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Abstract. Let G be a linearly reductive group over a field k, and let R be a k-
algebra with a rational action of G. Given rational R-G-modules M and N , we
define for the induced G-action on HomR(M, N) a generalized Reynolds oper-
ator, which exists even if the action on HomR(M, N) is not rational. Given an
R-module homomorphism M → N , it produces, in a natural way, an R-module
homomorphism which is G-equivariant. We use this generalized Reynolds oper-
ator to study properties of rational R-G modules. In particular, we prove that
if M is invariantly generated (i.e. M = R·MG), then MG is a projective (resp.
flat) RG-module provided that M is a projective (resp. flat) R-module. We
also give a criterion whether an R-projective (or R-flat) rational R-G-module
is extended from an RG-module.

§1. Introduction

Let G be a linearly reductive group over a field k, and let R be a k-algebra with
a rational G-action. Let M be a rational R-G-module. The Reynolds operator on
M is the canonical projection from M onto the the subspace of fixed elements MG,
viewed as a linear map M −→ M ; it is a very useful tool for studying R-G-modules
[Fo], [Ho]. Given rational R-G-modules M and N , there is a natural G-action
on the module HomR(M, N) given by σ(f)(u) = σ(f(σ−1(u))). The fixed points
for this action are precisely the G-equivariant R-module homomorphisms from M
to N . One would like to use the Reynolds operator on HomR(M, N) to produce
from a given R-module homomorphism f : M −→ N a G-equivariant R-module
homomorphism π(f) : M −→ N . This strategy was successfully used by Magid
[Ma] in case M and N are finitely generated projective R-modules, since in this
case HomR(M, N) is a rational G-module; see [Ma, Lemma 1]. In general, however,
HomR(M, N) need not be a rational G-module (see Example 2.5 below), so the
classical Reynolds operator is no longer available.

In its stead we introduce, in Section 2, a map πM,N : HomR(M, N) −→
HomR(M, N) which turns out to be very similar to the Reynolds operator. Its
main properties can be summarized as follows.

Proposition 1.1. Let G be a linearly reductive group defined over a field k, and
R a k-algebra with a rational G-action. Suppose that M and N are rational R-
G-modules and HomR(M, N) is the k-vector space of all R-linear maps from M
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into N . Then there is a natural idempotent map π = πM,N : HomR(M, N) −→
HomR(M, N) such that

(1) for any f ∈ HomR(M, N), π(f) is a G-equivariant map;
(2) for any R-G module M, N, L, for any f ∈ HomR(M, N), g ∈ HomR(N, L),

if f is G-equivariant, then π(g ◦ f) = π(g) ◦ f ; if g is G-equivariant, then
π(g ◦ f) = g ◦π(f).

The proof of Proposition 1.1 is given in Section 2; see Proposition 2.7 (and
Definition 3.2).

We now use the generalized Reynolds operator to study rational R-G-modules.
One of our main reults is the following theorem.

Theorem 1.2. Let G be a linearly reductive group over k and let R be a k-algebra
with a rational G-action. Suppose that M is an R-G-module such that

(1) M = R · MG, and
(2) M is an R-projective (resp. R-flat) module.

Then MG is a projective (resp. flat) RG-module.

Note that in the above theorem, the case when M is a finitely generated R-
projective module was proved by Magid [Ma, Corollary 4]; the case when M is an
R-flat module such that G is a finite group with 1/|G| ∈ R was proved by Naoum
and Al-Aubaidy [NA, Theorem 2.2]. In fact, many results of [NA] can be derived
from Proposition 1.1 in the same way.

We use Theorem 1.2 to prove a criterion whether an R-G-module M is extended,
i.e., whether M is isomorphic to R ⊗

RG
N for some RG-module, i.e.

Theorem 1.3. Let M be an R-G-module, and define the G-equivariant R-morphism
ϕ : R ⊗

RG
MG −→ M by ϕ(r ⊗ x) = rx for any r ∈ R, any x ∈ MG.

(1) If M is an R-projective module, then ϕ is an isomorphism if and only if M
is invariantly generated.

(2) If M is an R-flat module, then ϕ is an isomorphism if and only if M is
strongly invariantly generated.

The term “strongly invariantly generated” will be defined in Definition 3.6.
We shall organize this note as follows. Basic constructions of Reynolds operators

will be discussed in Section 2. The descent properties of rational R-G-modules
where G is a linearly reductive group will be established in Section 3 and the proof
of Theorem 1.2 and Theorem 1.3 will be given there.

