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ABSTRACT. Let F be a finite field and T" a transcendental element over F. An
imaginary function field is defined to be a function field such that the prime
at infinity is inert or totally ramified. For the totally imaginary case, in a
recent paper the second author constructed infinitely many function fields of
any fixed degree over F(T') in which the prime at infinity is totally ramified and
with ideal class numbers divisible by any given positive integer greater than 1.
In this paper, we complete the imaginary case by proving the corresponding
result for function fields in which the prime at infinity is inert. Specifically,
we show that for relatively prime integers m and n, there are infinitely many
function fields K of fixed degree m such that the class group of K contains a
subgroup isomorphic to (Z/nZ)™ ! and the prime at infinity is inert.

1. INTRODUCTION

Determining the class number and class group of a number field or function field
is a problem that dates back to Gauss who studied class numbers of quadratic
number fields, albeit in the language of equivalence classes of binary quadratic
forms. It is known that given an integer n, infinitely many number fields and
function fields have class number divisible by n (see for example, Nagell [5] for
imaginary quadratic number fields, Yamamoto [9] for real quadratic number fields,
and Friesen [2] for real quadratic function fields). In fact, given integers m and n,
it is known that infinitely many number fields and function fields of fixed degree
m have class number divisible by n (see for example Azuhata and Ichimura [I] and
Nakano [6] for number fields and the second author [7] for function fields). This is a
consequence of stronger results, not merely on the divisibility of the class number,
but on the structure of the class group.

In 1983, Azhuhata and Ichimura [I] constructed, for arbitrary integers m and
n, infinitely many number fields K of degree m over QQ such that the ideal class
group of K contains a subgroup isomorphic to (Z/nZ)"2, where ry as usual denotes
half the number of complex embeddings of K into C. Nakano [6] extended this
result three years later to the case of totally real number fields, and increased the
rank of the subgroup in the general case from 79 to 72 + 1. Recently, the second
author [7] proved an analogous statement for function fields in which the prime at
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infinity is totally ramified or splits completely. If m and n are relatively prime and
not divisible by the characteristic of IF, then we get infinitely many function fields
K of degree m over F(T) with the ideal class group of K containing a subgroup
isomorphic to (Z/nZ)™~! and the prime at infinity of K totally ramified. For any
integers m and n not divisible by the characteristic of F, we get infinitely many
function fields K of degree m over F(T') such that the ideal class group of K contains
a subgroup isomorphic to Z/nZ and the prime at infinity splits completely.

Although it no longer makes sense to describe a function field as real or imaginary
according to whether it embeds into R, it is possible to characterize function fields as
real or imaginary. We define a function field to be real if the prime at infinity splits
completely; the rank of the unit group in this case is maximal as it is for totally real
number fields. We call a function field imaginary if the prime at infinity is inert
or totally ramified; then the rank of the unit group is minimal as it is for purely
imaginary number fields. The results in [7] mentioned above, then, address the case
of real function fields, but the case of imaginary function fields is incomplete. In
this paper, we complete the imaginary case by proving an analogous result for the
case of function fields in which the prime at infinity is inert.

Let ¢ be a power of an odd prime, and let F be the field with ¢ elements. Let
k be the rational function field, and fix a transcendental element T of k so that
k =F(T). If K is an extension of k, then denote by Ok the integral closure of
F[T] in K. Let Py be the prime at infinity (or the infinite place) of K defined by
the negative degree valuation, i.e. ord.(g) = deg(g) for g € K*. We write Clk to
denote the ideal class group of Og. The main result is the following:

Theorem 1.1. Let m and n be any relatively prime positive integers with m > 1
and P; | (q—1) for all primes P; dividing m. Let q be a power of an odd prime with
g =1 (mod 4) if m is exactly divisible by 2 and ¢ =1 (mod 8) if 4 | m. If F is the
field with q elements, and m and n are not divisible by the characteristic of F, then
there exist infinitely many function fields K of degree m over k = F(T') such that

1) the prime at infinity Py is inert in K, and

2) Cly contains an abelian subgroup isomorphic to (Z/nZ)™~*.

The proof of Theorem [T Tlis similar to that of the case where the prime at infinity
is totally ramified in [7]. The main difference is the use of an alternate method to
control the behavior of the prime at infinity. Rather than using Newton polygons,
we instead use Kummer’s criterion. Let

m—1
fx) =[x -B)+Dm,
i=0
where By, -+, By,—1 and D are polynomials in F[T] with certain conditions given

in Section 2 If 6 is a root of f(X), then we will show that K = k() satisfies the
conditions of Theorem [LT].

