C = — S5*, where
S is the usual shift operator on the Hardy space. On the other hand, this inclusion

turns out to be an equality in the case where X and Y are finite dimensional.
Numerous mathematicians were interested in the following equality:

(3) o(M¢c) =0(A)Uo(B). forevery C e L(Y,X).

See for instance [3, 9, 12} [I7]. It is in particular known that if A or B is normal or
more generally if A* or B has the SV EP, then Equation (3] holds.

If for A and B given, Equation (3] is not valid for some C, it is natural to study
the class of all operators C' such that o(M¢) = 0(A) U o(B). This has motivated
M. Barraa and M. Boumazgour in [3] where the main result is:

Theorem 1.1 ([3, Theorem 1]). If A € L(X) and B € L(Y), then
o(M¢) =0(A)Uo(B)
for every C € cl[R(0a,8) + N(0a,8) +Uscc N(La-x) +Usec N(Rp-1)]-

Here L4 (resp. Rp) is the left (resp. right) multiplication operator given by
Ls(X)=AX (resp. Rp(X)= XB), and 04,5 = L4 — Rp is the usual generalized
derivation associated with A and B. The symbol cl[.] denotes as usual the closure.

In this paper, we extend Theorem [[I] in two directions. We substitute the
spectrum by spectra with some universal properties. This provides analogues of
Theorem [[[1] for a large classe of spectra. We also extend the class of operators

C for which Equation (3) is valid. Our tools are some basics from local spectral
theory and the RS — SR technique used in [2] 4] [I7].

2. SPECTRAL PROPERTIES OF M¢

For T a bounded operator, let N°>°(T') = |J,,~; N(T™) denote the generalized
kernel of T. B
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We start with the next result.

Theorem 2.1. Assume in (a)-(d) below that S, R,T and N are bounded linear
operators on a Banach space. Let 33 be a “spectrum” with the following properties:

(a) Z(RS)=X(SR);

(b) for all T and all N such that TN = NT and N? =0, X(T + N) = X(T);
(¢c) for allT and any oo € C, X(T + o) = X(T) + «;

(d) the map T — X(T) is upper semicontinuous.

Then, whenever A € L(X), B € L(Y) and C is in the closure of [R(6a.5) +
N(0a,B) +Usee N(La-x) +Uyee N (RB-1)], we have

(4) E(Me) = X%(Mo).

Proof. We split the proof into 3 steps.
Step 1. f C =Cy+ Cy € N®(La_y) + N®(Rp_,), we set

I 0 I Cl[A-x 0
R:[O B—)\] ands:[o IH 0 1]'

Then RS = Mc — A and SR = M¢(g—x) — A. It follows from assumption (a), that
S(Mo—A) = S(Mgs_x —A)

and (c) implies that

E(Mc) =X(Mo(p-»))-
Therefore by induction
(5) Y(Mc) = %(Mcg-xn), foralln>0.

Now if we take

[T oo 1[I C C[A=p 0
e P B R

then in a similar way, we get

(6) E(Mc) = E(M(A,M)mc), for all m > 1,
and so
(7) E(Mc) = E(M(A,M)mc(B,)\)n), for all n,m > 1.

Hence, if Cy + C € U N (Rp_») + U N*(La_y), from (@), we infer that
AeC AeC
L(Mc) = X(Mo).
Step 2. Suppose now that C3 € N(d4,5) and write Mc,+c,+c, = Mcy+0, +N,
with N = 8 %3 . Since clearly N2 = 0 and NMc¢, ¢, = Mc, ¢, N, it follows

from (b) that X(Mcy+c,+c,) = E(Meytcy )
Step 3. For Cy € R(da,p), it is not hard to see that Mc,1cytco+0, and
Me,+0y+c, are similar. Thus, from (a) it follows that

Y(Mc,t+cs+0av0y) = B( Moy oyt )-
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Finally, if Cy + C3 + Cy + Cy € [R(5A7B) + N((SA,B) + U (N*°(La_y) +
A,ueC
N> (Rp—_,))], we obtain

E(MC4+C3+C2+C'1) = E(MO)

We complete the proof by appealing to the upper semicontinuity of the spectral
mapping T — X(T). O

Remarks. (1) Property (a) has been studied in several papers and turns out to be
true for S,03,03.,0s and oge. in general. If moreover S or R are supposed to be
normal or injective with dense range, then (a) holds also for the spectrum, left and
right spectrum and for the corresponding essential spectra. We refer to [2, [4] [16]
for more details.

(2) Assumptions (c) and (d) in Theorem ZT] are satisfied for a large class of spec-
tra. They are well known and are usually obtained by straightforward calculations.

