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ABSTRACT. We introduce the operator-valued free Fisher information for a
random variable in an operator-valued noncommutative probability space and
point out its relations to the amalgamated freeness. Using M. Frank and
D. Larson’s modular frame notion we can construct the conjugate variable for
an operator-valued semicircle variable with conditional expectation covariance.
Then we obtain its free Fisher information and show it is equal to the index
of the conditional expectation. At last the conjugate variable with respect to
a modular frame operator for a semicircle variable is also constructed.

1. INTRODUCTION AND PRELIMINARIES

About twenty years ago, Dan Voiculescu introduced a noncommutative proba-
bility (or “free probability”) theory in the framework of operator algebras. The
theory soon became a powerful tool in the study of operator algebras. Especially,
its connections with random matrices and the notion of free entropy are very im-
portant in the study of von Neumann algebras. We would like to refer the readers
to [I7] for more details on the basic knowledge on free probability theory.

The key notion in free probability theory is “free” independence (or “freeness”)
replacing the classical independence in probability theory. Originally a free proba-
bility space is a pair (A, 1), where A is a C*- or von Neumann algebra and 7 is a
state. Free independence is defined in terms of a reduced free product relation given
by 7. This notion was generalized by Voiculescu and others to an algebra-valued
noncommutative probability space where 7 is replaced by a conditional expectation
E onto a subalgebra B of A, and freeness is replaced by freeness with amalgama-
tion.

Definition 1 ([18]). Let A be a unital algebra over C, and let B be a subalgebra
of A, 1€ B. Ez: A— B is a conditional expectation, i.e. a linear map such that
Ep(biabs) = b1 Eg(a)be, Eg(b) = b, for any b,by,bs € B, a € A. We call (A, Eg, B)
an operator-valued (or B-valued) noncommutative probability space and elements
in A are called B-random variables.

The algebra freely generated by B and an indeterminate X will be denoted by
B[X]. The distribution of a € A is a conditional expectation p, : B[X] — B, po =
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Ep o7, where 7, : B[X] — A is the unique homomorphism such that 7,(b) = b,
for any b € B, 7,(X) = a.

Let B C A; C A (i € I) be subalgebras. The family (A;);cr will be called free
with amalgamation over B (or B-free) if Ep(aias---a,) = 0 whenever a; € Aj;
with iy # iy # -+ # in and Eg(a;) = 0,1 < j < n. A sequence {a;}icr C A will
be called free with amalgamation over B if the family of subalgebras generated by
(BU{a;})ier is B-free.

In this paper we mainly consider B-valued W*-noncommutative probability
space. That is to say, A is a von Neumann algebra, 5 C A is a von Neumann
subalgebra and Eg is a normal conditional expectation of A onto B (i.e. Eg is a
norm 1 projection).

In this paper we always assume that conditional expectations are faithful. To
be precise, the conditional expectation E satisfies E(xz*) = 0 if and only if = 0.

D. Voiculescu provided two versions of free entropy: one is defined by the matri-
cial microstates approach and the other is defined by the infinitesimal microstates
approach. This paper is about the latter one. In this approach the free Fisher
information measure ®* comes first and the free entropy is derived from it. So
discussing the free Fisher information is essential in the study of this version of
free entropy ([20], [21]). However, in this paper we generalize the free Fisher in-
formation to the operator-valued settings and prove it to be closely related to the
amalgamated freeness just like the free Fisher information ®* is related to freeness
(see [20]). But unfortunately, we cannot prove this result in the operator-valued
settings following D. Voiculescu’s way in [20], because, in general, conditional ex-
pectations are not tracial (in the settings of [20], there is always a trace 7 on A,
that is, 7 satisfying 7(aja2) = 7(agaq), for all aj,a2 € A). We find that using
R. Speicher’s combinatorial theory in operator-valued free probability can over-
come the difficulty. R. Speicher’s theory mainly deals with the relations between

moment function and cumulant function (see [13]). He uses kg = (kl(gn))nzl and
Ep = (El(gn)) to denote the moment and cumulant functions induced by Ep re-

spectively where El(gn)(al ®--Qay) = Ep(ay -+ - ay) and kgl) is determined by the

(0) _
B

following recurrence formula (where E’ = 1 formally):