Notation and Terminology. G is a group acting on a ring R. In case G is finite
with 1/|G| ∈ R, there are no other restrictions on G and R. In case G is a linearly
reductive group defined over a field k, it is assumed tacitly that G is a linear
algebraic group defined over a field k, that R is a k-algebra, and that G acts on R
by k-algebra automorphisms. If M is an R-G-module, the subset MG is defined as
MG = {m ∈ M : σ · m = m for any σ ∈ G}; in particular, RG is called the ring
of invariants of R under the action of G, and MG is a module over RG. If U and
V are vector spaces with G-actions, and f : U −→ V is a linear map, f is called a
G-equivariant map (or G-map for short) provided f(σ ·u) = σ · f(u) for any σ ∈ G,
any u ∈ U .
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2. Reynolds operators and generalizations

We recall some basic notions of linear algebraic groups. More details can be
found in [DC], [Fo], [Kr].

Let k be any field, and G a linear algebraic group defined over k. (It is unnec-
essary to assume that k is algebraically closed or char k = 0.)

Let V be a vector space over k with a k-linear G-action, which will be called
a G-space. A G-subspace of V is sometimes called a G-invariant subspace. (It is
unnecessary to assume that dimkV < ∞.) V is called a rational G-space if, for any
v ∈ V , the set {σ · v : σ ∈ G} spans a finite-dimensional vector space W of V such
that the induced map G → GL(W ) is a morphism of algebraic groups.

A linear algebraic group G over k is called linearly reductive if every rational G-
space is completely reducible, i.e., for any rational G-space V , and any G-subspace
W of V , there is a G-space W ′ of V such that V is G-isomorphic to W ⊕ W ′.

In case k is algebraically closed, the structure of linearly reductive groups is
determined by Nagata [Na]: (i) When char k =0, G is linearly reductive if and only
if the unipotent radical of G is trivial, i.e., the radical of G is a torus; (ii) When
char k = p > 0, G is linearly reductive if and only if G0 is a torus and p � [G : G0]
where G0 is the connected component of G containing the identity element. In
particular, if G is a finite subgroup of GLn(k), then G is linearly reductive if and
only if 1

|G| ∈ k.

Definition 2.1. Let V be a completely reducible G-space. Let ρ : G −→ GL(Vρ)
be an irreducible representation of G. Define V (ρ) to be the sum of G-subspaces V ′

of V where V ′ runs over all G-subspaces which are G-isomorphic to Vρ. It follows
that V =

⊕
ρ V (ρ) where ρ runs over all inequivalent irreducible representations

of G [DC, pp. 73-74], [Kr, Kapitel II, 3.1 and 3.5]. V (ρ) is called the ρ-isotypic
component of V .

Definition 2.2. If ρ : G −→ GL(Vρ) is an irreducible representation and V is a
completely reducible G-space such that V =

⊕
ρ′ V (ρ′) is the isotypic decompo-

sition, define the canonical idempotent map πρ : V −→ V by πρ(v) = vρ where
v =

∑
ρ′ vρ′ with vρ′ ∈ V (ρ′), and V (ρ′) is the unique ρ′-isotypic component of V .

Note that, if ρ = 1G is the trivial representation of G, then πρ is the Reynolds
operator of G; we will write πρ = π0 in this case. From now on, we will consider
π0 only unless otherwise specified. We record the following facts whose proofs are
omitted.

Lemma 2.3. Let ρ : G −→ GL(Vρ) be an irreducible representation and V, W be
completely reducible G-spaces. Suppose ϕ : V −→ W is a G-equivariant linear map.

(1) If v ∈ V (ρ), then ϕ(v) ∈ W (ρ).
(2) ϕ ◦πρ = πρ ◦ϕ. In particular, if ϕ : V −→ W is a G-equivariant surjective

map, then the restriction map ϕ : V (ρ) −→ W (ρ) is also surjective.

Definition 2.4. Let U and V be G-spaces, and Homk(U, V ) the vector space of
all linear maps from U into V . We define a G-action on Homk(U, V ): for any
f ∈ Homk(U, V ), any σ ∈ G, (σf)(u) := σ(f(σ−1u)) for any u ∈ U . f is G-
equivariant if and only if σf = f for all σ ∈ G.