Finally, we note that the existence of infinitely many such fields K is a con-
sequence of the existence of one such field because of the finiteness of the class
number. For details, see [7].
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2. PRELIMINARIES

Let £ be the set of all prime divisors of n, and define ng = [[;c.l. Let mg
be the least common multiple of the orders of all the roots of unity contained in
any function field of degree m. Let E and W denote, respectively, the group of
units and the group of roots of unity in the field K. For an element r in F[T7], let
r| = ¢@¢¢("). Given polynomials By, --- , B,,_1, D € F[T], define

m—1
FX)=T[(x =B+ D",
i=0
and let 6 be a root of f(X). Set K = k(6). The next two lemmas and proposition
show that with an appropriate choice of By, --- , B,,_1, and D, the field K satisfies
the conditions of Theorem [[11
Lemma 2.1. Suppose there exist monic irreducible polynomials py,--- ,Pm—1 with

Ipi| =1 (mod mong) and polynomials By,- -+, Bm_1, and D in F[T| such that
(2.1) f(0)=0 (mod py -+ pm-1),
(2.2) (f'(0), p1-*pm-1) =1, and
(2.3) (%)l 41, (%)l —1fori#j,1<i,j<m—1, for cach | € L.
For each 1 € L, the subgroup of K*/WK*! generated by the classes of § — By,
0 — Bs,---,0 — B,,_1 is an elementary abelian group of rank m — 1.

Proof. The proof is the same as in [7]. O

The following standard lemma will be used to construct the desired subgroup of
Clk.

Lemma 2.2. Suppose G is a finite abelian group of exponent n, and dimgz, 7, G/t >
r for alll dividingmn. Then G contains a subgroup isomorphic to Z/nZ&®- - -®ZL/nZ
of rank r.

Proposition 2.3. Suppose that the polynomials By, -+ , By,—1 and D further sat-
isfy the following two conditions:

(2.4) 0 — By,0 — By, -+ ,0 — B,,,—1 are pairwise relatively prime,

(2.5) the prime at infinity is inert in K.

Then Clg contains an abelian subgroup isomorphic to (Z/nZ)™ L.

Proof. Since the prime at infinity is inert, we know that the rank of the unit group
in K is 0; therefore the only units in K are the roots of unity. The result therefore
follows by the same proof as in [7, Proposition 1]. (]

To prove Theorem [[Il we will show that it is possible to choose irreducible
polynomials py,- - ,pm—1 and polynomials By, -, B,—1, and D € F[T] so that
conditions (2.1)—(2.5) are satisfied, and f(X) is irreducible.

3. CHOOSING POLYNOMIALS

Choose distinct irreducible polynomials p;, s in F[T], 1 <14 < m — 1, such that

pil =1 (mod mgong), 1<i<m-—1, and s] =1 (modm).

Note that there are infinitely many such primes p; and s. Because m and n are
relatively prime to the characteristic of I, the primes whose norms are congruent
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to 1 modulo an integer m are exactly those primes which split completely in k((, ),
where (,, is a primitive mth root of unity.
Since |p;| = 1 (mod mgnyg), we have l | (|p;|—1) foralll € £. Let g;, 1 <i < m—1,
be a primitive root mod p; that satisfies the congruence
(1) g+ (m—2)gi+1#£0 (mod p;).
This is possible since |p;| — 1 > 3. Since m | (|s| — 1), we also have that
m—1
(2) Xm—1=J[(X-C) (mods),
i=0
where the C;’s are distinct mod s for 1 <i <m — 1.
Choose B;, 1 <i < m — 1, such that

1 (mod pj;) if i # 7,
(3) Bi=1qgi (mod p;),
C; (mod s).
Choose an irreducible polynomial D’ so that
1 d
(4) DI = . (mo 8)7 )
(—1)m* (mod p;) for1<i<m—1,
(5) (B;—B;,D')=1 for 1<i,j<m-—1,i#j.

Infinitely many D’ satisfying the conditions in () exist by the strong version of
Dirichlet’s Theorem for function fields [8, p. 40] which asserts that in any arithmetic
progression, there exist polynomials of each large degree. We need only discard
finitely many not satisfying (B]). Next choose By such that

(i) By= g9;"  (modp;)for1<i<m-—1,
"7 G (mod s),

(1) deg(Bo) > deg(B;) —1for 1 <i<m—1,

(iii) (Bo—B;,D')=1 for 1<j<m—1,

(iv) deg(By) = —1 (mod n),

(v) (deg(Bo) + 1) > deg(s®p1- - pm—11lizj0<ijem—1 (Bi — Bj)),

(vi) (deg(Bo) +1) > deg(D),

(vii) (D")"+ (=1)™ByBy---Bp_1 0 (mod s?).

Again, infinitely many By satisfying the conditions in (@) exist by the strong
version of Dirichlet’s Theorem mentioned above. Finally, let r be a primitive
(g — 1)st root of unity in F, and define

D =D +7rT?*p1 - pm_1 11 (Bi — Bj),
i#,0<i,j <m—1
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where 2 = Z(deg(Bo) +1) —deg(s°p1 - - Pm—1 [ 1, 0<i jem—1 (Bi— Bj)). Note that
z is a positive integer by (v) of (6), and deg(D) = 2 (deg(By) + 1) by (vi) of (@).
Note that since (B; — Bj,D’) =1 for all i # j with 0 < 4,5 < m — 1 by (E) and
(i12) of (@), it follows that (B; — Bj, D) =1 for all i # j with 0 < 4,5 <m —1, and
D satisfies the same congruences in (H)) as did D’. Tt is easy to verify that D also
satisfies the condition (vii) of (6.