_ Z Z kg+1)(a1E,(;(l)_2) (a1 ® - ® ai(l)—l)
r=0 1<i(1)<i(2)<--<i(r)<n
® ai(l)E(Bi(Q)*i(l)fl)(a¢(1)+1 ® - ®ay2)y-1)
@ i) ® ai(r)Ez(s‘nii(r))(“i(r)+l Q- @an))

for all n € N and ay,---,a, € A. It is easy to see l/?;g and E; determine each
other uniquely by the above recurrence formula. Then in [9], the authors gave an
equivalent condition of the amalgamated freeness:

Lemma 2 ([9]). Let B,C 2 D be two subalgebras in D-valued noncommutative
probability space (A, Ep, D). Eg,Ec are the conditional expectations of A onto
B,C respectively and satisfy Ep = EpFEg = EpFEe. Then B and C are D-free if
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and only if
kgl) (1 ®caby @ - @ cpby) = ]ggl) (c1 ® caEp(be) ® -+ @ cpnEp(by))

for any by,ba, -+ b, € B;ci,¢0, ¢, € C, where (kgl))nzl,(kzgl))nzl are the
cumulant functions induced by Eg, Ep respectively.

In the present paper we will use modular frames to compute the free Fisher
information of a semicircular variable. The notion of modular frames is a natural
generalization of frames in Hilbert space to Hilbert C*-module settings. For a unital
C*-algebra D, a Hilbert D-module is a linear space and an algebraic D-module M
together with a D-valued inner product (.,.})p and complete with respect to the
Hilbert C*-module norm: ||{.,.)p||2. We refer to [8] for more details on Hilbert
C*-module theory. A sequence {f; : j € J} C M is said to be a frame if there are
real constants C, D > 0 such that

C(z,z)p < Z@U’fi)D(fi,xb < D{z,x)p, for all z € M.

When C = D =1 the frame will be called normalized tight. Note that for a frame
the sum in the middle only converges weakly, in general. If the sum converges in
norm, then the frame will be called standard (see [4]). For a standard frame there
is a positive invertible adjointable operator .S, which is called the frame operator,
such that the following reconstruction formula holds: z = 3, ST fi){fj,x)p, for
all z € M, where the sum converges in norm. Usually, {S™'(f;)}; is called the
dual frame for {f;};. M. Frank and D. Larson also proved that every algebraically
finitely or countably generated Hilbert C*-module possesses a standard normalized
tight frame ([4]).

Note that in Frank and Larson’s papers the first variable in the inner product is
linear while in this paper the second one is linear.

The paper is organized as follows: In section 2, we introduce the notion of
operator-valued (or B-valued) free Fisher information ®3(X : C) with respect to a
subalgebra C for a self-adjoint random variable X, which is defined in a way that
is almost identical to the definition of ®*(X : C) given in [20]. Then we show the
relations between the operator-valued free Fisher information and the amalgamated
freeness. To be precise, we show that X is free from C with amalgamation over B
if and only if ®3(X : C) = ®3(X : B). This result is also a generalization of the
corresponding result in [21] but we have to use a quite different method to prove
it. In section 3, we construct the conjugate variable for a semicircular variable X
with conditional expectation covariance E, and thus we find the Fisher information
of such semicircular variables. Then we prove a free relation between X and a
subalgebra which has important applications in index theory. It is also shown that
O5(X : B) = IndexE. At last, D. Shlyakhtenko’s free Fisher information with
respect to a positive map is considered and we can compute it in some special
cases.

2. OPERATOR-VALUED FREE FISHER INFORMATION

The classical Fisher information is derived from the statistical estimation theory
which was defined by R. A. Fisher (for some details we refer to [2]). By analogy with
the classical case D.Voiculescu introduced the free Fisher information of self-adjoint
random variables in a tracial Wx-noncommutative probability space (see [20], [21])
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and proved many basic properties. Then A. Nica, D. Shlyakhtenko, and R. Speicher
investigated it in view of the cumulant (see [9]) and some minimization problems of
it ([I0]). D. Shlyakhtenko even introduced the free Fisher information with respect
to a positive map ([14]). All of these works are done in the tracial von Neumann
algebra framework. Now we generalize the notion of free Fisher information to
operator-valued settings, and our work is done in the general von Neumann algebra
framework. The way we define it is almost identical to D. Voiculescu’s way in [20].

