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ABSTRACT. We show that each power bounded operator with spectral radius
equal to one on a reflexive Banach space has a nonzero vector which is not
supercyclic. Equivalently, the operator has a nontrivial closed invariant ho-
mogeneous subset. Moreover, the operator has a nontrivial closed invariant
cone if 1 belongs to its spectrum. This generalizes the corresponding results
for Hilbert space operators.

For non-reflexive Banach spaces these results remain true; however, the
non-supercyclic vector (invariant cone, respectively) relates to the adjoint of
the operator.

Denote by B(X) the set of all bounded linear operators on a complex Banach
space X. Let T € B(X). A vector x € X is called cyclic for T if the set {p(T)z :
p polynomial} is dense in X. The vector x is called hypercyclic if the set {T"z :
n=0,1,...} is dense in X. Clearly T has a nontrivial (closed) invariant subspace
if and only if there is a nonzero vector which is not cyclic for T'. Similarly, T has
a nontrivial closed invariant subset if and only if there is a nonzero vector which
is not hypercyclic. Thus the notions of cyclic and hypercyclic vectors are closely
connected with the invariant subspace/subset problem.

By the well-known example of Read [R], there is an operator (acting on ¢;)
without nontrivial closed invariant subsets. Equivalently, every nonzero vector
is hypercyclic. For operators on Hilbert spaces (and more generally on reflexive
Banach spaces) the invariant subspace/subset problem is still open. For Hilbert
and reflexive spaces there are rather some partial positive results indicating that
the reflexivity of the space might play an important role in these problems.

By [BCP], every Hilbert space contraction whose spectrum contains the unit
circle has a nontrivial invariant subspace. A Banach space version of this result
was proved in [AM]: a polynomially bounded operator on a reflexive Banach space
whose spectrum contains the unit circle has a nontrivial invariant subspace.

An operator T € B(X) is called power bounded if sup, ||T"| < oco. Clearly
a power bounded operator has no hypercyclic vectors since all orbits {T"z : n =
0,1,...} are bounded. However, this argument is not valid if we replace hyper-
cyclicity by supercyclicity.
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A vector x € X is called supercyclic for an operator T' € B(X) if the set {\T"x :
AeC,n=0,1,...} is dense in X. The concept of supercyclicity lies between the
cyclic and hypercyclic vectors.

In [M2], the following analogue of the result [BCP| was proved: if T is a power
bounded operator on a Hilbert space with spectral radius equal to 1, then there
is a nonzero vector which is not supercyclic for 7. Equivalently, there is a closed
T-invariant subset M which is homogeneous (i.e., CM C M).

The aim of this paper is to generalize this result for reflexive Banach spaces.
Moreover, if 1 € o(T), then T has a nontrivial closed invariant cone (i.e., a subset
L satisfying L+ L C L and tL C L for all ¢t > 0).

For non-reflexive Banach spaces these results remain true, but the constructed
non-supercyclic vector (resp. invariant cone) is for T instead of T

For an operator T € B(X) denote by o(T) and r(T') its spectrum and spectral
radius, respectively. Let o.(T) be the essential spectrum of T', 0.(T) = {A € C:
T — X is not Fredholm}.

For a subspace L C X denote by L its annihilator,

Lt ={yeX*:(z,y)=0forallze L}.
Similarly, for M C X* denote by +M the pre-annihilator,

TM={zeX:(x,y)=0foralye M}

Theorem 1. Let X be a Banach space which contains no isomorphic copy of cg.
Let T € B(X) satisfy that 1 € o(T) and T"x — 0 for all v € X. Let (a,)22, be
a sequence of positive numbers such that lim,_, a, = 0. Then there exist vectors
x € X and y € X* such that Re(T™z,y) > a, for alln > 0.

Moreover, if there is a Banach space Y such that X is a (isometrical) subspace
of Y*, then the vector y can be chosen inY .

Proof. By the Banach-Steinhaus theorem, the operator T' is power bounded. Let
K = sup,, ||T"||. Clearly r(T) = 1.

Replacing the numbers a,, by sup{a; : i > n} we can assume without loss of
generality that ag > a; > ag > ---.

Suppose first that 1 ¢ o.(T). Then 1 is an eigenvalue of T and there exists
a nonzero vector € X such that Tz = z. Let y € X* satisfy Re(z, y) > sup,, an.
Then Re(T"™z,y) = Re(x,y) > a, for all n. In the second case (X C Y*) we can
choose y € Y with the same properties.

Therefore we can assume that 1 € 0.(T"). Thus 1 € do.(T) and, by [HW], T — I
is not upper semi-Fredholm. Consequently, if ¢ > 0 and M C X is a subspace of
finite codimension, then there exists u € M of norm one such that ||Tu — u|| < e.
Moreover, given ng € N, we can also find w € M of norm one such that || 77w —w]|| <
e for all j < my.