(3) To check (b) for the spectrum, left or right spectrum and the corresponding
essential spectra, it suffices to compute the inverse of (T'+ N — A) in terms of the
inverse of (T' — X). This property for spectra provided by local spectral theory is
less well known. We assemble in the following lemma some spectra for which (b) is
valid.

Lemma 2.1. Let T be a bounded operator and N an operator commuting with T
such that N> =0. Then

(T+ N)=X(T)
fOT’ Y e {07 Oe, Ow;OSF;0ap;0s, 87 03,03.,065, Udec}'

Proof. Because of symmetry, only one inclusion is needed. We treat the case o5(T).
The claim for the other spectra arising from local spectral theory is obtained ei-
ther in a similar way or as a corollary. Suppose that A ¢ o3(T) and let V be
a neighbourhood of A. If f,, is any sequence of analytic X-valued functions such
that (T 4+ N — p) fn (1) converges to zero on compact sets, then (T — p)N f,(u) =
N(T+ N — p) frn(p) converges to zero on compact sets, and so is N f,,. This clearly
leads to (T — p) fn (1) converging to zero on compact sets. Again, from A ¢ o5(T),
we conclude that f,, converges to zero on compact sets. Finally A ¢ o5(T + N).
(4) The mapping T — S(T') is not upper semicontinuous. However, since (a)-
(c) are satisfied in this setting, we deduce that S(M¢) = S(My) for every C €
[R(6a,8) + N(6a,8) + Usec N (La-x) + Urec N> (Bp-2)]- O

As a consequence of Theorem [2-1], we get

Corollary 2.1. Let A, B and C be as in Theorem[2.1l Then Mc has Bishop’s
property () (resp. property (8), resp. is decomposable) if and only if both A and
B satisfy Bishop’s property (8) (resp. property (§), resp. are decomposable).

For ¥ C C, we set X, = X\ {0}.

Theorem 2.2. Let S,R, T, N and X satisfy the assumptions (b)-(d) of Theorem
21 and suppose that

(ax) X«(RS) =X.(SR).
Then, whenever A € L(X), B € L(Y) and C € cl[R(6a,5) + N(da,B) +
Usee N (La-x) +Uyec N*(Rp-»)], we have
8) . (Me) = S (Mp).
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If moreover,
(e) for all T and all N such that TN =0 (or NT = 0) and N? = 0 we have
ST+ N)=%(T),
then X(M¢) = X(My).

Proof. We proceed as in the previous theorem. The possible changes are in the
first step, since condition (a.) only gives X.(Mc,+c,) = Zu(Mp). We set No =
(8 g) = 0. Then obviously NZ =0, (Mo — A\)N¢c =0if C € N(Ls — ) and
Ne(Mp— ) =01if C € N(Rp — A). We derive from properties (¢) and (e) that
Y(Mc) = X(My) for every C' € Uyee N°(La-x) + Usec N (RB-»).

We then end the proof as in Theorem [2.1] O

Remark. In Theorem[ZZ] it is not generally possible to get X(M¢) = X(My). The
purpose of the following example is to show this fact.

Example 1. Let A = S be the shift operator on the Hardy space H?, B = [ —eq®eq
and C' = eg ® eg where e is the first element of the canonical orthonormal basis of
H?2. Then clearly CB = 0 and o0,,(My) = {2z € C: |z| = 1} U {0}. Let us prove
that 0 ¢ o4p(Mc). Suppose that for some (x,, y,), we have nh_}ngo Mc(xpn,yn) = 0.

Then
nlLIr;O(an +eo®eo(yn)) = 0,
lim (I — ey ® €9)yn = 0

Now since R(S) L Cep, we deduce that lim (Sz,) = lim (ep ® €g)yn, = 0. Then

lim y, = lim (ep®e)yn+ lim (I —ep®ep)y, = 0and lim z, = lim S*Sz, =0.
n—oo n—oo n—oo n—oo n—oo

We recall that for © € X, the resolvent set pr(x) of T at x is defined as follows: A
complex number A is in pr(x) if there exists a neighborhood O of A and f : O — X,
an analytic function, such that (T'—p) f(p) = « for every 1 € O. The local spectrum
of T at x is then given by or(x) = C\ pr(z). One may expect to get similar results
for local spectra. To be precise, if C' is as in Theorem 2.1, does the following equality
hold:

ome(@,y) =oa(z)Uop(y)?
This is not always true as shown by the example below.

