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ABSTRACT. Using a quantitative version of the subdifferential characterization
of directionally Lipschitz functions, we study the integrability of subdifferen-
tials of such functions over arbitrary Banach space.

1. INTRODUCTION AND PRELIMINARIES

The integration of subdifferentials concerns the problem of whether or not the
condition that the subdifferential of g contains the subdifferential of f implies that
g and f differ by a constant. The famous Rockafellar’s integration result [9] states
that the inclusion

df(x) C 9g(x), for all x € X,

implies that g and f are equal up to a constant whenever f,g: X — RU{+oo} are
lower semicontinuous, proper, convex functions and X is a Banach space. The result
is established also for some classes of locally Lipschitz functions (see [T, 2] 4, []).
An extension outside the convex and locally Lipschitz case is made by Poliquin [g]
who showed that the integration result holds in a finite-dimensional setting for the
functions f and g that are primal lower nice. Later, Thibault and Zagrodny [IT]
extended the result of Poliquin to the class of convexly subdifferentially similar
functions defined on a Banach space. This class includes primal lower nice functions
defined on a Hilbert space, as well as the differences of convex functions. We also
refer to Ivanov and Zlateva [6] for the class of semi-convex functions. New insight on
the subject can be found in [12], where a more general inclusion of subdifferentials
is investigated.

None of the papers mentioned above deal with the case of directionally Lipschitz
functions. The aim of the present paper is to study the integrability properties
of directionally Lipschitz functions in order to find a natural extension of integra-
bility results already established for Lipschitz functions. For the case of bivariate
functions we refer to the paper of Thibault and Zlateva [13].

We begin by giving some necessary definitions and preliminaries. Further, we
prove results concerning the subdifferential characterization of directionally Lips-
chitz property of a given function. We finish by establishing the local integrability
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2940 LIONEL THIBAULT AND NADIA ZLATEVA

of subdifferentials of strictly directionally Lipschitz regular functions, continuous
on their domains (Theorem B.3)).

Throughout the paper X is a real Banach space with open unit ball B and
topological dual X*. For a function g : X — R U {+oo} we denote its effective
domain by domg := {z € X : g(x) < +o0}.

We will consider a general subdifferential operator O that associates with each
function g : X — RU {400} and with each point € X a subset dg(x) of X*, that
we will call a subdifferential of g at x, and for which the following properties hold:

Property 1. dg(z) =0 if x ¢ domg.
Property 2. 9g(z) = 0f(x) whenever g and f coincide on a neighbourhood of x.

Property 3. 9g(z) is equal to the subdifferential in the sense of convexr analysis
whenever g is convex.

Property 4. For g lower semicontinuous near x and f convex and continuous on
a neighbourhood of x, whenever x € dom(f + g) is a local minimum point of f + g,
0 € 9f(x) + limsup dg(y),

Y=g
where limsup denotes the weak star sequential limit superior and y —4 x means
that y — = and g(y) — g(x).

Let us recall that all usual subdifferentials or presubdifferentials (see [LI]) over
appropriate Banach spaces are subdifferentials in the sense above. One of the most
important subdifferentials is the well-known Clarke subdifferential. Supposing that
g is lower semicontinuous (in order to simplify), the Clarke subdifferential 9°g(z)
(see [10] and [B]) is equal to the set of all z* € X* such that for all h € X

(@*,h) < g' (a3 h),
where
g'(x;h) =suplimsup inf t7[g(y +tv) — g(y)].
n>0 Y—g¢T vER+nB
t10
Recall that the lower semicontinuous function g : X — R U {400} is said to be

directionally Lipschitz at xo € dom g with respect to a vector hy € X (see [10]), if
there exist constants K € R, € > 0, § > 0 such that

1) 7 g(x + th) — g(2)] < K,

' Vvt €]0,¢], Vh € ho + 8B, Va € g + 0B with |g(x) — g(zo)| < e.