We first prove the following auxiliary statement:

Claim A. Let F, M be subspaces of X, dimF < oo, codimM < oo, € > 0,
let v1,...,v,, be a finite number of elements of X* (of Y, respectively), and let
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POWER BOUNDED OPERATORS AND SUPERCYCLIC VECTORS II 2999

r,7" € N. Then there exist u € M, ||u]| =1 and 7" € N, 7"/ > max{r,r'} such that

& ITu—uf < (<),
(2) IT7u < (G =0"),
(3) (TP u,v)| < e(K +1)|v l=1,....,mr<j<r"),
1

(4) dist{u, F'} > 3
Proof. We construct inductively vectors x1, x3,--- € X of norm one and an increas-
ing sequence of integers ny < ng < --- such that
(5) T2y — il <27% (5 <),
(6) IT7zi| <270 (5 =i <k),

00 1 t
7 H ;x| > —H a;T; o; € (C,t < t.
(7) ; 3 Zt: ( )

Let k£ > 1 and suppose that the vectors x1,...,xr_1 € X and numbers n; < ny <
-+ < ng_1 have already been constructed. Since T"x — 0 for all x € X, we can
choose ny, > ni_1 such that (6) is satisfied (for k = 1 set ny = 7).

Let Fy, = FV{x1,...,z5_1}. By [MI], there exists a subspace M), C X of finite
codimension such that

17 +gll > 2 max{ 1. g2}

for all f € F), and g € M. Set

k
Mi=Mn(\Min{zeX: (TVa,u)=0 (I=1,...,mj<n)}.
i=1
Since 1 € Jo(T) and codim M}, < oo, there exists zy € M; C M of norm one
satisfying (5).

Let (2;)2, and (n;)$2, be the sequences constructed in the above-described way.
Clearly they satisfy conditions (5) and (6). Let o; € C, 1 <t < t' < 0o and suppose
that the sum ) ;o a;x; converges. Since 22:1 ;i € Fygq, Z;’it,ﬂ o x; € My 4,
Z:;} o;x; € Fy and Z:;t o;7; € My, we have

S t t t’
[S o2 g o 2 3 () [ ] 2 S e
i=1 i=1 i=t i=t

>l > %maxi |a;| whenever the sum ), a;x; converges.
Since X contains no isomorphic copy of ¢y, we can find s € N and a finite linear
combination u = 7, a;x; such that ||ul| = 1 and max{|a;| : 1 < i < s} < e.
Clearly u € M. Without loss of generality, we can assume that nsy 1 > r’. Set
" =mgiq.
If j <7 =nq, then

In particular,

S B S
| T9u — || = HZai(zji — ) ] <N Tiw—a <y 27 <.
=1 i=1 i=1
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If j > 7", then similarly

S
| T = HZaizjiH
=1

S
‘ SEZQ_i <e.
i—1

To show (3),let 1 <1 <m, 1<k <sand n; <j<mngp1. Then

k—1 s
\(Tju,vl)| < ‘<Z aizji,vl>‘ + |<aijxk,vl>| + ’< Z aizji,le
i=1 i=k—+1
k—1

<ed 27l +eK ol < (K +1)|[u.
i=1
Since u € M7 and F' C F}, we have
5 1
dist{u, F'} = inf{||lu+ f||: f € F} > EHUH > 3
This finishes the proof of Claim A. O

Continuation of the proof of Theorem 1. By Lemma 4 of [M2], there are positive
numbers B, (m =1,2,...) such that > ;2, 3; <  and

fj 57 > 3Ky,

i=m+1

for all m > 1.
For m = 1,2, ... choose inductively positive numbers ¢, such that e > €9 > - -
and

o0
> B —3KBL > (K +2)e.
i=m-+1
Using Claim A we construct inductively an increasing sequence ry < ro < ---

of positive integers and vectors u,, € X and v,, € X* (v, € Y, respectively) such
that ||um| =1, ||lvm] <3, (Um,vm) =1forall m=1,2,..., and

(8) > B -3KB, — (K +2)em > ay,,

i=m-+1
9) ”Tjum — U || < em (J <rm),
(10) | TPusll <emsr (G = rmgr,s <m),
(1) [T um,vs)] <3epm(K+1)  (m,s €N,s <m, 7 < < Tmya),
( ) <um77)s> =0 (S < m),
(13) (T g, v )| = 0 (m,s e N;s <m,j <rp).
Choose ry such that Y =, 32 — 3K 3] — (K + 2)e1 > ay,.
Suppose that m > 1 and the numbers | < ro < --+ < 7y, vectors uq, ..., Upym_1 €

X and v1,...,0m—1 € X* (resp., v1,...,Um_1 € Y) satisfying conditions (8)—(13)
have already been constructed. Find 7’ such that

Z 512 - 3Kﬂgq+1 — (K +2)emy1 > ap
i=m-+2
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and
1T us|| < emyr (s <m—1,j>71").