Example 2. Let A = S be the shift operator on the Hardy space H?, B = S* and
C =A—-B € R(0a,B). Take (z,y) = (0,e9) where eg is the first element of the
basis. Since 04(0) = op(eg) =0, we get oca(x) Uop(y) = 0. On the other hand, if
Ao & ome (z,y), then there exist z(\) and y(\) analytic in a neighbourhood of Ag

such that
{(A ANz(A) +Cy(A) = 0,
(B —ANy(\

) -
In particular (A — X)(z(\) + y(A)) = eo; hence oa(eg) # o(A). Now because

oa(x) =0(A) = D(0,1) for every x # 0, we obtain a contradiction.
In contrast with the example above, we have

Theorem 2.3. Let A and B be given. If C € N(R%) for some n > 1, then for
every x @y € X @Y we have

oM. (x® B"y) Coa(x) Uop(y).
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If in addition B is injective, we get

ome(x® B™y) = oa(x) Uop(y).

. I 0 I C||A 0 .
Proof. From the decomposition R = 0 B} and S = {O I] [ 0 I} and using
[4, Proposition 3.1 (ii)] we obtain

OMc (x® B"y) C OMop (z® Bn_ly)
C Ou . (z® B " ?y)

C OMepn (T ®Y) =0a(x)Uop(y).
Now if B is injective the equality follows from [4] Proposition 3.1]. O

3. APPLICATIONS AND CONCLUDING REMARKS

3.1. Weyl’s theorem. H. Weyl [18| has shown that every hermitian operator T' €
L(X) satisfies

(9) o(T)\ 0 (T) = moo(T),
where myo(T") consists of the isolated points of o(T") which are eigenvalues of finite
multiplicity.

We say that Weyl’s theorem holds for an operator T € L£(X) if Equation ()
holds. Weyl’s theorem has been extended to several classes of operators including
normals and hyponormals.

Let A and B be given. In general, the fact that Weyl’s theorem holds for M
(= A® B) does not imply that Weyl’s theorem holds for M¢; see for instance [14].
It also may happen that Mo satisfies Weyl’s theorem while My does not satisfy
it. We consider the following example to show the last claim. If A = B* is the
shift operator and C' = I — 55, then M is unitary without eigenvalues and hence
satisfies Weyl’s theorem . Now 0,(Mp) = {2 : |2| = 1} and o(My) \ moo(T) = D.
Thus Mj does not satisfy Weyl’s theorem.

By [4, Proposition 4.4] and Theorem 22l we get

Proposition 3.1. Let A, B be given, and suppose that 0 € Iloo(Me) NIgo(My) or
0 ¢ Hoo(Mc) UHO()(MQ), for some C € Cl[R(&A)B) +N(6A,B) + U)\G(C NOO(LA,)\) +
Usec N (Rp-a)]. Then Weyl’s theorem holds for My if and only if Weyl’s theorem
holds for Mc.

Proof. For the obvious symmetry reason we shall show only one way. In 4l Propo-
sition 4.4], it is shown that if 0 € moe(RS) N meo(SR) or 0 ¢ moo(RS) U moo(SR),
then Weyl’s theorem holds for RS if and only if Weyl’s theorem holds for SR.
Now suppose Weyl’s theorem holds for A @ B. We argue as in Step 1 of the proof
of Theorem 2:2] to see that Weyl’s theorem holds for M¢, ¢,, when Cy + C; €
U/\GC NOO(LA,)\) + U)\G(C NOO(RB,)\). Now, since MCS+CZ+01 = M02+Cl + N,

. 0 Cs
with N = 0 0
follows from [I5] Theorem 3] that Weyl’s theorem holds for Me,+c,+c¢,. Finally
Mc,ycst+co+c, and Mo, c,+c, are similar, for Cy € R(d4,5) yields Weyl’s theo-
rem for M¢. O

nilpotent and NMc,+¢c, = Mc,+c, N, for C3 € N(d4,B), it

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SPECTRA OF UPPER TRIANGULAR OPERATOR MATRICES 3019

3.2. Concluding remarks. 1) It would be of some interest to characterise those
operators such that

(10)  d[R(Sa,B)+ N(©an)+ |JN®(Lan)+ [ (N®(Rp-n)] = L(H).
AeC AeC

A sufficient condition is given by the Rosenblum-Davis-Rosenthal Corollary, [8]
Corollary 3.2.2], that is, 0,(A)Noe,(B) = 0. Notice here that since S(A*)NS(B) C
0s(A) Nogp(B), Equation (I0) is immediate from [9].

We also mention here a result of L. Fialkow, [7l Theorem 1.1]: R(d4,5) is dense
if and only if 0,¢(A) N 01(B) = 0 and N(dp,4) contains a nonzero trace class
operator. Thus, under the last assumption, Equation (I0) holds.

2) We finally note that for ¥ = o,,, we may have (M) # X(A4) U X(B), as for
the example above. However for ¥ € {0, 0¢, 0up, 05,08, 08,,0s, 0dec} it is not hard
to see that X(Mp) = £(A) U X(B). In particular Theorem [Tl is recaptured for all
these spectra.
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