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ABSTRACT. We give bounds on the number of nonconstant holomorphic maps
of compact Riemann surfaces of genera > 1.

1. INTRODUCTION

Let X be a compact Riemann surface of genus g (> 1). De Franchis [E] stated
the following:

Theorem of de Franchis. (a) For a fized compact Riemann surface Y of genus
> 1, the number of nonconstant holomorphic maps X —'Y is finite.

(b) There are only finitely many compact Riemann surfaces Y; of genus > 1
which admit a nonconstant holomorphic map from X.

The second statement (b) is often attributed to Severi. After knowing the finite-
ness of maps, we may ask if there exists an upper bound depending only on some
topological invariant, for example, the genus g. Related to the statement (a),
Martens [Mrl] showed if one fixes a Riemann surface Y, then the number of all
nonconstant holomorphic maps from X to Y is less than (cg)292 for some constant
¢ > 1 independent of g. Recently, the author [T2] showed that the bound is smaller
than (cg)?9 for some constant c. Now, we consider a bound for holomorphic maps
when Y is not fixed, that is, we estimate the number of all nonconstant holomorphic
maps from X to other Riemann surfaces. Let f; : X — Y; be nonconstant holomor-
phic maps for ¢+ = 1,2. We say that f; and f,; are isomorphic if and only if there
is a conformal map h : Y7 — Y5 such that ho fi = fo. Let Z,(X) denote the set
of all isomorphic classes of nonconstant holomorphic maps into compact Riemann
surfaces of genus v > 1, and denote Z(X) = ;.- Zy(X). By the theorem of
de Franchis, we see that §Z(X) is finite. In 1983 Howard and Sommese [H-S| first
showed that there is a bound on $Z(X) depending only on g. In 1986 Kani [K]
gave a bound of morphisms from a smooth projective curve defined over a field K,
depending only on the genus of the curve. In particular, when K = C, he showed
that

FT(X) < (g9 —1)2%°~2(220° 1 1),
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and in 1990 Alzati and Pirola [A-P] gave a better bound
HZ(X) < exp{(4/3)(g” — 1) log3 + [log,g] log(84g) + log(12v2)}.
Here, we will improve them.

Theorem. Let X be a compact Riemann surface of genus g > 1. Then the number
8Z(X) satisfies

(1) HT(X) < (29)"9 x 22979 x (29 — 1) (29 = 3)(9 — 2)(9 — 1)

We will show this by estimating the possible number of pull backs of harmonic
differentials in H'(Y;,Z). We may see that H'(Y;,Z) is the lattice of the dual

—

Jacobian variety J(Y;). Thus, we will use theory of homomorphisms of Jacobians
and theory of lattices from the geometry of numbers.
Let

M (g) = maxx {§Z(X)},

where the maximum is taken over all Riemann surfaces X of genus g. It is an
interesting problem to determine the exact rate of growth of M (g). By the Theorem,
we see

M(g) < (cg)®
for some constant ¢, while all the previously given ones (by Kani and Alzati-
Pirola) guarantee M(g) < ¢¢°. On the other hand, Kani K] also constructed a
sequence Fi, Fy, ..., F,,... of function fields over K of genus gr, < gp, < ... <
gr, < ..., such that the number of separable subfields of F,,/K is larger than

exp (c(log(gr,))?) for some constant ¢ > 0 (independent of n). This implies that
M (g) cannot be bounded by any polynomial in g.

2. NOTATION AND LEMMATA

In this paper, all of the Riemann surfaces will be compact and of genera greater
than 1. First, we recall some notions from complex tori. Let V be a complex vector
space and I a lattice in V. The quotient 7' = V/T" is called a complex torus. Denote
by T =V* / I the dual where V* is the space of C-antilinear functionals on V and
['={l € V*:Iml(l) C Z} is the dual lattice of I'. Let  be a homomorphism
between two complex tori T = V/I" and T = V'/T’. Then, there is a unique
C-linear map F : V. — V' with F(T') C I inducing f. We call F the analytic
representation of f, and the restriction F|r the rational representation of §f. For
the analytic representation F' : V' — V'’ of a homomorphism f : T'— T’, the dual
map F : V'* — V* associating to an antilinear functional [ € V'* the antilinear
functional [ o F' € V* induces a homomorphism *f : 7/ — T, since tF(f") CcT. We
call 'f the dual map of f. Let X and Y be compact Riemann surfaces of genera
g and -+, respectively. Denote by H the space of holomorphic differentials on X.
Set @ =Hom(H, C). The Jacobian variety J(X) := Q/H;(X,Z) is a complex torus
of dimension ¢, and considering H of C-antilinear forms on €2, we will denote

by ﬁ = H/H'(X,Z) the dual. In order to describe J(X) in terms of period
matrices, choose basis A1,..., Agg of H1(X,Z) and wy, ..., wy of H. Let l4,...,1; be
the basis of Q dual to wr,...,wy, i.e., l;(w;) = d;;(Cronecker’s delta). Considering
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Aj as a linear form on H, we have A\; = 37 _; ([, wi)ly for j =1,...,2¢g. Hence
J
wal f)\zgwl
lx = : :
fAl Wg .. fng Wy

is a period matrix for J(X) with respect to these bases. Similarly, we define J(Y),

m and Iy for Y. Let f : J(X) — J(Y) be a homomorphism. In terms of
matrices, f can be expressed as