It is clear that g is Lipschitz around x exactly when it is directionally Lipschitz
at xg with respect to hg = 0. Also, it is easy to see that in the case when the
lower semicontinuous function g considered in the definition above is convex, or
continuous relative to its domain (i.e. for any xg € domg and any v > 0 there
exists 7 > 0 such that |g(x) — g(zo)| < v for all x € dom g N (z¢ +nB)), then (L)
is equivalent to the existence of constants K € R, € > 0, § > 0 such that

tHg(z +th) — g(2)] < K,
vt €]0,¢], Vh € hg + 6B, and Vx € (z9 + dB) Ndomg.
The lower semicontinuous function g : X — R U {400} is said to be (see [7])

strictly directionally Lipschitz at xo € dom g with respect to hg € X if it is direction-
ally Lipschitz at xo with respect to hg with some constants K, €, ¢ satisfying (1)

(1.2)
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and, moreover,
g is locally Lipschitz on any set z+]0, ¢](hg + 0B),

1.3
(1:3) where x € xg + 0B and |g(z) — g(xo)| < e.

If the lower semicontinuous function g in the latter definition is also supposed
to be continuous relative to its domain, or convex, then (I:3]) can be replaced by

g is locally Lipschitz on any set z+]0, €](ho + dB),

(1.4)
where x € (g + 0B) Ndom g.

Let us also recall that the lower semicontinuous function g : X — RU {400} is
said to be regular at xo € dom g if liminft=*[g(zg + th') — g(xo)] = g' (xo; k) for
h'—h
t10
any h € X, and it is said to be regular if it is regular at any point of its domain.
We wish to recall the Mean Value Theorem, established by Zagrodny in [15] (see
also [11]), as it will be essentially used in what follows:

Theorem 1.1. Let f : X — R U {+o0} be a lower semicontinuous function, let
a,b € dom f with a # b and let 0 be any subdifferential operator. Then there exist
Ty —fc€la,bi={(1—t)a+tb:t€0,1}, and z}, € Of (x,) such that:

() 7(6) ~ f(a) < lim (3 b~ a);

(i) =y (F(0) = f(@)) < lim (27, — @);
(i) b~ all(f(c) = f(a)) < [le = all(F(+) ~ f(a)).

2. SUBDIFFERENTIAL PROPERTIES OF DIRECTIONALLY LIPSCHITZ FUNCTIONS

In this section we study how the directionally Lipschitz property of the function
refers to the properties of its subdifferential. Work in this direction with the Clarke
subdifferential is that of Treiman [14], which is strongly based on the technique of
Bishop and Phelps and on the result (see [I4]) stating that 151191?1!215 K(S;y) cT(S;z)

(here K(S;.) and T'(S;.) denote respectively the Bouligand contingent cone and
the Clarke tangent cone of a closed subset S C X). Our results are given in terms
of arbitrary subdifferential, and their proofs are merely based on the Mean Value
Theorem. They may also be considered as a quantitative version of [14], Theorem 6.
This quantitative version will be needed further to establish Lemma [31] that is a
key step in our development.

In all the sequel 0 stands for any subdifferential operator such that the cor-
responding subdifferential is included in the Clarke subdifferential, i.e., dg(x) C
0°g(z) for any function g : X — RU {+o0} and any z € X.

Lemma 2.1. Assume that the lower semicontinuous function g : X — RU{+o0} is
directionally Lipschitz at o with respect to ho with constants K, e, § satisfying (1))

(resp. (D). Then

(2.5) (x* ho) +d||z"|| < K, Va* € dg(z), Vx € x¢ + dB with |g(z) — g(x0)] < &,
(resp.
(2.6) (", hoy + 0||z*|| < K, Vz* € 9g(x), Vx € g + 6B).
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2942 LIONEL THIBAULT AND NADIA ZLATEVA

Proof. Let g : X — R U {400} be directionally Lipschitz at xy with respect to
ho with constants K, e, ¢ satisfying (IZ) (resp. (LTl)). Then the condition ([[L2)

(resp. (1)) obviously implies
gT(x;h) < K, Yh € hg+ 6B, Yz € o + §B (with |g(x) — g(z)| < ).
Hence, if dg(xz) # @ for some = € xy + B (with |g(z) — g(zo)| < €), then as

0g(z) C 9°g(x) we have
(x*,h) < g'(x;h) < K, Yh € hg + 0B, Vz* € dg(z) (with |g(z) — g(zo)]

g), i.e.,
(x*, ho) + 0||z*|| < K, Vz* € 9g(x), x € x¢ + 6B (with |g(x) — g(xo)| < ).