Example 2.5. If U and V are rational G-spaces, then it is not necessary that
Homk(U, V ) is a rational G-space. We will give an example which is suggested by
the referee.
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Let k be any field containing an element whose multiplicative order is infinite.
Let G = Gm = {a ∈ k : a �= 0} be the multiplicative group of k. Define G-spaces
U and V as follows: V = k and G acts trivially on it; U = k[x] is the infinite-
dimensional vector space with basis 1, x, x2, · · · and a · (

∑
cjx

j) =
∑

cja
−jxj for

any a ∈ G. Consider f ∈Homk(U, V ) defined by f(xj) = 1 for any j. Note that
af(

∑
cjx

j) =
∑

cja
j for any a ∈ G.

Let α ∈ k be an element of infinite multiplicative order. It follows that f, αf,
α2f, · · · , αmf are linearly independent over k because det(αif(xj)0≤i,j≤m) �= 0.
Thus the dimension of the space spanned by {af : a ∈ G} is infinite.

Definition 2.6. Let G be a linearly reductive group over a field k, and U , V
rational G-spaces. For every f ∈ Homk(U, V ), f can be represented as lim

←−
fα,

the inverse limit of fα ∈ Homk(Uα, V ) where Uα runs over the finite-dimensional
G-subspaces of U . We claim that Homk(Uα, V ) is a rational G-space. In fact, if
f ∈ Homk(Uα, V ), find a finite-dimensional G-subspace Vα containing f(Uα). Then
σf ∈ Homk(Uα, Vα) for all σ ∈ G.

Thus we can define the canonical idempotent map π0 : Homk(Uα, V ) −→
Homk(Uα, V ) by Definition 2.2. Hence we can define π0(f) = f0 by f0 = lim

←−
π0(fα).

We note that, because of Lemma 2.3., π0(f) is well defined, i.e., independent of the
choice of fα. It is easy to verify that f0 is a G-equivariant map in Homk(U, V ).

We remark that, if G, U, V, f are the same as in Example 2.5, then f0 is the
map defined by f0(

∑
cjx

j) = c0. Let g be the restriction of f to the subspace∑
0≤j≤m k · xj . Then g =

∑
0≤j≤m gj is an isotypic decomposition of g where gj

defined by gj(
∑

cl · xl) = cj corresponds to the component of the linear character
χj : G → k \ {0} defined by χj(a) = aj for any a ∈ G.

From now to the end of this section, we shall assume that G is a linearly reductive
group over a field k and every G-space is a rational G-space.

Proposition 2.7. Let U , V , W be rational G-spaces and f ∈ Homk(U, V ), g ∈
Homk(V, W ).

(1) If f is G-equivariant, then (g ◦ f)0 = g0 ◦ f .
(2) If g is G-equivariant, then (g ◦ f)0 = g ◦ f0.

In other words, the Reynolds operator π = πU,V : Homk(U, V ) −→ Homk(U, V )
defined by π(f) = f0 is natural in the following sense: If g : V −→ W is G-
equivariant and φ : Homk(U, V ) −→ Homk(U, W ) is defined as φ(f) = g ◦ f , then
πU,W ◦φ = φ ◦πU,V . Similarly when f : U −→ V is G-equivariant.

Proof. We shall prove Part (1) only. To check (g◦f)0 = g0 ◦ f , it suffices to compare
the effects of (g ◦ f)0 and g0 ◦ f on any finite-dimensional G-subspaces U ′. For such
a U ′, choose a finite-dimensional G-subspace V ′ such that U ′ ⊂ U , V ′ ⊂ V and
f(U ′) ⊂ V ′. In other words, we shall verify (g ◦ f)0 = g0 ◦ f with the additional
assumption that dimkU < ∞ and dimkV < ∞. Thus both Homk(U, W ) and
Homk(V, W ) are rational G-spaces.

Write g =
∑

ρ gρ where gρ ∈ Homk(V, W )(ρ). Define ϕ : Homk(V, W ) −→
Homk(U, W ) by ϕ(h) = h◦f . Since f is G-equivariant, thus so is ϕ, and ϕ maps
the ρ-isotypic component of Homk(V, W ) into that of Homk(U, W ) by Lemma 2.3.
It follows gρ◦f ∈ Homk(U, W )(ρ). From the equality g◦f =

∑
ρ(gρ◦f), we find

(g◦f)0 = g0◦f . �
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The following lemma will be used in the proof of Theorem 1.2 when M is R-flat.

Lemma 2.8. Let U , V be rational G-spaces, u ∈ U and f ∈ Homk(U, V ). Suppose
that f(σ · u) = 0 for every σ ∈ G. Then f0(u) = 0.

