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POROSITY AND HYPERCYCLIC OPERATORS
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ABSTRACT. We study if the set of hypercyclic vectors of a hypercyclic operator
is the complement of a o-porous set. This leads to interesting results for both
points of view: a limitation of the size of hypercyclic vectors, and new examples
of first category sets which are not o-porous.

1. INTRODUCTION

Let X be a separable F-space (namely a topological vector space whose topology
is induced by a complete invariant metric p). An operator 7' on X is said to be
hypercyclic provided there exists a vector  in X such that the orbit Orb(z) =
{T™x; n > 0} of z under the action of T is dense in X. Such a vector is called a
hypercyclic vector for T, and we denote by HC(T') the set of its hypercyclic vectors.

Many operators have been proved to be hypercyclic. The first example goes back
to Birkhoff [Bi]. Let H(C) be the space of holomorphic functions on C, endowed
with the topology of uniform convergence on compact sets. The usual metric on
H(C) is given by

P 27 \ T+ supp, <, 1F(2) — 9(2)]

n>1

for f,g € H(C). Let T be the operator of translation by one on H(C), defined by
Tf(z) = f(z+1). Then T is hypercyclic.

The first hypercyclic operator in the context of Banach spaces was exhibited by
Rolewicz [Rol|. Let B be the backward shift on 7 (1 < p < +00) or ¢g:

B(]Zl,[lig,.. ) = ($271‘3,. )

B itself is not hypercyclic since it is a contraction, but any scalar multiple AB, for
A > 1, is hypercyclic on £? or ¢y. More generally, Salas has characterized in [Sal] the
hypercyclic weighted shifts. An excellent account on the subject of hypercyclicity
up to 1999 can be found in [Gre].

A strange phenomenon appears during the study of HC(T') for a given hyper-
cyclic operator T: as soon as T is hypercyclic, the set of its hypercyclic vectors is
very large. Indeed, HC(T) is topologically generic (it contains a dense G set) and
algebraically generic (it contains a dense subspace, except 0, see [Boul). A natural
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question arises: can we replace the statement that [HC(T')]° is of first category by
a more restrictive one, using by instance the geometric notion of o-porous sets?

Definition 1. Let (E,d) be a metric space. A subset A C E is said to be porous
at x provided there exists a positive number A such that, for any § > 0, there exists
y € E satisfying

0 <d(y,z) < and By, d(y,z)) N A =g.

A is porous if it is porous at all points of A; it is A-porous if it is porous at all
points with the same constant \. Porosity is a more restricted notion than nowhere
dense; it is something like nowhere dense with estimates.

A set A is said to be o-porous if it is a countable union of porous sets. Our
reference on o-porous sets is [Zall]. o-porous sets are very thin. On R", a o-porous
set is of first category and has measure 0. However, the question above is meaningful
because L. Zajicek proved that in any complete metric space without any isolated
points (in particular, in any F-space), the notion of first category and o-porous
sets are distinct [Za2].

Let us return to the case of hypercyclic operators. We call a o-porous hypercyclic
operator an operator whose set of non-hypercyclic vectors is o-porous. In Section
2, we prove that in two important classes of hypercyclic operators (weighted shifts,
composition operators), we can find natural examples of non-o-porous hypercyclic
operators. On the contrary, there exist o-porous hypercyclic operators, and in
Section 3 we exhibit two examples of such operators. The first one is in the context
of Banach spaces, but the o-porosity is trivial. The second one is the translation
operator of Birkhoff.

These results seem interesting, because this is the first limitation on the size of
hypercyclic vectors. Observe also that it is not so easy to exhibit a first category
set which is not o-porous. So Section 2 supplies new examples of sets of this type.

2. EXAMPLES OF NON-0-POROUS HYPERCYCLIC OPERATORS

We begin by several lemmas. The first one is a very useful technical tool in the
theory of o-porous sets. A proof can be found in [MMPZ].

Lemma 1. Let 0 < A < 1. Then any o-porous set A can be expressed as the union
of a sequence of sets (A,,) such that A,, is porous at any point with constant greater
than .

We shall say that A is o-A-porous to express that A =J,,~,; An, where each A,
is A-porous. Lemma [I] says that each o-porous set is in fact o-A-porous, for any
A €]0,1[. Our second lemma is a way to prove that a family of closed sets contains
no o-1/2-porous sets. It is known in the literature as Foran’s lemma (see [Zall),
and we formulate it for the special case of 0-1/2-porosity :

Lemma 2. Suppose that F is a nonempty family of nonempty closed sets such
that for each F € F, and each open ball B(x,r) with F N B(x,r) # &, there exists
G € F such that GN B(z,r) # &, GN B(z,r) C FN B(z,r) and F N B(x,r) is
1/2-porous at no point of GN B(x,r). Then no set from F is o-1/2-porous.