<
<e)
O

We proceed to show the reverse implication, i.e., that (2.6) yields the prop-
erty (L2). As can be seen below, that case is more simple than the one establishing
that (2.8) ensures the property (LIJ). So, we made the choice of separating the two
proofs.

Lemma 2.2. Let g : X — RU {400} be a lower semicontinuous function, let
xo € domg and let hg € X. Assume that there exist constants K € R and § > 0
such that (28] holds.

Then for any positive numbers g9 and 0¢ such that eo(||holl + do) + o < 9,
property (LZ) holds for the function g with K, g, dp.

Proof. Fix g9 > 0 and &y > 0 such that &o(||ho|| + do) + do < J and take any
x € (xg+ dpB)Ndomg, any h € hg + doB with h # 0, and any t €]0, gg]. Consider
g(x +th) and fix arbitrary real number r € R with r < g(x + th). Define the lower
semicontinuous function

9(y), ify#x+th,
9r(y) = .
T, if y=x 4+ th.
Apply the Mean Value Theorem of Zagrodny to estimate
(2.7) gr(x +th) = gr(x) = — g(x) < Tim (7, th)

with =} € dg(x,), v, —— 2z € [z, x + th[, g(x,) —— g(z). Then for n large

n—oo

enough,
[2n = zol| < llen = 2] + ||z = 2] + [l = zol| < [lzn — 2I| + ¢[|A]] + do
< |lzn = 2|l + eo(||holl + o) + do < 0.
Hence, z,, € ¢ + 6B and we can use (2.0) to get
(x5, th) = (27, tho) + t(zy, b — ho) < t[(x7,, ho) + (x5, h — ho)]
< (a7, ho) + dolly|l] < LK.
This implies because of ([271),
r—g(z) <tK,

which yields, on one hand, that g(x + th) is finite (i.e.  +th € dom g) and, on the
other hand, that

g(x +th) — g(z) < tK.
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Observe that the inequality also holds for A = 0, in the case when 0 € hg + 6o B
since K > 0 in that case because of (Z6). Therefore, the property (L2) holds for
g at zo with respect to hg with K, g9, dg as above. (]

Theorem 2.3 (subdifferential characterization of directionally Lipschitz property).
Let g: X — RU{+o0} be a lower semicontinuous function, let xg € domg and let
ho € X. Then g is directionally Lipschitz at x¢ with respect to hg with constants
K, &, § satisfying (L)), if and only if there exist constants € > 0 and § > 0 such
that ([Z8) holds with K, €, §.

Proof. The implication = follows from Lemma 211

Let us prove the converse.

Without loss of generality we may suppose that € €]0,1[ and ¢ €]0, [, and that
they are such that

(2.8) g(zo) < g(z) +¢, Vo € zg +6B.

Now take &’ > 0 such that &’ (|| ho||+|K|+2) < §, and ¢’ €]0,¢'[. Fix any € 2o+’ B
with |g(z) — g(xo)| < €', any h € hg + &' B with h # 0, and any ¢ €]0,&']. Consider
g(x+th) and suppose g(z +th) > g(x) +tK. We may choose and fix a real number
w €]0,1[ such that g(xz +th) > g(z) + (K + p). Set r := g(z) + (K + p) and define
the lower semicontinuous function

9(y), ify#a+th,
gr(y) == .
T, ify=ax+th.
Apply the Mean Value Theorem of Zagrodny to estimate
(2.9) gr(z +th) —gr(z) =7 —g(x) < lim (},, th)

with some sequences x) € 9g(z,), ©n, —— 2z € [z, + th], g(z,) —— g(2).
n—oo n—oo
Then, for n large enough, ||z, — xo|| < ||xn — 2| + €' (||hol| + ') + 6" < 0.
CaseE . z ==z.
Then g(z,) —— g(z) and for n large enough
n—oo

9(xn) = g(z0)| < |g(xn) — g(2)] + [g(2) — g(20)| < |g(2n) — g(2)| +&" <.

