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ABSTRACT. In this note, a new characterization of gaps between two subspaces
of a Hilbert space is established.

Let M and N be two closed linear subspaces of a Hilbert space H. The gap
between M and N (see [2]) is defined by

(1) gap(M, N) = max{0(M, N),s(N, M)},
where

(M, N) = sup{dist(z,N) : z € M, | = ||< 1},
and the conorm between M and N is defined by
(2) YM,N) =inf{|| z ||: € M, dist(z,N) > 1}.

In this note, the specific representations of the gap and the conorm between two
subspaces are established.

For two closed subspaces M and A of H, denote H; = M NN, Ho = MNN*,
Hy = MENN, Hy = M- AN+ and let Hs = M N (HO (@,_, Hi)) and Hg =
(H o (P, Hi)) ©Hs. It is clear that H; L H;, j #iand 1 < 4,7 < 6. If Py and
Py are orthogonal projections onto M and N, respectively, we have the following
lemma which is useful later.

Lemma 1 (see [1]). Let M and N be two closed subspaces of H. Then PypH; C H;
and PvH; C H;, 1 <i<4, and Py and Py have the following operator matrices:
(3)

I I

I Q Q:(I-Q)zD
0 D (I-Q)* D (I-Q)D
with respect to the space decomposition H = Zle ‘H;, respectively, where @ is a
positive contraction on Hs, 0 and 1 are not eigenvalues of QQ, and D is a unitary
operator from Hg onto Hs.
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If Ppq and Py have the operator matrices (3), for x € M, we have x = x1+x2+x5
with z; € H;, i =1,2,5, and Pyz = 1 + Qxs —I—D*Q%(I — Q)%x5. Observing that
dist(z, N)? =[| = ||* — || Pxz |2, then

dist(a, N)* = [lan |? + || @2 I + || s > — || 21 |
— || Qus [ — [ D*Q3 (I ~ Q)2 |2
= @ [P+ 1 (= Qs IP<l 2 |2+ | s P
< ],
that is,
(4) dist(z,N) = (|| 22 |2+ | 1 - Q)%zs |22 < |z ||

Proposition 2. Let M and N be two closed subspaces of H, and let Pry and
Py have the operator matrices (3). If M NN+ # {0}, then 6(M,N) = 1. If
MAONE = {0}, then S(M,N) =] (I -Q)? | .

Proof. By Lemma 1,0 < @ <I. Then 0 < I —Q < 1. SoI— (@ is also a positive
contraction.

If MNN*t # {0}, and for a vector + € M, z has the decomposition x =
r1 + 20 + x5 with x; € H;, i = 1,2, 5, then

SM,N) = sup{dist(z,N):z e M, | z|<1}

= sup{(| @2 |2+l (I — Q)25 ||2)2 : @ € Hy,i = 1,2,5,
and Zi:1,2,5 |z [|?< 1}
1.

IN

To prove the reverse inequality, choose xg = 2 € Ha with || 22 ||= 1, dist(z, N) =
| zo [|=1, i.e., 6(M,N) > 1. Hence §(M,N) = 1.

If M NN+ = {0}, then Hy = {0}. In this case, for a vector x € M, z has the
decomposition x = x1 + x5 with 1 € H; and z5 € Hs. We have

SM,N) = sup{dist(z,N):z e M,|| x| <1}
= sup{|| ( = Q)%a5 |1 2 € Hiyi = 1,5, and Y, ;| a5 [|°< 1}
= sup{|| (I - Q)35 |: w5 € 5, || w5 [|< 1}
= [|-Q):z |-
O

Proposition 3. Let M and N be two closed subspaces of H, and let Pry and
Py have the operator matrices (3). If M+ NN # {0}, then SN, M) = 1. If
MENN = {0}, then SN, M) =| (I - Q)= |

Proof. If Pyq and Py have the operator matrices as the formula (3), since M =
Hi®Ho® Hs, N =H1 ®Hs & R(PN ‘H5EBH6) and

(b Q;(Q o ) (@ QU-aiD)