Allx =1y M

with A € M(v,g;C), M € M(2v,2g;Z) (we denote by M (m,n; K) the set of m xn
matrices with K-coefficients). Conversely, if there are matrices A € M(vy,g;C)
and M € M(2v,2g;7Z) such that Allx = IIy M, then these matrices are matrix
representations of some homomorphism J(X) — J(Y). We also call A the analytic
representation of f, and M the rational representation of f (with respect to the
bases). There is a canonical principal polarization on J(X). Fix a homology basis
ALy ... Agg of Hi(X,7Z) with a intersection matrix

0 I
7= (5o)

where each entry is g x g sized. Considered as a R-vector space, A1, ..., Ay, is a basis
for Q2. Denote by E the alternating form on €2 with the matrix J = (_OI é) with
respect to the basis Ay, ..., Ayy for 2 and define a hermitian form H : 2 x Q@ — C
by

H(u,v) = E(iu,v) + iE(u,v).

We denote by (¢,v), ¢ € H,v €  the value of ¢ at v. The C-linear map ¢ : Q2 — H
such that H(u,v) = (¢g(u),v) induces a homomorphism, also denoted by ¢ g,

¢p : J(X) — J(X).
0 —
I 0
to the homology basis A1, ..., Aag for Hy (X, Z) above and the dual basis a1, ..., ag,
for H'(X,Z), i.e., aj(Ag) = ;1. Also, we can transport E to H by defining

E'(¢p(u),¢p(v)) = E(u,v).

We will obtain a bound for §Z(X) by counting the possible numbers of pull backs
of holomorphic differentials. Thus, we will mainly deal with the dual Jacobian
varieties and the endomorphisms of them. By an underlying real structure for a
g-dimensional complex torus 7' = V/T', we mean the real torus R29/Z29 together
with a map R?9/Z29 — T induced by a linear map R?9 > x s Iz € C9 where II is
a period matrix. For Jacobian varieties, it is known that the real part E(iu,v) of
the harmitian H(u,v) is symmetric positive. Here, we define an inner product.

The matrix —J = J~! = is the rational representation of ¢ g with respect

Definition. On R?9, which is over the underlying real structure for J(X), we define
an inner product by

(xay)X = E/(Zﬁ.’ﬂ, ﬁy)a
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where II is a period matrix for @ We define a norm || - || by

lz]l = v/ (2, z)x.

For an arbitrary g € End(J(X)), put ¢ = ¢~ 'o'go¢p and 'g' = ppogogr '
(We observe (*g)’ = *(g’) holds.) This map ' : End(J(X)) — End(J(X)) (or
End(@) — End(@)) is so-called the Rosati involution. For a nonconstant
holomorphic map f : X — Y, denote by f the induced homomorphism between the
Jacobians. Put f = ¢! o *f o ¢ps, where ¢pr : J(Y) — m is defined similar

to ¢ : J(X) — J/(\X) If we denote by J' = (_OI é) where each entry is v x 7,

then —J = J'~' is the rational representation of ¢gs : J(Y) — m We call
F =1 of(e End(J(X))) the endomorphism associated with f.

Lemma 1. For an arbitrary g € End(J(X)), denoting by 'G and *G’ the rational
representations of the duals g and tg’, respectively, we have

(2) ('Gz,"Gy)x = ('G"*'Gz,y)x = (z,'G"'Gy)x,

for all x,y € R?9. In particular, when § is the endomorphism associated with some
holomorphic map f : X — 'Y of degree d, denoting by F the rational representation
of §, we have

(3) ("F(2),"F(y)x = d("F(x),y)x-
Proof. The proof of (2) is standard (see e.g. [L], [L-B], [Mml]). For the homomor-

phism f: J(X) — J(Y) induced by f: X — Y, fof is just multiplying d on J(Y)
(cf. [Mr2], [T1]). Thus, we have 'F'*F = d'F. This implies (3). O

Lemma 2. Let f : X — Y be a nonconstant holomorphic map of degree d, and
let § be the endomorphism associated with f. Then, denoting by F the rational
representation of §, we have

(4) [*F ()] < dll=|],
for an arbitrary vector x € R29.