Case II. z # .
Then Mean Value Theorem of Zagrodny and in particular (iii) ensures that

t|Rll(g(z) = g(x)) < llz = z([(r — g(2)).
We rewrite the left-hand side
t|All(g(z) = g(x0)) < |z = [|(r — g(x)) + t]|All(9(z) — g(x0))
< [lz = =ll(r — g(2)) + tl|Alle’
<t||hll(r —g(z) +¢),
from where
r—glz)+e =t(K+p) +¢
t( K]+ p) +e" <(K[+p+1) <(K]+2).
Hence, for sufficiently large n we have

9(xn) — g(xo) = g(zn) — 9(2) + g(2) — g(x0) < |g(zn) — 9(2)| +'(IK| +2) <e.

9(2) — g(xo) <
<
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Obviously, for n large enough, the points x,, € g + 0B and hence by (28] we also
have that g(zo) — g(z,) < e. Therefore, we obtain |g(x,) — g(xo)| < €.

In both cases one has for n large enough, z,, € xo+ dB and |g(z,) — g(z0)| < &,
then by ([2.5) one has (z%,h) < K. So, by (2.9)

r—g(z) <tK, ie, t(K +pu) <tK,

and the latter yields p < 0, which is a contradiction, since p > 0. We conclude
that g(z + th) < g(z) + tK, and further, if 0 € hy + ¢’ B, the inequality still holds
for h = 0 because, according to (2F5), K > 0 in that case. The proof is then
complete. O

3. LOCAL INTEGRABILITY

In this section we use the results proved in the previous one to establish the local
integrability of any subdifferential of a class of directionally Lipschitz functions.

We begin by showing how property (L2) is implied by inclusion of subdifferentials
for lower semicontinuous functions.

Lemma 3.1. Let g : X — RU {400} be a lower semicontinuous function which
satisfies property ([2) at zog € dom g with respect to hy € Xwith some constants
K,e, 0. Let f : X — RU{+o0} be a lower semicontinuous function such that
df(x) C g(x) for any x € xo + IB.

Then for any constants 69 > 0 and €9 > 0 such that 5o + (|| ho|| + Jo) < § with
dom f N (zg + 69B) # 0, one has that property (I2) holds for f with the constants
K, €0, (50, i,e.,

tHf(z+th)— f(x)] < K, ¥Vt €]0,0], Yh € ho+60B, and Yz € (x9+060B)Ndom f.

In particular, x+[0,£0](ho+0d0B) C dom f, for all x € dom fN(xg+0d9B). Further,
f is directionally Lipschitz at xo with respect to hg, whenever oy € dom f.

Proof. Suppose that g satisfies (IL2) with constants K, &, 6. By Lemma[ZT] for any
x € domgN(xg+ dB) and any z* € g(z) we have (z*, hg) + d||z*|| < K. Because
of the assumption df(z) C 9¢g(x) for any = € zy + §B, that inequality holds in
particular for all x € domdf N (xo + dB) and z* € Of (x).

Fix any dop > 0 and gy > 0 such that do + o(|lhol| + d0) < ¢. Lemma
ensures that for all © € dom f N (zg + doB), t €]0,e0], and h € hg + JoB one has
t=1[f(z + th) — f(z)] < K. The proof is then complete. O

We will also need the following second lemma of general interest. It concerns
the graphical density of the domain of any subdifferential in the sense of the first
section.

Lemma 3.2. Let f : X — RU {400} be a lower semicontinuous function with
dom f # (). Then dom df is f-graphically dense in dom f, i.e., for any a € dom f
there exists a sequence x,, € domdf with ©, —— a and f(x,) —— f(a).