=

- ( D*Q3 ( I Q): g’?&f—cﬁ)g )
- ( D*Q3(I — Q)3 QE*((II_—%))Z; ) ( %2 D*%?D )
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we obtain

R(( Dgh(i- Q) >) - R(( Dgh(i- Q! QD%({I_%)? ))

= R(PN ‘st@Ha)

and by Lemma 1 that @ is injective and positive, where R(T) denotes the range of
an operator 7' and K the closure of a set K. Denoting

NO =H; @HS@R(( D*Q%(CI?—Q)% >),
it is obvious that N0 = N, so d(N, M) = §(N°, M). For a vector y € N,
there exist vectors y1 € Hi, ys € Hs and y5 € Hs such that y = y1 + y3 +
Qys + D*Q3 (I — Q)3ys and Pamy = y1 + Qys. Observing that || y [*=[ s | +
s 17+ 1| Qus |2 + | D*Q=(1 — Q)2ys 2=l w1 1> + [l ys |2 + | Q25 ||* and
I Paay [2=1l y1 I + || Qus |12, we have

dist(s, M) = [y lP = Pay |2
= s P+ 11 D°QA(I - @)ys |2
lws 12+ 11 QT = @)Fus |12

Hence,

S(N, M) (N, M)

sup{dist(y, M) : y € V¥, || y [|< 1}
sup{(|| y3 |2+ | Q2 (I — Q)2ys ||*)7 :

Fyn 12+ L I1? + 11 Q2ys 1< 1ys € Hiyi = 1,3,5)
< 1L

If M+ NN # {0}, then Hz # {0} and Hz C N; hence §(N°, M) > sup{|| y3 |I:
ys € Hs, || ys ||< 1} = 1. Therefore, (N, M) = 1.
If M-NN ={0}, Hs = {0} and y3 = 0, then

SN, M) = (N, M)

sup{|| Q= (I — ) ys [l:l o 17 + Q2y5 I°< 1,y1 € Hu,y5 € Hs}

M\H [N

= sup{|| (I Q)2 Qs |l ys € M, || Q7ys < 1)
II=Q)= |-
Here the last equation holds since R(Q?) = Hs. O

Proposition 4. Let M and N be two closed subspaces of H, and let Py, and
Py have the operator matrices (3). If M NN+ # {0}, then y(M,N) = 1. If
MAONE = {0}, then y(M,N) =|| (I - Q)% ||~*.

Proof. Let © € M. Then there exist vectors x; € Hi, o € Hs and x5 € Hs such
that 2 = x1 + @2 + a5, || @ [|°=Y,_ 55 || @i [|* and
dist(z,N)*> = [z |*—| Pyz|?

= w2 2+ s 2 = |l Qus |2 — | D*Q>(I - Q)%ws |”
Faz I+ 11 (1 —Q)zas |* .
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Hence,

YMAN) = inf{] x|z € M, dist(z, N) > 1}
lnf{” z H T = Zi:l 2,5 Ti, Ti € HZaZ = 172a55

i
[z |2+ 11 (I — Q)25 |*> 1}

The operator Q being a positive contraction, dist(z, N') > 1 implies that 1 <|| x5 ||
+ (I = Q)25 [P<[l 22 ||* + || @5 [I*<] = ||* . Hence y(M,N) > L.

If M NN+ # {0}, then it follows upon choosing z¢g = z3 € Hy with || 5 ||= 1
that dist(zg, N) = 1, i.e.,, y(M,N) = 1.

