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CENTRALIZER SIZES AND NILPOTENCY CLASS
IN LIE ALGEBRAS AND FINITE p-GROUPS

A. JAIKIN-ZAPIRAIN

(Communicated by Jonathan I. Hall)

Abstract. In this work we solve a conjecture of Y. Barnea and M. Isaacs
about centralizer sizes and the nilpotency class in nilpotent finite-dimensional
Lie algebras and finite p-groups.

1. Introduction

By a well-known result of N. Ito [3], a finite group with only two conjugacy class
sizes (one of which must be 1) is nilpotent. Recently K. Ishikawa [2] showed that
the nilpotency class of such a group is at most 3. This result was an open question
for many years. A simplification of Ishikawa’s argument was given by M. Isaacs,
and his proof is presented in [1]. Note that the number of different conjugacy class
sizes in a finite group G is equal to the number of different orders of centralizers of
elements of G. This observation allows us to consider possible analogs of Ito’s and
Ishikawa’s theorems for Lie algebras: What can be said about a finite-dimensional
Lie algebra L if the centralizer subalgebras CL(x) have just two different dimensions
as x runs over the elements of L? This question was considered by Y. Barnea and
M. Isaacs in [1]. In particular, when L is nilpotent they proved that, as in Ishikawa’s
Theorem, the nilpotency class of L is at most 3.

If L is a finite-dimensional non-abelian Lie algebra, then denote by cd(L) the
set of dimensions of centralizers of noncentral elements of L. Denote by ∆(L) the
difference max(cd(L))−min(cd(L)). Similarly, if G is a non-abelian finite p-group,
denote by cs(G) the set of orders of centralizers of noncentral elements of G and
let ∆(G) be the difference logp max(cs(G)) − logp min(cs(G)). Thus, ∆(G) = 0
corresponds exactly to the assumption in Ishikawa’s theorem. This observation led
Barnea and Isaacs to conjecture the following generalization of Ishikawa’s result:

Conjecture ([1, Conjectures E and F]).
(1) Let L be a nilpotent Lie algebra. Then the nilpotence class of L is bounded

in terms of ∆(L).
(2) Let G be a finite p-group. Then the nilpotency class of G is bounded in

terms of ∆(G).
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In this paper we prove this conjecture. In the following we will write [N,k M ] for
[N, M, . . . , M ] = [. . . [N, M ], . . . , M ], where M appears k times. If L is a nilpotent
Lie algebra we denote by Li the ith term of the lower central series (i.e. Li =
[L,i−1 L]). We denote by cl(L) the nilpotency class of L. We use a similar notation
for p-groups: Gi denotes the ith term of the lower central series of a p-group G and
cl(G) denotes the nilpotency class of G. Now we are ready to state our results.

Theorem 1.1. Let L be a nilpotent finite-dimensional Lie algebra. Then

L∆(L)+3 ⊆ Z(L) + L′′ and dim(L′′ + Z(L)/Z(L)) ≤ ∆(L)(2∆(L) + 1).

In particular, cl(L) ≤ 2∆(L)2 + 2∆(L) + 3.

Theorem 1.2. Let G be a finite p-group. Then

G∆(G)+3 ⊆ Z(G)G′′ and |G′′Z(G)/Z(G)| ≤ p∆(G)(2∆(G)+1).

In particular, cl(G) ≤ 2∆(G)2 + 2∆(G) + 3.

As a consequence of Theorem 1.1 and [1, Theorems C and D] we obtain the
following corollary.

Corollary 1.3. Let L be a finite-dimensional complex Lie algebra. Then L contains
a nilpotent ideal N such that dim(L/N) and the nilpotency class of N are bounded
in terms of ∆(L).

Finally we would like to pose two further questions for future investigations.

Conjecture A. Corollary 1.3 is stil true when L is a Lie algebra over an arbitrary
field.

Conjecture B. Let L be a nilpotent Lie algebra. Then the derived length of L is
bounded in terms of | cd(L)|.

2. Proofs of the main results

Proof of Theorem 1.1. Let m be the nilpotency class of L (so that Lm �= 0 and
Lm+1 = 0) and assume that m > 3 (otherwise the theorem is trivial). We have
[Lm−2, L, L] = Lm > 0, and thus [Lm−2, L] �⊆ Z(L). Since the set {r ∈ Lm−2 |
[r, L] ⊆ Z(L)} is a proper subalgebra of Lm−2, there exists an element u ∈ Lm−2

that does not lie in this set. Then the set R = {t ∈ L | [u, t] ∈ Z(L)} is a proper
subalgebra of L. Choose v ∈ L \ R and write x = [u, v], so that x ∈ Lm−1. Recall
that [Li, Lj ] ⊆ Li+j for all superscripts i, j ≥ 1, and thus [L2, v, u] ⊆ [L3, Lm−2] ⊆
Lm+1 = 0.

Let S = [L, v, u] and T = [Lm−1, v]. We have

[L, x] = [L, [u, v]] ⊆ [L, v, u] + [L, u, v] ⊆ S + [Lm−1, v] = S + T

and thus

(2.1) dim(S) + dim(T ) ≥ dim([L, x]) = dim(L) − dim(CL(x)).

