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ABSTRACT. We prove the remaining case of a conjecture of Borwein and Choi
concerning an estimate on the square of the number of solutions to n = 2 +
Ny? for a squarefree integer N.

1. INTRODUCTION

We consider the positive definite quadratic form Q(z,y) = 22+ Ny? for a square-
free integer N. Let ro n(n) denote the number of solutions to n = Q(x,y) (counting
signs and order). In this note, we estimate

Z 7“27N(n)2.

n<zx

A positive squarefree integer N is called solvable (or more classically “numerus
idoneus”) if 22 + Ny? has one form per genus. Note that this means the class
number of the form class group of discriminant —4N equals the number of genera,
2!, where ¢ is the number of distinct prime factors of N. Concerning ro n(n),
Borwein and Choi [I] proved the following:

Theorem 1.1. Let N be a solvable squarefree integer. Let x > 1 and € > 0. We
have

2—3 2p lie 34€
;rm(n) _N(png1)(”31°g“a<N)x)+0(N4 zite),

where the product is over all primes dividing 2N and

logp  2L'(1,x-an) 12,
N)=—-1+2y+ + - =),
a(N) v plzz]jvpﬂ Ty w20 @

where v is the Euler-Mascheroni constant and L(1,x_4n) is the L-function corre-
sponding to the quadratic character mod —4N .

Based on this result, Borwein and Choi posed the following:
Conjecture 1.2. For any squarefree N,

ZTQ,N(n)2 ~ %( H pi]_gl)xlogx.

n<zx p|2N
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2904 ROBERT OSBURN

The main result in [I0] is the following.

Theorem 1.3. Let Q(x,y) = x? + Ny? for a squarefree integer N with —N #
1 mod 4. Let ro,n(n) denote the number of solutions to n = Q(x,y) (counting signs

and order). Then
ZT2N N—(Hp%fl)xlogx.

n<z p|2N

In this note, we settle the conjecture in the remaining case, namely
Theorem 1.4. For —N = 1 mod 4, we have

ZTQ,N(TL)Q ~ %( H pﬁjl)xlogw

n<z p|2N

2. PRELIMINARIES

Let Q(z,y) = az? + by + cy? denote a positive definite integral quadratic form
with discriminant D = b? — 4ac and ged(a,b,c) = 1. Given @, let s be the largest
positive integer with D/x? an integer congruent to 0 or 1 modulo 4. We call  the
conductor of Q and set d = D/k%. Let 7(Q,n) be the number of representations
of the integer n by the form Q. We now relate r(Q,n) to counting the number of
integral ideals of norm n in a given class in a generalized ideal class group.

Given D = k2d we consider ideals in Ok, where K = Q(v/d). Let I, be the
group of fractional ideals of Ok which are quotients of ideals coprime to x and
let P, be the subgroup of fractional ideals which are quotients of principal ideals
(o) € I;, where a € Z+£0. Then set CL,,(K) = I,/ P,. The elements of CL,,(K)
correspond bijectively to proper equivalence classes of positive definite quadratic
forms of discriminant D = k2d. If the proper equivalence class of @ corresponds to
the ideal class ¢, then by [3], page 219, we have

r(Q,n) = Zw((ﬁs/r)Qd)J(c,«,n/rQ),
r|k
where

6 if D=—3,

w(D)={ 4 if D=—4,

2 otherwise.
Also J(¢,,n) is the number of integral ideals of norm n in the class ¢, where ¢,
is the image of ¢ under the natural homomorphism C'L,(K) — CL,/,(K). For the
form Q(x,y) = 2* + Ny? where —N = 1 mod 4, the conductor £ = 2 and so we

hav
e ro.n(n) = w(—4N)J(¢,n) + w(—N)J(c2,n/4)
=2J(c,n) + w(—=N)J(cz,n/4),

where ¢z is the image under CLy(K) — CL1(K), that is, ¢3 is a class in the ideal
class group of K = Q(v/—N).