If, instead, M NN+ = {0}, then

Y(M,N) inf{|| z1 + @5 [|: 21 € Hy, 25 € Hs, || (I — Q)25 [|> 1}

= nf{|| a5 || 25 € Hs, | (I — Q)2as |> 1}

Observing 1 <|| (I — Q)2as ||<|| (I — Q)= ||| =5 ||, it follows that || =5 ||>
| (I —@Q)2 ||7%, and hence that | (I — Q)2 || 71< ~v(M,N). To prove the re-
verse inequality, we let @) have the spectral representation @) = f:;’ AdFEy, where
o =min{A: A € 0(Q)} >0, vy = max{A: A € 0(Q)} < 1, and o(Q) denotes the
spectrum of Q. For € > 0 small enough, choose a vector z. € E([uo, po +€])Hs with
1 1 2 1
I+e>||(I-Q)2z||> 1. Then 14+€>| (I —Q)zz. ||=| fm?(l —AN)z2dE\z. ||=
€ 1 1 . 1
|20 = N B 12 (1= o — O} [ e |l e, [ < (1= po— )3 (1 +0).
Since € is arbitrary and || (I — Q)2 ||~'= (1 — po)~2, Y(M,N) <|| (I — Q)z ||~*.
Hence y(M,N) =| (I - Q)% ||*. O

Proposition 5. Let M and N be two closed subspaces of H, and let Pyq and
Py have the operator matrices (3). If M+ NN # {0}, then y(N,M) = 1. If
MEAN = {0}, then (N, M) = (I—Q)} |1

Proof. Similar to the proof of Proposition 3, we can show that
YN M) =y (N, M).
To complete the proof, it is enough to consider the quantum (N, M). Since

’Y(N’O,M) = mf{H Yy || Yy=11 _|_y3 +Qy5 +D*Q1%(I— Q)1%y5’
vi € Mii = 1,35, s |* + || D*QE(I = Q)Fys P> 1},

it is clear that y(N°, M) > 1 in general.

Let M+ NN # {0}, choosing yo = y3 € H3z with | y3 ||= 1, so that yo € N,
|l yo ||= 1 and dist(yo, M) = 1, i.e., y(N°, M) < 1. Hence y(N°, M) = 1.

If M+ NN = {0}, then H3 = {0}, so

YN M) = inf{[|y [y =mn +Qy51+D*Q%(1[—Q)%y57
yi € Miyi=1,5,]| D*Q=(I - Q)2ys [|*> 1}.

Noting that

* 1 1
Ty 2=y 1P + 1 Qus II” + || D*Q=(I — Q)= ys ||
1 1
=l v 1P+ Q%ys [*>[l Q2 ys ||
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and R(Q?) = Ms, then

YN0 M) = inf{| Q3ys |: ys € M, | Q%(I— Q)zys ||> 1}
= inf{]| 2 |-z € Hs, || (1 - Q)32 ||> 1}
(I-Q)z|'.
So YN, M) =| (I-Q)z || L. O

By Propositions 2—5, the following consequences are clear.

Corollary 6. If M and N are two closed subspaces of H, then (M, N)y(M,N) =
1.

Combining Proposition 2 with Proposition 3, we get

Corollary 7. Let M and N be two closed subspaces of H. If Py and Py as
projections onto M and N, respectively, have the formulas (3) of operator matrices,
then

[ 1, MANL £{0} or MENN # {0}
gap(M,N) = { I -@Q)% . MAN* ={0} and M-AN = {0}.
Remarks. (1) §(M,N) =|| Pm(I — Py) || -

Proof. Observing that || Pax(I — Py) ||1?=|| Pm(I — Pyv)Pa ||, from the formula
(2), we obtain

0
1
0
Pm(I = Py)Ppm = 0
I-Q
0
If Hy # {0}, then || Ppy(I — Py) ||= max{1,|| (I — Q)2 ||} = 1 since Q is a
positive contraction. If Hy = {0}, then || Py(I — Py) |=| (I — Q)2 ||. That is,
S(M,N) =[| Pr(l = Py) |- O

(2) Proposition 3 can be seen as a corollary of Proposition 2. In fact, from
Remark (1) and Proposition 2, we have §(N, M) =|| Py(I — Pprq) ||. Then

1, it M+ NN # {0},
I(I=Q)2 |, it M-nN = {0},

(3) Similarly, we have v(M, N) =|| Py(I — Py) |71 Proposition 5 can also be
derived as a corollary of Proposition 4.

But here we still give the direct proofs of Propositions 3 and 5 because the
direct proofs give us more information of the geometrical structures between two
subspaces.

SN, M) = Pl — Pa) = {
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