Proof. The equality (3) and the Schwarz inequality imply (4). O

Also, we give a lemma concerning holomorphic differentials. This is the key to
reduce the bound.

Lemma 3. Let f1 : X — Y7 be a holomorphic map of degree d, and let f; : J(X) —

—

J(Y7) be the homomorphism induced by fi. Take an arbitrary u € '§1(J(Y1)). Then,
the number of isomorphic classes of holomorphic maps f; : X — Y; of degree d such

that the dual map *f; : J(Y;) — J(X) of the induced homomorphism §; satisfies
u € ';(J(Y;)) is at most (*97%) x (29 — 1)<
Proof. The assumption means that there exist holomorphic differentials ¢, on Yy
and ¢; on Y; such that their pull backs satisfy fi.¢1 = fixs.

Then, for a zero po; of ¢1, the number of possible f; Y(po1) (counting multiplic-
ities) that can occur is at most (*; ). After determining ¢ = f1.¢1 and f; ' (po1),

we can show that there are at most (2g — 1)% possible isomorphic classes of holo-
morphic maps of degree d as follows.
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Let f; : X — Y; be holomorphic maps (i = 1,2). Suppose that there are
holomorphic differentials ¢ and ¢ on Y7 and Y3, respectively, with fi1.¢1 = fox o,
and there is a zero po; (resp. poz) of ¢1 (vesp. ¢2) satisfying £ (po1) = f5 ' (po2)-
We put ¢ = fi.d1 = forpa. Let pg € ffl(p(n) = f{l(pog). Take a sufficiently
small neighbourhood Up, (resp. U,,,) of po (resp. po;) so that there is no zero of
¢ (resp. ¢;) on Up, (resp. Up,,) except po (resp. po;), and that f;(Up,) C Uy, (1 =
1,2). We may take a local coordinate z (resp. z;) on Up, (resp. Up,,) such that
z(po) = 0 (resp. z;(po;) = 0) and the differential is written as

¢=z"dz (resp. ¢; = 2;"'dz;).

Recalling that f; ! (po1) = f5 ' (po2), we see ny = ng and we will denote it by n for
brevity. We take two real lines v; : [0,a) — U,,, with v;(¢) =t € R in the local
coordinates z; (i = 1,2). For an arbitrary p € U, \ {Po},

D f1(P) f2(p)
/ ZMdz :/ 21dz :/ 25 dza,
0 0 0

hence the number of possible positions for the set of lifts of 77 (thus also those of
v2) in Up, is at most m + 1 < 2g — 1. Accordingly, the total number of possible
positions for the set of all the lifts of v; is at most (29 — 1)%. Let {ﬁoj};-vzl =

f17 M (po1)(= 2~ (po2)). Suppose that, for every po; € f1 ' (po1), Upo, N f1 M) =
Up,, ﬂf{l('yg), that is, the set of lifts of 71 coincide with that of 75. Then, it is easy
to see that we can define a local conformal map h : fi(Us,;) — f2(Up,,) such that
ho f1|Uj Upy; = fQ‘Uj Upo, - We want to extend it to a global conformal map from
Y1 to Ys, and actually it is possible. Indeed, for an arbitrary point p € Y7, we will
draw a curve c from pg; to p avoiding branch points of f; other than possibly at pg;
and p. Let ¢ and & be two lifts of ¢ by fi. Then, we see that f5(¢) = f2(¢') since
ho fi is well-defined near py; (j =1,...,N). This implies that h is well-defined on
Yi1. It is easy to see that h is invertible. (I

3. A BOUND FOR Z(X)

Now, we will recall the notion of successive minima which is a basic tool in the
geometry of numbers (see e.g. [C]). In n-dimensional real vector space, let A be a
lattice, that is, the set of all points

r=uial +-+upa, €A

with integers uy, . .., u,, and fixed linearly independent vectors aq, . .., a,. Let F(z)
be a distance function, namely, F'(x) is a non-negative and continuous function with
F(tx) =tF(x) (t > 0). The k-th successive minimum X, of the distance function F
with respect to the lattice is the lower bound of the numbers A such that {||z] < A}
contains k linearly independent lattice points. In this paper, we take A = {x € Z9},
and the distance function F(x) is ||z|| = /(z, z) x.

Notation. Let aq,...,as, be linearly independent points of the lattice such that
lak|| = Ak for 1 < k < 2g, where Ay, is the k-th successive minimum.