Definition 3. Let (A, Eg, B) be a B-valued W*-noncommutative probability space.
Suppose B C C C A is a von Neumann subalgebra and X = X* € A is algebraically
free from C modulo B. L%(C[X]) denotes the Hilbert B-module generated by C[X]
whose inner product is defined by (x,y) := Ep(z*y), for any z,y € C[X]. £ €
L%(C[X]) will be called the conjugate variable of X with respect to C if

(1) Ep(écoX -+ Xep) = Ep(coX - Xej1)Ep(e; X -+ Xey),
j=1
for all cg,c1,-+- ,c, €C.
The free Fisher information of X with respect to C denoted by ®3(X : C) is
defined by
(2) (X : C) := Ep(£€7).

We usually use the notation Jz(X : C) to denote the conjugate variable of X
with respect to C in a B-valued noncommutative probability space.

Remark. The conjugate variable of X is unique since we always assume Eg to be
faithful.

We can also define the conjugate variables Jp(X : C) in terms of the cumulant
function modifying Theorem 4.1 in [9].

Lemma 4. Let (A, Eg,B) be a B-valued noncommutative probability space. Sup-
pose B C C C A is a von Neumann subalgebra and X = X* € A is algebraically
free from C modulo B. Let E¢ be a conditional expectation of A onto C such that
Eg = EgEc. &€ € LE(C[X]) is the conjugate variable of X with respect to C if and
only if the following equations hold:

kél)(fc) =0, for any c € C;
ké2) (E®ca) =d,xEg(c), for any c € C;
kém+1)(§ ®cr1a1 @ - @ cpmam) =0,  forany ey, ,¢m €C;m > 2,
where a1, ,am,m € {X}UC, and k¢ is the cumulant function induced by Ec.
Proof. Since Ep is faithful and Eg = EgF¢ we know equation (1) is equivalent to
(3) Ec(6coX -+ Xen) = Y EplcoX -+ Xcj_1)Be(e; X -+ Xey).
j=1

Now suppose £ is the conjugate variable of X. Then
kD (€e) = B (¢¢) = 0, forall c € C,

and

ES) (€ ® ca) — kS (EBe(ca))
= Ec(&ca) = d.x Eg(c).

k((f) (€ ® ca)
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To prove the third equation we proceed by induction on m > 2. When m = 2,
we have

Eég) (£ ® c1a1 ® coas)
kél)(fEég)(Clch ® coa2)) + k:ég) (¢ ® cra1 Eg(coaz))
+ké2) (EEc(c1a1) ® caaz) + kés) (E®cra1 ® caaz)
= da, x EB(c1) Ec(caa2) + da,x Ep(crar) Ec(cz2)
—i—k((j?’) (£ ®cra1 ® coaz).
Noting that £ is the conjugate variable, so we get
kég) (£ ® cra1 ® caaz) = 0.
Now assuming the equation holds for the numbers < m — 1, then
Ec(§®c1a1 @ Q cmam,)

= Z k((:?) (é-Eéjil)(clal Q- ® ijlaj,l)
1<j<m+1

®cjajEém_j)(cj+laj+1 ® ®Cmam)) + kém—’_l)(f ® €101 @ - ® Cnm)-
Since ¢ is the conjugate system of X and because of (3), we have

mH (§ ®c1a1 @ -+ ® Cpam) = 0.

It is easy to see that the above process is invertible and so the converse is also
true. (I

Now we can prove the following proposition using the above result.

Lemma 5. With notation as in the above lemma, suppose B[X] is free from C with
amalgamation over B. Then Jg(X : B) = Jg(X : C).

Proof. Since Jg(X : B) is the conjugate variable of X with respect to B and B[X]
is free from C, we have for any c € C,

Eg(Ec(Js(X : B)e))
= EgEX(T5(X : B)® )
= Es(k (Ts(X : B) @ ) + k¢ (Ts(X : B)e))
= Ep(Js(X : B)Eg(c))
=0.
The second equality follows from Lemma 2. Since FEp is faithful, we infer that
kél)(JB(X : B)) = 0. Then
P(ITs(X - B) @ eX)
=k (Ts(X :C)®e® X)
+h” <k<2><JB<X B) ® e)ke(X)) + k¢ (Ts(X : B)ke(e) ® X)
=k (Js(X : B)Es(e) @ X) = Eg(e)
where e € C.
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For all m > 2;e1,e9, -+ , e, € C, we have

KM (Is(X B @ e X @ @ enX)
= k;(Berl)(jB(X :B)@ Ep(e1)X ® -+ @ Eg(em)X)
=0.
Thus it follows from Lemma 4 that Jg(X : B) = Jg(X : C) since Jp(X : C) is

unique. O

Remark. The above proposition is a generalization of Proposition 3.6 in [20]]. Obvi-
ously we have not used the method of proof explained in [20] since Ej is not tracial
in general.