Proof. Fix a € dom f and € > 0. Choose by the lower semicontinuity of f some
positive number r < ¢ such that f(xz) > f(a) —¢ for all z € a + rB. If for any
b € a+ rB one has f(b) > f(a), then a is a local minimum point of f and by
Property Bl we have that

0 € limsup df(zy,),

Tpn—fa
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i.e., there exist x, € domdf such that x, —— a and f(z,) —— f(a). Oth-

erwise, there exists some b € a + rB with f(b) < f(a) and the Mean Value
Theorem of Zagrodny yields z, —— cE [a,b] with f(z,) — f(c) and
Of(xn) # 0, and such that conclusion (iii) of that theorem holds. The latter
gives limy, o f(2,) = f(c) < f(a). We deduce the existence of some N such that
lxn —al| < r < e and |f(z,) — f(a)] < € for all n > N, and hence the proof is
complete. |

We establish now the integrability result.

Theorem 3.3 (integrability of regular directionally Lipschitz functions). Let g :
X — RU {400} be a lower semicontinuous regular function, continuous relative to
its domain, and strictly directionally Lipschitz at x¢ € dom g.

Then there exist constants o« > 0 and (8 €]0, « such that for any lower semicon-
tinuous function f : X — RU {+oo} with dom f N (xo + BB) # 0, the inclusion
Of(x) C 0g(x) for all x € xog + aB implies that

f=g+const on zg+ GB.
If the strict directionally Lipschitz property for g at o with respect to hg holds with
. . . 2
constants K, e, § satisfying (I2), one may take o = § and § = mln{m, %}
Proof. Let K, e, and § be given by the strictly directionally Lipschitz property of
g at zp with respect to hg, i.e., properties (L) and (L4) hold for them.
Set §g := g and €g := min {m, s}, and observe that g < 1. It is easy to
see that the conclusion of Lemma [B.1] holds for such ¢ and &g.
— — . 52 s
Put now « :=§ and ( := gpdg = mm{m, %}
We claim that for arbitrary x € g 4+ 8B there exists h, € hg + gB such that

(310) x + Eth =g+ Soho.

Indeed, for = € x¢y + 6B we may set h, = ””OEZ”” + ho and since w < g =
% = %, we obtain that h, € hg + %B.
Moreover, the inclusion h, € hg + %B ensures that

(3.11) x+]0,e0](hy + gB) C 2+]0,e](ho + 6B), Vx € x9+ BB.

Now, fix arbitrary v € dom f N (z¢g + SB) which is a non-empty set by as-
sumption. As the set domOf is f-graphically dense in dom f by Lemma B2, we
obtain a sequence {x,} C domdf C domdg C dom g, such that z, —— v and

f(@n) —— f(v). Writing n—o0

[2n = 2oll < [lzn —vll + lv = 2ol < [lzn — vl + 5,
we see that for sufficiently large n (for example n > N7) we have
(3.12) lxn — zol] < B.

For n > Nj denote by C), the open convex set C, := x,,4]0, 0] (ha,, —l—%B). Recall
that for n > Ny we have x,, € (xo+,B)Ndom g and observe also, by what precedes,
that hy, € ho+ %B . So, by the definition of strictly directionally Lipschitz property
of g and by ([BII) it follows that g is locally Lipschitz and regular on C,,. From
Lemma B3] it is clear that dom fNC,, # 0 for n > Ny, since 2,40, eg]h,, C dom f.
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It remains to observe that the inclusion of subdifferentials holds on C,, for n >
Ny, since C), C x9+aB. Indeed, for any = € C,, we may write z := x,, +t(hsy, +D)
for some ¢ €]0, o] and some p € $B which ensures by (B12) that

[z = ol| = llzn + t(ha,, +p) = 2ol < |20 — 2ol + t]lha,, + pl|

) o
< B +eollholl + 5 + 5) = o5 + colllholl +6)