Proof. Let X be the finite-dimensional G-subspace generated by {σ · u : σ ∈ G}.
Let ι : X −→ U be the inclusion map. The ι is G-equivariant.

By Proposition 2.7, (f◦ι)0 = f0◦ι. Since f(X) = 0, it follows that f◦ι = 0. Thus
f0◦ ι = 0. In particular, f0(u) = f0(ι(u)) = f0◦ ι(u) = 0. �

3. R-G-modules

Throughout this section, except in Theorems 3.4 and 3.5, we assume that k
is a field, G is a linearly reductive group over k, acting on a k-algebra R such
that R becomes a rational G-space. We emphasize that R can be commutative or
non-commutative.

Definition 3.1. An R-G-module M is a left R-module with a G-action such that
(i) M becomes a rational G-space, and
(ii) σ(α · m) = σ(α) · σ(m) for any σ ∈ G, α ∈ R, m ∈ M .

Definition 3.2. If M and N are R-G-modules, then HomR(M, N) is a vector
space over k; it is a G-subspace of Homk(M, N). For each f ∈ HomR(M, N), we
define f0 as in Definition 2.6. Since HomR(M, N) is a G-subspace of Homk(M, N)
and the Reynolds operator sends a G-subspace into itself, it follows that f0 is an
R-morphism. Note that f0 is G-equivariant.

Lemma 3.3. Let M and N be R-G-modules, and f : M −→ N a G-equivariant
R-morphism. Suppose that, as an R-morphism, f is a split epimorphism (resp.
monomorphism ). Then there is a G-equivariant R-morphism g : N −→ M such
that f ◦ g = idN (resp. g ◦ f = idM ).

Proof. We will prove only the case when f is a split epimorphism. Find g ∈
HomR(N, M) such that f ◦ g = idN . Apply Proposition 1.1. We get idN = (idN )0 =
(f ◦ g)0 = f ◦ g0. The above proof is adapted from that of [Ma, Lemma 3]; in fact,
the case when M and N are finitely generated R-projective modules is due to
Magid. �

Proof of Theorem 1.2 when M is an R-projective module. Since M = R · MG,
choose a free module F =

⊕
λ∈Λ R · eλ where Λ is some index set and choose

an R-morphism p : F → M such that p is surjective and p(eλ) ∈ MG for any
λ ∈ Λ. Define a G-action on F by σ(r · eλ) = σ(r)eλ for any σ ∈ G , r ∈ R, λ ∈ Λ.
Then p is G-equivariant.

By Lemma 3.3 find a G-equivariant R-morphism q : M → F such that p◦q =
idM .

Taking G-fixed points, we get q̃ : MG → FG and p̃ : FG → MG with p̃ ◦ q̃ = id,
where q̃ and p̃ are the restriction maps of q and p to the G-fixed point sets. Note
that FG ∼=

⊕
λ∈Λ RGeλ is a free RG-module. Hence MG is RG projective.

Before proving the remaining part of Theorem 1.2, we recall a flatness criterion
of Chase [Ch], which was attributed to Villamayor. We recast [Ch, Proposition 2.2]
as follows.
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Theorem 3.4. Let R be any ring, and M a left R-module. Then M is a flat R-
module if and only if, for any short exact sequence 0 → N

ϕ→ F
π→ M → 0 where F

is a free R-module, and for any u ∈ N , there exists an R-endomorphism θ : F → F
such that π ◦ θ = π and θ(ϕ(u)) = 0.

Proof of Theorem 1.2 when M is an R-flat module. We shall show that MG is RG-
flat by applying Theorem 3.4.

Let 0 → N
ϕ→ F

π→ MG → 0 be a resolution of RG-modules and u ∈ N . Write
F =

⊕
λ∈Λ RG · eλ where Λ is some index set.

Let F̃ =
⊕

λ∈Λ R · eλ be a free R-module and σ(αeλ) = σ(α)eλ for any σ ∈ G.
Then the R-morphism π̃ : F̃ −→ M defined by π̃(eλ) = π(eλ) is a G-equivariant
map. Since M = R · MG, π̃ is surjective. Let Ñ = ker(π̃) and denote by ϕ̃ the
natural embedding of Ñ into F̃ . We may regard F and N as subspaces of F̃ and
Ñ respectively. Then π and φ are restrictions of π̃ and φ̃ respectively. Note that
F̃G = F and ÑG = N .