In the proof of the following theorem we will use the notion of the B-valued
liberation gradient ([21], [9]). Let B C C;1,C2 C A be subalgebras of A, which are
algebraically free modulo B. We define a derivation

5C1:C2 :C1VCy — (C1 \/Cg) ® (C1 \/CQ)

as follows:

c®pl—1®pc, ifceCCy,
denca(c) =1 if c€Cy

¢ € L% (Cy V Co) will be called the B-liberation gradient for (C1,Cs) if it satisfies
Ep(§m) = (Es ® Ep)(dc,:c,m)

for any m € (C; V C2). We denote it by jg(C; : C2). An important property of the
liberation gradient is: Cq,Cs is B-free < jg(Ci : C2) =0 ([9]).

Theorem 6. (i) IfC is free from B[X] with amalgamation over B, and if 5(X : B)
exists, then ®5(X : C) exists and (X : C) = @5(X : B).

(ii) Suppose ®H(X : B), P5(X : C) exist and are equal to each other. Then X is
free from C with amalgamation over B.

Proof. (i) can be inferred from Lemma 5 directly.
(ii) We can prove this following D. Voiculescu’s method in [2T]. Here we sketch
it briefly. Since Egx)Ep = Ep and Ep|x) is self-adjoint, we have

jB(X . B) = EBJB(X : C),
and since ®3(X : C) = ®H(X : B), we get
Ep(Js(X : B)Jp(X : B)*) = Eg(Js(X : C)JIp(X : C)¥),
and JB(X : B) = JB(X : C)
Therefore,
J(B[X]:C) = [Ts(X : C), BIX]]
= [Js(X : B), BIX]] € L(B[X])
where j is the B-liberation gradient. Hence, j(B[X]:C)eL%(B[X]) and j(B[X]: B)

= 0 since (j(B[X]:C),B[X])s = 0. Thus j(B[X]:C) = 0, and the desired result is
obtained. (]
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3. OPERATOR-VALUED FREE FISHER INFORMATION
OF SEMICIRCULAR VARIABLES

Recall that the most important random variable is the semicircular variable. In
an operator-valued noncommutative probability space, a semicircular variable is
connected with a linear map.

Definition 7 ([13], [18]). Let (A, Eg,B) be a noncommutative probability space
and let 7 : B — B be a linear map. A self-adjoint element X € A will be called
a semicircular variable with covariance n (or n-semicircular variable) if it satisfies

ESN(X) = 0,62(X @ bX) = (), kY TV(X © 01X @ -+ @ by X) = 0, for all
bby, - b € B.

In general, the construction of conjugate variables is difficult, but for a semicir-
cular variable with the conditional expectation covariance we can do it.

Given a conditional expectation E of B onto D, we can define a D-valued inner
product (z,y)p := E(z*y), for all z,y € B, just as in section 1, and use L% (B) to
denote the completion of B with respect to the norm ||z| := ||(z, z)p]| 2.

Proposition 8. Let D C B C A be a von Neumann subalgebras’ inclusion. E :
B — D, Eg: A— B are conditional expectations, and suppose Ep = EEg, L% (B)
= B. Let {f;} € L%(B) be a standard frame in L3,(B). Let X = X* € (A, Eg, B)
be an E-semicircular variable. Then

Ip(X : B) = ZgiXEU:),

Io(X :D) = X,

jB(X : B) = ginZ-*
where {g;} is a dual frame for {f;} and the above infinite sums are assumed to be
convergent in norm.

Proof. To prove the first equality we need to verify that > ¢; X E(f}) satisfies the

equalities in Lemma 4. In fact: kg)(z g XE(f)) = 0, since X is semicircular,
and

k(O 9 XE(f7) @ bX)
= EB(Z giXE(f)bX)
= ZglE(fZ*E(b)) (since X is E-semicircular)
= FE(b) (since {g;} is the dual frame of {f;})
and for all m > 2,
kg VO g XE(ff) @b X @ @b, X) =0 (since X is semicircular).