We now discuss a classical result of Rankin [11] and Selberg [12] which esti-
mates the size of Fourier coefficients of a modular form. Specifically, if f(z) =
>0, a(n)e®™" is a nonzero cusp form of weight k on I'o(NN), then

Y- la(m)? = aff, flak + O@"9),

n<z
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where o > 0 is an absolute constant and (f, f) is the Petersson scalar product.
In particular, if f is a cusp form of weight 1, then Y _ l|a(n)]*> = O(z). One
can adapt their result to say the following. Given two cusp forms of weight k& on
a suitable congruence subgroup of I' = SLy(Z), say f(z) = > or, a(n)e*™™* and
g(2) = X222, b(n)e2™n, then

> a(m)b(n)n'~F = Az + O(a?),

n<z

where A is a constant. In particular, if f and g are cusp forms of weight 1, then

> <z @(n)b(n) = O(z).

We conclude this section with a relationship between genus characters of gen-
eralized ideal class groups and the poles of the Rankin-Selberg convolution of L-
functions. Recall that a group homomorphism y : Iy — S* is an ideal class character
if it is trivial on Ps, i.e.

x((a)) =1

for a = 1 mod (2). Thus an ideal class character is a character on the generalized
class group Is/P,. Recall also that a genus character (see Chapter 12, section 5 in
[5]) is an ideal class character of order at most two.

Let us also recall the notion of the Rankin-Selberg convolution of two L-functions.
For squarefree N, consider two ideal class characters x1, x2 for CLo(K), the gen-
eralized ideal class group of K = Q(v/—N), and their associated Hecke L-series

X1
S Xl sv
(a,2)=
X2( )
L2(57X2) = 5
(a,2)=1 N(CL)

which converge absolutely in some right half-plane. We form the convolution L-
series by multiplying the coefficients

Cl
La(s, x1 @ X2) Z Xl )
(a,2)=1

The following result describes a relationship between genus characters x and the
orders of poles of La(s,x ® x). The proof is similar to that of Proposition 2.4 in
[10].

Proposition 2.1. Let x be an ideal class character for CLy(K), —N = 1 mod 4,
and let Lo(s,x) be the associated Hecke L-series. Then x is a genus character if
and only if La(s,x ® x) has a double pole at s = 1.

Remark 2.2. By Proposition 2.1, if x is a non-genus character, then Lo(s, x ® x)
has at most a simple pole at s = 1.

3. PROOF OF THEOREM 1.4

Proof. As the proof is similar to that of Theorem 1.3 in [I0], we sketch the relevant
details. If —N =1 mod 4, then the discriminant of K = Q(v/—N) is —N. We also
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2906 ROBERT OSBURN

assume that ¢ is the number of distinct prime factors of N and so the discriminant
—N also has t distinct prime factors. For K = Q(v/—N), consider the zeta function

CK(572): Z 1

(a,2)=1 N(a)

where the sum is over those ideals a of Ok prime to 2. We now split up (x(s,2),
according to the classes ¢; of the generalized ideal class group C'Ly(K), into the
partial zeta functions (see page 161 of [7])

1
C(i(s) = Z N(a)s

acc;

so that (x(s,2) = Zizo_l ¢;(s), where hg is the order of CLy(K).

Let ¢ be the ideal class in C'Lo(K) which corresponds to the proper equivalence
class of Q(z,y) = 22 + Ny?. Now let x be an ideal class character of C'Ly(K) and
consider the Hecke L-series for x, namely

LQ(SaX) - Z ]\f((z))s

(a,2)=1

We may now rewrite the Hecke L-series as

ha—1

La(s.x) = D x(ei)Ce, ()-

i=0
Therefore, summing over all ideal class characters of C'La(K), we have

ho—1

S X(OLa(s ) = Y Cals) (3o TOK () )
X =0 X

The inner sum is non-zero precisely when ¢ = ¢;. Thus we have
1 _
G5 = 5 S XOLa(s. )
X

and so

Cels) = -

= 7, La(s:x0) + X7 () Lals, x1) + -+ + Ko =1(6) L5, X —1)-

As Yo is the trivial character, Ly(s,x0) = (x(s,2). Comparing n'" coefficients,
we have