We estimate the possible number of pull backs of an element in H!(X,Z), that is,
the lattice of the dual Jacobian variety, to count the number of holomorphic maps
from X. For this purpose, matrix representations are effective. In the following,
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rational representations of endomorphisms are considered to be matrix represen-
tations with respect to the homology basis such that the alternating form FE is

0 I) with them.

expressed as J = ( I 0

Proposition. Let f; : X — Y; be nonconstant holomorphic maps, and F; the
rational representations of the endomorphisms associated with f; (i = 1,2). Suppose
that, for some k < 2g,

(5) {tflal = ="'Fap1 =0,

tFray = -+ ="Faap_1 =0,
and that there exists some integer | > (2g — 2)? such that *Fray, = 'Faar (mod. 1)

holds. Then 'Fia = ‘Foay. If, in addition, Y, and Y, are of the same genus 7,
then the assumption | > (2g — 2)? can be replaced by | > (29 — 2)%/(y — 1)

Remark. Here, k may be equal to 1. In this case, assumption (5) is not needed.

Proof. Let D = F; — F5. Then, D is the rational representation of some endomor-
phism of J(X). It suffices to show that

(6) tD/ tDak =0.
Indeed, using formula (2) in Lemma 1, we have
(*Day,'Day)x = ("D’ *Day, ar)x,

and because of the property of inner products, (6) implies that ‘Day = 0 which
means 'Fray = tFoay.

To show (6), we estimate the norm of the vector *D’*Day. First, we note that
tD'tDx, ai,...,ax_1 are linearly independent for any vector z € R if tD’'tDyx
is not zero. Indeed, using (2) again, we see (‘D''Dz,a;)x = (*Dz,'Daj)x = 0
for j = 1,...,k — 1 by the assumption. Thus, 'D’*Dz, ai,...,ap_; are linearly
independent. By the assumption *Day = 0 (mod. 1), the vector *D’*Day, can be
written in the form *D’*Day, = x n, where n € Z29. Thus, if it is not 0, then

(7) "D’ *Dag|| > I\,

since the n is a point of the lattice and not in the span of {ai,...,ar—_1}. Next, we
will give an upper bound for ||*D’*Day||. Set @ = *Dag. By an easy calculation,
we see that F] = F; for i = 1,2. Thus,

I*D'all < |*Frall + " Feal < dulall + dzall,

where d; is the degree of f; (i = 1,2). The first inequality is just the triangle
inequality, and the second one is obtained by (4) in Lemma 2. Using Lemma 2
again, we have

lall = I("F1 = “Fo)ar|| < [I*Fraxll + [I'Foarl| < llaxl|(dr + do).
Therefore, we have
(8) I*D"* Dag|| < [lax||(di + d2)* = (d + da)* A

By the Riemann-Hurwitz formula, d; < g — 1 and the right-hand side of (8) is
< 22(g — 1)®)\. Using the inequality (7), we see that !D’?Daj must be 0 since
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I > 22(g — 1)2. If, in addition, Y; and Y5 are of the same genus 7, then d; <
(g—1)/(y—1) and the right-hand side of (8) is < 2%(g —1)2/(y — 1)?>\x. Now, the
proof is completed since (6) is shown. O

We will say that F; € M (2g,2g;Z) is of the k-th type if tFiay = - = ' Fiap_1 =
0 and *Fay # 0.

Proof of the Theorem. To make the calculation easier, first, we fix the genus  of
target surfaces and the degree d of maps. Then we note that the number of possible
types for associated endomorphisms F; is at most 2g — 2+ 1 since the rank of each
F; is 2v. For a fixed endomorphism F; of k-th type, the number of possible k-th
rows is at most {(2g—2)?/(y—1)2+1}?9 by the Proposition. If F; and F» have the
same k-th row, then *#; and F; have the same k-th column. Put §; : J(X) — J(V;)
the homomorphism induced by f; and F; the rational representation of f; (i = 1,2).
We can write tF; = tF,.J' "' F,J for i = 1,2. Let e, be a vector in R29 whose k-th
entry is 1 and others are zero. Then, we see tFlJ’_lFlJek = thJ’_ngJek and
this means z; = J' 'FJe; € HYY;,Z) (i = 1,2) satisfy 'Fyz; = 'Fyxy. This
implies that f; (ﬁlxl) = tf2(ﬁ2x2), where I, (resp. ﬁg) is the period matrix for
JT\Y}) (resp. @) Applying Lemma 3, we see the number of all isomorphic classes
of nonconstant holomorphic maps into compact Riemann surfaces of genus v (> 1)
smaller than g satisfies,

£7,(X) < (2 - 204 1) x (22224102 x (77 e 2g 1)
d>1

<{(ER2P 1) x 22972 x (29— 1) x (20— 2y + 1) (g — 1)/ (v — ).

Now, we obtain (1):

T(X) = ) HT,(X) < (29)" x 2%97° x (29 — 1)1 (29 = 3)(g — 2)(g — 1)
g>y>1

O
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