30 o 36
? ('ho'” 2) = 2(llholl +20) (”h”'” 2) some

Hence, we can apply the integrability result for locally Lipschitz regular functions
(see [4] and Theorem 4.1 in [I2]) to obtain that there exists some real constant c,,
such that

f(x) =g(x)+cn, VYz€C, VYn>Ni.
From (BI0) we have that x,, + eohs, = o + £0ho € Cy, for any n > Nj, hence
f(xo + eoho) = g(xo + €0ho) + ¢y, VR > Ny,

and, in particular because g(zo + eoho) is finite according to (I2), the value of ¢,
does not depend on n for n > Ny, say ¢, = ¢ = f(xo+eoho) — g(xo + 0ho), for all
n > Ny, i.e.,

(3.13) flz)=g(x)+¢, Vrel,, VYn>Nj.
Now we proceed to prove the equality f(v) = g(v) + c.

First, let us show that f(x,) = g(z,)+c for n > N;. Observing by the definition
of C,, that for some vectors hy one may have z,, ¢ C,, we begin by verifying that

f(xn + thxn) tl—0> f(xn)-

As f is lower semicontinuous, we always have that f(x,) < hr{ll %nf f(zn+thy,).

Further, for t €]0,¢¢], Lemmal31l gives that x,, + th,, € dom f and f(x, +thy, ) —
f(zn) < Kt. Hence, limsup f(z, + th,,) < f(z,) and the claim is proved.
t10

Analogously, using the strictly directionally Lipschitz property of g at z¢ with
respect to hg along with its lower semicontinuity, it is not difficult to see that
g(xn+thy,) T g(zy), and then, recalling that f(x,) and g(z,) are finite because

t

of z,, € domdf C dom dg, we may conclude that
(3.14) (f = 9)(@n) = lim(f - 9)(@n +the,) =c, VYn =Ny

As x,, —— v, the lower semicontinuity of g implies that
n—oo

g(v) < liminf g(z,) = ILm flzn) —c= f(v) —¢,

n—oo

in particular, v € domg, hence v € domg N (g + SB). The continuity of ¢
relative to its domain ensures that g(v) = lim g¢(z,). By (BI4) and the fact that
n—oo

f(zn) —— f(v) we obtain
g(v) = lim g(z,)= lim [f(xn) - C] =f(v)—¢

ie. f(v)=gW)+c.
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Hence we have proved that
F(0) = g(v) + ¢, Vo€ dom £ (o +SB),
and at the same time we obtain via that equality
dom f N (xo + BB) C domg N (zg + BB).

To finish the proof, it remains only to establish the opposite inclusion of the
domains. Take arbitrary u € dom g N (2o + 8B) and set C := u+]0,&o](hy + 3B).
Note that for any = € dom f N (zg + BB) # 0, the point « + egh, € dom f by
Lemma BT and, moreover,

(3.15) x4+ eohy = g + €0ho = u + €ghy.

This ensures that dom f N C # (. The assumptions of [I2], Theorem 4.1 hold for
f, g and C, and we apply it to conclude that

fl@)=g(x)+¢, VreCl.

The constant is still ¢ = f(xo + eoho) — g(wo + €0ho) because by (BI5) one has
xo + €oho € C. Observe that for any t €]0,e¢] the points u + th, € C' C domg,
where the last inclusion holds because of ([.2)). Using the lower semicontinuity of
f at u, and the continuity of g with respect to its domain, we obtain that

flu) < lir?l%nff(u +thy,) = lir?lg)nfg(u +thy) +c=g(u) + ¢,
hence, u € dom f. The proof is then complete. (I

Note that the continuity assumption of the restriction of g on V' Ndom g (where
V is some neighbourhood of z) is crucial. It suffices to consider the function g
from R into R with g(z) = 0if z > 0 and g(z) = 1 if x < 0 and the function f from
R into R with f(z) =0if x > 0 and f(z) =2 if x < 0. We have df(x) C dg(x) for
all z € R but the functions f and g are not equal near 0 up to a constant.

In the same way, it is easily seen that the lower semicontinuity assumption of f
is also essential.
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