Let F = \V{TVus : 1 <s<m-1,0<j<r,tand M = {z € X : (z,v5) =
0 (s=1,...,m—1)}. By Claim A for the numbers ¢ = ¢,,, 7 = r,, and the

vectors v1,...,Um—1, we can find an integer r,,+1 > max{r,,r’} and a vector
U € M such that |luy| = 1, dist{u,, F} > % and the conditions (8)-(12) are
satisfied.

Since dist{u,, F'} > %, by the Hahn-Banach theorem we can find a functional
Vm € F* such that (u,,v,) =1 and |Jv,,| < 3.

In the second case (X C Y*), we have (*1F)* = Y*/(*F)t = Y*/F. Since
wm + Flly«/r = dist{uy,, F} > 1/3, there exists v,, € -F such that vy, < 3,
(U, V) = 1. Thus in both cases we have (13).

Let (u;)$24 and (v;)$2, be the sequences constructed in the above-described way.

Set u=>7", fiu; and v =Y .=, Biv;. Then |jul| <1 and |jv]| < 1.

Let me N, r,, <j <7my1. Then

m—1 [e%e)
Re(T7u,v) = Re< Z 61Tjui,v> + BmRe(T Uy, v) + Re< Z BT’ u;, v>
i=1 i=m+1

m—1 m—1

Z - Z ﬂism + Re Z ﬂiﬂm<Tjum; Ui> + 572nRe<Tjum,Um>

i=1 i=1

+Re< i ﬁi(Tjui—ui),v>+Re< i ﬁiui,v>

i=m+1 i=m+1
m—1 oo
> 3" Biem — 3embBn(K+1) > 8 —3K5% + > B2
i#m i=1 i=m+1
> N 3K —en(K +2) > a,, > a;.

i=m-+1

For j < r; we have

Re(Tju, vy = Re<§: BT u;, v> > Re<§: Biug, v> — iﬁiHTjui — u;|
i=1 i=1 i=1

>§6§—§ﬂiei>253—sl>o.

i=1
Thus for suitable multiples x and y of u and v, respectively, we have the statement
of Theorem 1. O

The following corollary improves the results of [N] and [M3].

Corollary 2. Let X be a reflexive Banach space, let T € B(X) be a power bounded
operator satisfying r(T) =1 and T"x — 0 for all x € X. Let (a,) be a sequence of
positive numbers satisfying lim,, a, = 0. Then there exist v € X and v* € X™* such
that

[(T70,v7)] > a;
for all j > 1.
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3002 V. MULLER

Proof. Note that X contains no isomorphic copy of ¢g. Since r(T') = 1, there exists
A € o(T) with |[A| = 1. Thus the operator S = A~!T satisfies all the conditions

required in Theorem 1, which implies the statement of Corollary 2. (]
A subset M of a Banach space X is called a cone if M + M C M and tM C M
for all t > 0.

Theorem 3. Let X be a Banach space, and let T € B(X) be a power bounded
operator satisfying 1 € o(T). Then there are nonzero vectors v* € X* and v** €
X** such that

Re(T*v*, v**) >0
for all j > 0. Consequently, T* has a nontrivial closed invariant cone.

Proof. The statement of Theorem 3 is clear if T* has a nontrivial invariant subspace.
Indeed, if M’ C X* is a nontrivial subspace invariant with respect to T*, then for
any nonzero vectors v* € M’ and v** € M’* we have (T*/v*,v**) = 0 for all j.

Therefore we can assume without loss of generality that X* is separable (oth-
erwise for any nonzero z* € X* the vectors T*/2* generate a nontrivial subspace
invariant with respect to 7). By a result of Bessaga and Pelczynski (see [DU]
p. 83]), X* contains no isomorphic copy of cp.

We may also assume that T is not a scalar multiple of the identity operator,
since the statement becomes trivial in this case.

We use the standard reduction technique; see [NE]. Set M; = {z* € X* :
T*"xz — 0}. Then M; is a closed subspace invariant with respect to T*. If M is
nontrivial, then Theorem 3 is proved. If M; = X*, then the statement follows from
Theorem 1. Thus we may assume that M; = {0}.