The second equality can be proved in a way similar to the above by noting that
X € (A, Ep, D) is an id-semicircular variable.
The third one can also be obtained in the same way. (I

Theorem 9. Let the notation and conditions be as in the above proposition. Then
oL (X :B) = ZE(fJ)E(g;‘) =1L o5(X:D)=1; d(X : B) = Zfig;‘.
J 7
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Proof. We only prove the first one. In fact
= Ep(Y i XE(f7) ) E(f)Xg})
i J

— E(Z g Es(XE(f1)E(f;)X)g])
= E(Z g E(E(f{)E(f;))95)

— E(Z E(f))g}) = Z E(f;)E(9;)
~ 1.

The remaining two equalities can be proved in a similar way. O

Theorem 10. Let X = X* € (A, Eg,B) be an E-semicircular variable, where
E is the conditional expectation of B onto D and assume the Hilbert D-module
L%4(B) = B to be finitely or countably generated. Let Ep := EEg. Then X is
free from B with amalgamation over D in the D-valued noncommutative probability
space (A, Ep, D).

Proof. From Theorem 9, ®4(X : B) = > E(f;)E(g;) = 1 and ®3(X : D) = 1, and

J
from Theorem 6 we get the desired result. O

The above theorem has an important application: We use W*(B, X) to denote
the von Neumann algebra generated by B and X. Then W*(B, X) = Bxp L>[0, 1],
which is a construction frequently used in index theory (see [I1]), where *p denotes
the free product amalgamated with D.

After the introduction of Jones’ paper [7] several notions of index for conditional
expectations between von Neumann algebras appeared (see [I], [12], [L6]). This
generalization forces the index to be no more a scalar but a positive operator. A
conditional expectation E : M — N is said to be of finite index if there exists an
N-orthonormal basis {m;};c; of the N-Hilbert module M such that > m;m} is
weakly convergent and IndexE =), m;m; ([12]). Since an orthonormal basis is
a special normalized tight frame, we get the following.

Corollary 11. Let E : B — D be a conditional expectation. If L% (B) = B, then
O%5(X : B) = IndezE.

4. FREE FISHER INFORMATION WITH RESPECT TO A POSITIVE MAP

In [14], D. Shlyakhtenko introduced the free Fisher information with respect to
a positive map in a tracial Wk-noncommutative probability (A, 7), where 7 is the
tracial state on A, as follows.

Definition 12 ([I4]). Suppose (A, 7) is a W* probability space with 7 faithful trace
and X = X* € A. Let B C A be a unital W* subalgebra, and let n : B — B be
a (completely) positive map. J(X : B,n) € L?(B[X]) will be called the conjugate
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variable for X with respect to B and 7 if it satisfies

(4)  T(T(X:BmboXbiX -+ Xby) =Y 7(n(Ep(boX -+ bj_1))b;X -+ Xby),

j=1
for all by, by, -+ ,b, € B, where Eg is the unique conditional expectation of A onto
B such that 7Eg = 7. The free Fisher information of X with respect to B and 7 is

defined by
(X :B,n) :=7(J(X :B,n)T (X :B,n)").

D. Shlyakhtenko extended many facts proven in [20] to ®*(.,B,n) with similar
proofs, and he also found out the relation between the Jones’ index for 117 subfac-
tors and the free Fisher information with respect to a map. We can see that in the
tracial case D. Shlyakhtenko’s notion is similar to ours to some extent. In addition,
we can also compute the free Fisher information with respect to a modular frame
operator.

Theorem 13. Let D C B C (A, 1) be a von Neumann subalgebras’ inclusion, and
let E: B — D be a conditional expectation. Assume 1 is a (completely) positive

invertible map of B onto B, and let X be a semicircular variable with covariance
E. Then

J(X:Bm) =Y [Xf, ®(X:Bmn) =Y rn(fi)f),

1€N %

where {f;} is a frame in the Hilbert D-module L2,(B) with frame operator n, such
that the above sums are convergent.

Proof. To prove J(X : B,n) =Y. f; X fF, from [14], Proposition 6.2, we only need
ieN
to show that

(5) 7O LXF70XY) = 7(n(D)Y)
for all b,b' € B. In fact,

(O LX[P0XY) = 7(Es (D LiX f70X))
=) LEs(XF0X0) = 70> LE(fDY)
=7 KEf n®)Y) = r(n®)Y).

Hence we obtain (5). Then

(X1 Bym) = m((3_ SiX QL FX )
=7 LBs(Xf X))

=TQUREI 1)) =7 n(i) 7). 0
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