J(e,n) = hi2(an L by(n) + - 4 bryr (),

where a,, is the number of integral ideals of O prime to 2 and of norm n, and the
b;’s are coefficients of weight 1 cusp forms (see [2]). Recall that we also have

ro,n(n) =2J(¢,n) + w(—=N)J(c2,n/4)

and so

ran(n) = %(an Fbi(n) 4o+ bh2_1(n)) +w(=N)J(c2,n/4).
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Thus
ZTQ)N(n)z = (Za + Zb —I—QZanbi(n)—i— Zbi(n)bj(n))
e "= <o na nZh
4
o Z (an by () + - b1 () Ju(=N) T (e2,m/4)
+ Z J(c2,n/4)2.

Assume —N =1 mod 8. Applying the main theorem in [6] to the Dirichlet series

>ono ==, we obtain
Z a? ~ Azxlogz,
n<z
where A = 355 L(1, x-n)? 1, ~ 7%5- As —N has t distinct prime factors, we have

2! genus characters for CL(K) where K = Q(v/—N). By [7] (see Theorem 1, page
127), we have 2! genus characters for C'Lo(K). We now must estimate > i bi(n)”.
Let us now assume that the first 28 — 1 terms arise from L-functions associated to

genus characters. By Proposition 2.1 and an application of Perron’s formula, we
obtain

Z bi(n)? ~ Azlogz.

n<z

As this estimate holds for each i such that 1 < i < 2¢ —1, the term Ax log x appears
2! times in the estimate of >, __ T'Q’N(n)2. By Remark 2.2 and the Rankin-Selberg
estimate, the remaining terms are all O(z). Thus

ngN 4 (QtQ—L(l X— 2H Jr1)30103’;30

n<z P‘N
By [H], we have L(1,x_n) = %, where h is the class number of K and hs = h.
Thus
2p
ZT'QN N—(H )xlogx.
n<x p|2N p+1

For —N = 5 mod 8, we have hy = 3h and again by [6],

Za (—L (1, x— )QHpil)xlogx.

n<lx p|N

Thus

ZT27N(n)2 ~ %( H p%fl)xlogx.

n<zx p|2N
O

Remark 3.1. We would like to mention another approach which confirms Theorems
1.3 and 1.4. Let Q € Z?*? be a non-singular symmetric matrix with even diagonal
entries and ¢(x) = %Q[X] = %XTQX, x € Z2, the associated quadratic form in two
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variables. Let r(Q,n) denote the number of representations of n by the quadratic
form @). Now consider the theta function

Z) _ Z eTrizQ[x]

xE€Z2
The Dirichlet series associated with the automorphic form g is

(4m)" %G 5 + 5),

where

9=y @y

x€z?\{0}
for R(s) > 1. A careful and involved application of the Rankin-Selberg method to
the above Dirichlet series (see Theorems 2.1 and 5.1 in [§] and Theorem 5.2 in [9])
combined with a Tauberian argument yields the following (see Theorem 6.1 in [§]):

Z r(Q,n)? ~ Agxlogz,

n<x
where Alg) N
q _
Ag=1220T(1+2)
9 plg P
Here ¢ = det @ and A(q) denotes the multiplicative function defined by

ey — e
A(p?) =2+(1 p)( 1),

where p is an odd prime, e > 1, and

1 ife<1,
A(2°) = 2 ife=2,
e—1 ife>3.

Let us now turn to our situation. Consider ¢(x) = 22 + Ny? = 1 x7'Qx, where
Q = (2,%), N squarefree. Thus ¢ = 4N. Suppose N has ¢ dlstlnct prime factors.
Then A(4N) = 2!*+1 and so

4q 2t+1H(1+ ) NHp+1

p|2N
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