Since M is R-flat, we can find by Theorem 3.4, a θ̃ : F̃ −→ F̃ such that π̃ = π̃◦ θ̃

and θ̃(u) = 0.
Let θ̃0 be the homomorphism obtained from θ̃ as in Definition 3.2. Then π̃ =

π̃0 = (π̃ ◦ θ̃)0 = π̃ ◦ θ̃0 by Proposition 2.7, and θ̃0(u) = 0 by Lemma 2.8 because
u ∈ N = ÑG. Since θ̃0 is G-equivariant, it maps F = F̃G into itself. Denoting by
θ the restriction of θ̃0 to F . It follows from Theorem 3.4 that MG is RG-flat. �

The following is an analogue of Theorem 1.2 when G is a finite group acting on
R where it is unnecessary to assume that R contains a field.

Theorem 3.5. Let G be a finite group acting on a ring R such that 1/|G| ∈ R.
Let M be an R-G-module, i.e., σ(α · m) = σ(α) · σ(m) for σ ∈ G, α ∈ R, m ∈ M .
If M = R · MG and M is an R-projective (resp. R-flat) module, then MG is a
projective (resp. flat) RG-module.

Proof. For any f ∈ HomR(M, N), define f0(m) = 1/|G|
∑

σ∈G σ(f(σ−1 ·m)). Note
that Proposition 2.7 and Lemma 2.8 are valid in the present situation. (See [Co,
Lemma 2.2, pp. 227-228].) Hence the descent properties can be proved as in The-
orem 1.2. �

As an application of the descent properties we study a criterion for an R-G-
module M to be isomorphic to R ⊗

RG
N , i.e., when M is extended from some RG-

module N .

Definition 3.6. Let M be an R-G-module. M is called invariantly generated if
M = RMG. A stronger notion than invariant generation is the case when the
R-G-module M and its “relation module” are invariantly generated. Explicitly, an
R-G-module M is called strongly invariantly generated if there exist free R-modules
F2 =

⊕
i∈IRui and F1 =

⊕
j∈JRvj with bases {ui : i ∈ I} and {vj : j ∈ J} and

G-equivariant R-morphisms ϕ2 : F2 −→ F1, ϕ1 : F1 −→ M such that F2
ϕ2−→

F1
ϕ1−→ M −→ 0 is an exact sequence and σ ·ui = ui, σ · vj = vj for any σ ∈ G, any

i ∈ I, any j ∈ J .

Proof of Theorem 1.3. (1) Use the proof of [Ma, Corollary 4]. Alternatively, for the
“⇐” direction, since M is R-projective, Lemma 3.3 guarantees that M is strongly
invariantly generated. Apply the result of the following Part (2).
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(2) Consider the case when M is a flat R-module.
If ϕ is an isomorphism, then M is invariantly generated. By Theorem 1.2.

MG is a flat RG-module. Choose a free RG-module P1 =
⊕

j∈JRGvj with basis
{vj : j ∈ J} such that ϕ1 : P1 −→ MG is onto. Define K = Ker(ϕ1). Then
0 −→ K −→ P1 −→ MG −→ 0 is an exact sequence of RG-modules. Tensoring it
with R, we get an exact sequence 0 −→ R ⊗

RG
K −→ R ⊗

RG
P1 −→ R ⊗

RG
MG −→ 0

because MG is flat. The R-G module R ⊗
RG

K is invariantly generated. Hence

M � R ⊗
RG

MG is strongly invariantly generated.

Conversely, assume that M is strongly invariantly generated. Let F2
ϕ2−→ F1

ϕ1−→
M −→ 0 be the exact sequence provided in Definition 3.6. Set N = Ker(ϕ1).
Then N is an R-G-module. By Lemma 2.3 both FG

2
ϕ2−→ NG −→ 0 and 0 −→

NG −→ FG
1

ϕ1−→ MG −→ 0 are exact sequences. Note that FG
2 �

⊕
i∈I RG ·ui and

FG
1 �

⊕
j∈J RG · vj , because σ ·ui = ui, σ · vj = vj for any σ ∈ G. Tensoring these

two exact sequences with R, we get exact sequences R ⊗
RG

FG
2

ϕ̃2−→ R ⊗
RG

N −→ 0 and

0 −→ R ⊗
RG

NG −→ R ⊗
RG

FG
1

ϕ̃1−→ R ⊗
RG

MG −→ 0 because MG is a flat RG-module

by Theorem 1.2 again. Note that all the maps constructed above are functorial.
Identify R ⊗

RG
FG

2 with F2 and R ⊗
RG

FG
1 with F1. Hence ϕ : R ⊗

RG
MG −→ M is an

isomorphism. �
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