4. VERIFICATION OF DIVISIBILITY CONDITIONS

Lemma 4.1. With polynomials By, ,Bm—1 and D in F[T] chosen as above,
conditions (2.1)—(2.3) in Lemma[21] are satisfied.

Proof. The proof is the same as in [7, Lemma 3]. O

Lemma 4.2. 6 — By,0 — By,--- ,0 — By,_1 are pairwise relatively prime, that is,
condition (2.4) in Proposition[23] is satisfied.

Proof. Again, the proof is the same as in [7} Lemma 4]. (]

Lemma 4.3. With the conditions on By, -+, Bm_1, and D given above, f(X) is
irreducible.

Proof. We show that f(X) is an Eisenstein polynomial with respect to s. It is easy
to check that s|(D™ + (—=1)™ByBj - - - Byn—1), the constant term of f(X). Further-
more, from (vii) of (@) we have s?{ (D™ + (=1)™BoBj - -+ By—1)-
Because f(X) is monic, we need only show that the remaining coefficients of f

are divisible by s. Since B; = C; (mod s) for 0 <i <m — 1, then

m—1

[[x-B)=X"~1 (mod s).

i=0
Therefore, all coefficients of H?;Ol(X — B;), excluding the leading and constant
terms, are divisible by s. Since these are exactly the coefficients of f(X) under
consideration, this completes the proof. [l

5. THE INFINITE PRIME

It remains only to prove that the prime at infinity is inert in K. We need the
following lemmas. Lemma [5:1]is in [4, Ch VIII, Theorem 9.1}, and Lemma [5.2] can
be verified easily.

Lemma 5.1. Let k be a field, | an integer > 2, and a € k,a # 0. Assume that for

any prime p with p | 1, we have a € kP, and if 4|1, then a ¢ —4k*. Then x' — a is

irreducible in k[z].

Lemma 5.2. For a given positive integer d, a € F* is a dth power of some element
q—1

inFif and only ifa™ s =1 inF, where g = (¢ — 1,d).

Proposition 5.3. The prime at infinity is inert in K, that is, condition (2.5) in
Proposition is satisfied.

Proof. Write
m—1

fX) =[] (X=B)+D" = X" =1 Xt (= 1)y 1 X +(—1) "+ D",
=0
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where
0j=0;(Bo,B1,- , B1) = > BB, - B,
0<4y <ig<"'<ij <m-—1
is the jth elementary symmetric polynomial in the indeterminates By, By, - -, Bim—1-

Let d denote the degree of D, and recall that d = ™ (deg(By) + 1). Let o = 42,
that is, @ = deg(By) + 1. We then note that deg (0;) < i from (i) of (@) for
i=1,2,---,m. Substituting XT* for X in f(X) =0, we have that

f(XTa) — Tmaxm _ 0'1T(m_1)aXm_1 + UZT(m—Z)aXm—2
+o A ()" o 1 T*X + ((—1)™0,, + D™) = 0.
Dividing both sides of (7) by T™, we have that

r m 01 m—1 02 m—2
X)=X"—-(—/0)X —)X
fx) (Zh)xm1 4 (22
m—1; Om—1 ((_1)m‘7m +Dn> -
o ()T )X — —0.

By Kummer’s Criterion [3, Theorem 23], to show that the prime at infinity
P, is inert in K, it suffices to show that f(X) mod (7) is irreducible over F.
Since deg (0;) < ia for i = 1,2,---,m, it follows that Z& = 0 mod (%) for
i=1,2,-+-,m. Thus f(X)= X"+ r™ mod (%), where r is the leading coefficient
of D. Thus, it is enough to show that X™ +7r" is irreducible over F. By Lemmas [5.1]
and [5.2] above, we only need to show that the following two conditions hold, where
Py, .-, P; are the distinct primes dividing m:

(i) —r" ¢ FF for every i = 1,2,--- ,t.
(i) 7" ¢ 4F4 if 4 | m.

Recall that r, the leading coefficient of D, is a primitive (¢ — 1)st root of unity.

If P; is odd for some ¢ = 1,2,--- , ¢, then —1 is a P;th power of —1. Since P; | ¢ —1,
q—1 g=1

we have r Pi £ 1, and so (r™) % # 1 since P; t n. Thus condition () is satisfied by

Lemma[(52 If P; = 2, then we have ¢ = 1 (mod 4), so (_Tl) =1. Then r'z #1,

and so, ({) = —1. Since (m,n) =1, 2{n it follows that (%) = —1. Therefore we

have ( _g"

) = —1, so condition (%) holds for this case as well.

Now, if 4 | m, then riT # 1 since r is a primitive (¢ — 1)st root of unity. This

-1

implies that (7"")11T # 1 since (m,n) = 1 and so 4 { n. Then r™ is not a 4th power
in F by Lemma [F.2. Suppose, for contradiction, that r” € 4F*. Because ¢ = 1
(mod 8) in this case, we know that 2 is a square in F. Then 4 is a 4th power in [F;
this implies that ™ must be a 4th power in F, a contradiction. Condition (i) is
thus satisfied as well.

It therefore follows that X™ + r™ is irreducible over F, and so, the prime at
infinity is inert as desired. O
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