Let M = {x € X : T"x — 0}. Then M is a closed subspace invariant with
respect to T, and so M~ is invariant with respect to 7. If M is nontrivial, then
M+ is nontrivial, and so Theorem 3 is proved. If M = {0}, then T is a power
bounded operator of class C11, and so T* has plenty of invariant subspaces by [CF|
p. 136] and [AM]. Therefore we may assume that M = X.

Let My = {a* € X** : T**"z — 0}. Consider the operator S = T**| M.
Clearly X C My and S is an extension of T. Since 1 € do(T) C o.(T), where
o denotes the approximate point spectrum, we have 1 € ¢(S). Thus the second
statement of Theorem 1 for the operator S gives the existence of v** € My C X**
and v* € X* satisfying the statement of Theorem 3.

Thus in all cases there are nonzero vectors v* € X* and v** € X** satisfy-
ing Re(T*/v*,v**) > 0 for all j. Then the closed cone generated by the vectors
T*v* (j=0,1,...) is nontrivial and invariant with respect to 7.

In fact, the set {z* € X* : Re(z*, T**/v**) > 0 for all j} is another nontrivial
closed cone invariant with respect to T*. O

Corollary 4. Let X be a reflexive Banach space, and let T € B(X) be a power
bounded operator satisfying 1 € o(T). Then there are vectors v € X and v* € X*
such that

Re(T7v,v*) >0
for all n > 0. In particular, T has a nontrivial closed invariant cone.

Remark 5. (1) In [M2], it was wrongly stated that each power bounded Hilbert
space operator T satisfying (T') = 1 has a nontrivial closed invariant cone. In fact
the result was proved only under the assumption that 1 € o(T).
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(2) Let L C X be a cone satisfying the condition

(14) LN (-L) = {0}

(in fact this condition is sometimes included in the definition of a cone).

A cone L satistying (14) defines naturally a partial order on X so that the space
X becomes an ordered vector space. An operator T € B(X) satisfying TL C L is
called positive.

The invariant cone constructed in Theorem 4 in general does not satisfy (14).
However, if (14) is not satisfied, then L N (—L) is a nontrivial closed real subspace
invariant with respect to T' (a subset M C X is called a real subspace if M+M C M
and tM C M for all real t).

Thus we have the following alternative:

Theorem 6. Let X be a reflexive Banach space, and let T € B(X) be a power
bounded operator satisfying 1 € o(T). Then either T has a nontrivial invariant real
subspace, or there is a partial order < on X such that X becomes an ordered vector
space and T a positive operator. Moreover, the cone {x € X : & > 0} is closed.

It is a well-known generalization of the Perron-Frobenius theorem that each
positive operator on a Banach lattice satisfies r(T') € o(T). In fact the condition in
Theorem 1 implies this statement too (provided that the numbers a; are decreasing
sufficiently slowly).

Proposition 7. Let T € B(X), r(T) <1, letz € X, 2* € X* and let Re(TVz, z*)
> (j+1)7! for all j. Then 1 € o(T).

Proof. For z € C, |2 > 1 we have (z —T)~! = 32 L7, Therefore

limsup ||(t — T) 7| > limsup |((t — T) "z, z*)|
t—1y [l - fl [ e

1 = Tix
> _limsu Re< .—,x*> > lim su
|| - |2*]| t_>1+p jgo titl ||:CH t_>1+pzo | -+ 1 JIZARS
By an elementary calculation it is possible to show that the last expression is equal
to 0o, and so the resolvent (z — T')~! is unbounded in each neighbourhood of 1.
Therefore 1 € o(T). O

Theorem 8. Let X be a reflexive Banach space, dim X > 2, and let T € B(X)
be a power bounded operator satisfying r(T) = 1. Then there is a nonzero vector
v € X which is not supercyclic for T.

Proof. Without loss of generality we may assume that 1 € o(7) and that T is
not a scalar multiple of the identity operator. We may also assume that the point
spectrum of T™* is empty (otherwise, if A is an eigenvalue of T*, then (T'— \)X is
a nontrivial subspace invariant with respect to T').

Let v € X, v* € X* be nonzero vectors satisfying Re(T7v,v*) > 0 for all j,
which were constructed in Corollary 4. Then

{tT9:t>0,j=0,1,...}” C{x € X : Re(z,v*) > 0} # X.
By [LM], v is not supercyclic for 7. (]
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Corollary 9. Let X be a reflexive Banach space, dim X > 2, and let T € B(X)
satisfy ||T)| = r(T'). Then there is a nonzero vector v € X which is not supercyclic

for T.
Proof. The statement is clear if T' = 0. If T # 0, then consider the contraction
/|7 O

Clearly Theorem 8 and Corollary 9 remain true for non-reflexive Banach spaces.
However, in this case the non-supercyclic vector exists for T* instead of T'.
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