Notice that L′ + CL(v) ⊆ ker(adu ◦ ad v). Hence

dim S ≤ dim L − dim(L′ + CL(v)).

Thus, using (2.1), we obtain that

dimL − dim(L′ + CL(v)) + dim Lm−1 − dimCLm−1(v) ≥ dim(L) − dim(CL(x)).
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Since dimLm−1 − dim CLm−1(v) = dim(CL(v) + Lm−1) − dimCL(v), we have

dim(L′ + CL(v)) − dim(CL(v) + Lm−1) ≤ dim(CL(x)) − dim(CL(v)).

Therefore, we obtain that

dim L′ − dim((CL(v) + Lm−1) ∩ L′) = dim(L′ + CL(v)) − dim(CL(v) + Lm−1)

≤ dim(CL(x)) − dim(CL(v)) ≤ ∆(L).

Hence, if we denote L/Lm by L̄, we obtain that for any v̄ ∈ L̄ \ R̄,

dim(L̄′/CL̄′(v̄)) ≤ ∆(L).

If y ∈ L̄ \ R̄ and z ∈ L̄′, then y + z ∈ L̄ \ R̄. Thus, we obtain that

dim(L̄′/CL̄′(z)) ≤ dim(L̄′/(CL̄′(y) ∩ CL̄′(z + y))) ≤ 2∆(L).

By [4], dim L̄′′ ≤ ∆(L)(2∆(L) + 1).
Now, let L̂ = L/(L′′ + Z(L)) and put D = L̂ \ R̂. Then D spans L̂. If y ∈ D,

then [L̂′, y] is an ideal of L̂ because the derived length of L̂ is 2. On the other hand,
we proved that dim[L̂′, y] ≤ ∆(L). Since L̂ is nilpotent, [L̂′, y,∆(L) L̂] = 0 and so
L̂∆(L)+3 = 0. �

Proof of Theorem 1.2. Let G = G1 > G2 > · · · > Gm > Gm+1 = 1 be the lower
central series of G, where m is the nilpotency class, and assume that m > 3 (oth-
erwise the theorem is trivial). We have [Gm−2, G, G] = Gm > {1}, and thus
[Gm−2, G] �⊆ Z(G). Since the set {r ∈ Gm−2 | [r, G] ⊆ Z(G)} is a proper subgroup
of Gm−2, there exists an element u ∈ Gm−2 that does not lie in this set. Then the
set R = {t ∈ G | [u, t] ∈ Z(G)} is a proper subgroup of G. Choose v ∈ G \ R and
write x = [u, v], so that x ∈ Gm−1. Recall that [Gi, Gj ] ⊆ Gi+j for all superscripts
i, j ≥ 1, and thus [G2, v, u] ⊆ [G3, Gm−2] ⊆ Gm+1 = 1.

Next, we define the map W : G → G by means of W (g) = [g, v, u] for all g ∈ G.
Note that [x1, x2, x3, x4] = 1 if some xi is u and some xj is v. Hence for any
g, h ∈ G,

W (gh) = [gh, v, u] = [[g, v][g, v, h][h, v], u] = [g, v, u][h, v, u] = W (g)W (h),

and so W is a homomorphism of groups.
Now let y ∈ G be arbitrary. We have u ∈ Gm−2 and, of course, v, y ∈ G1, and so

the Witt identity applies and we have [v, u, y][y, v, u][u, y, v] = 1. Since [u, v] = x,
it follows that

[y, v, u][u, y, v] = [y, [v, u]] = [x, y].

Hence |G : kerW ||Gm−1 : CGm−1(v)| ≥ |G : CG(x)|. Since G′CG(v) ≤ kerW we
obtain that

|G||Gm−1CG(v)|
|G′CG(v)||CG(v)| ≥

|G|
|CG(x)| ,

and so
|G′|

|(Gm−1CG(v)) ∩ G′| =
|G′CG(v)|

|Gm−1CG(v)| ≤
|CG(x)|
|CG(v)| ≤ p∆(G).

Denote G/Gm by Ḡ. Then from the last inequality we obtain that

(2.2) |Ḡ′ : CḠ′(v̄)| ≤ p∆(G).
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If y ∈ Ḡ \ R̄ and z ∈ Ḡ′, then yz ∈ Ḡ \ R̄. Thus, we obtain that

|Ḡ′ : CḠ′(z)| ≤ |Ḡ′ : (CḠ′(y) ∩ CḠ′(zy))| ≤ p2∆(G).

By [4], |Ḡ′′| ≤ p∆(G)(2∆(G)+1).

Now, let Ĝ = G/(G′′Z(G)) and put D = Ĝ \ R̂. Then D generates Ĝ. If y ∈ D,
then [Ĝ′, y] is a normal subgroup of Ĝ because the derived length of Ĝ is 2. On the
other hand, by (2.2), |[Ĝ′, y]| ≤ p∆(G). Since Ĝ is nilpotent, [Ĝ′, y,∆(G) Ĝ] = 1 and
so Ĝ∆(G)+3 = 1. �
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