Combining Lemma [I] and Lemma B no set of such a family is in fact o-porous.
The last lemma is a very easy result on complex numbers.
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Lemma 3. Let u,v be complexr numbers, and 0 < A < 1. Then there exists w € C
such that
v —w| = Alv — u| and |w| > Aul.
Proof. We may write v = |v]e?’. We set w = (Jv| + A|u — v|)e??. We then have
|lw —v| = Alu — .
On the other hand, by using the reverse triangle inequality, one obtains
] = o] + Alul = Afo] > Alul.

O

The rest of this section will be devoted to the proof of our main results. Let T
be a hypercyclic bilateral bounded weighted shift acting on ¢2(Z) and (w, )nez its
weight sequence. Namely, Te,, = wye,—1 where, as usual, (e, ),ez is the canonical
basis of £2(Z).

Theorem 1. If the series ), W converges, then the set of non-hypercyclic
vectors for T is not o-porous.

For instance, if w,, = 2 for any n > 1 and w,, = % for any n <0, T is a non-o-
porous hypercyclic operator. As will be clear after the proof, this Theorem remains
true for a unilateral backward shift acting on ¢?(N) satisfying the same condition.
Hence, 2B is a non-o-porous hypercyclic operator.

Proof. Fix (27) a dense sequence in 2, with ! = 0. The set of non-hypercyclic
vectors for T' is

ey = U {retimz, rre-s) 2

Jk>1
= U Fj,k.
Jk>1
In particular, one has the following inclusion:
G={z=(z,) € Yn>1, |wi...wm,| >1} C Fyy C[HC(T)]".

It is enough to prove that G is not a o-porous set, or by Lemmal[ll, a 0-1/2-porous
set. For ¢ = (g,)n>1 a sequence of positive numbers in ¢?(N), denote by F. the
nonempty closed set

F. = {x = (z,) €% Yn>1, |z,| > En},
L__ Therefore, it

and by F the set of all F.. Observe that G = F;, with ¢, = P

is enough to prove that F satisfies the assumptions of Lemma 2l Now, take ¢ to
be such a sequence, z € ¢? and r > 0 such that B(z,r) N F. # @. We should first
build another sequence ¢’. Let y belong to B(z,r) N F., and let 0 < p < 1 such
that ||z — y|| < pr. One may fix N > 1 such that one has

> (ol +320)” < (1= )
n>N

On the other hand, we consider § > 0 sufficiently small so that the following
inequality holds:

Z (|xn - yn‘ + 5)2 < ,U/T2~
1<n<N
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We define ¢’ = (&) by setting

el, = en+0 f1<n<N,
e, = 3e, otherwise.
We finally define z = (z,,) by setting
Zn = (lyn| +6)e if1<n<N,
zn = &, otherwise,

where 0, is defined by y,, = |y,|e??". It is straightforward to check that z belongs

to F., and that F., is a subset of F.. Moreover,

|2 — 1,”2 < Z ([yn — @4l +5)2 + Z (|2n| + 3€n)2 <r?

1<n<N n>N

and so F.o N B(x,r) is nonempty. It remains to prove that F. N B(z,r) is 1/2-porous
at no point of F., N B(xz,r). To this end, take « in F., N B(x,r) and take any v in

B (u, min ((5, %)) We claim that
B (v, L;“) NF.NB(z,r) # 2.

First, observe that by construction B (v, @) C B(z,r). Second, by Lemma B]

|ty

[un — vl and |w,| > 2nl

for any n > N, one can find w, such that |w, — v,| <
For n < N, we set w, = v,. Clearly, w = (w,) belongs to B (U, @) Now, if
1 <n < N, one has

On the contrary, if n > N, one has

u
a2 2>

Thus, w belongs to B (1}, w) N F, and this achieves the proof. O

The techniques used in Theorem [[lmay also be applied to prove that some classi-
cal hypercyclic composition operators are non-o-porous hypercyclic operators. Let
¢ be a hyperbolic or a parabolic automorphism of the unit disk D (for background
materials on this, we refer to [Shl]). It is well known that ¢ induces a bounded
composition operator Cy(f) = f o ¢ on the classical Hardy space H*(D) and that
Cy is hypercyclic.

Theorem 2. Cy is a non-o-porous hypercyclic operator.

Proof. We restrict ourselves to the case where ¢ has fixed points in {—1,1}, with
Denjoy-Wolff point 1. Hence, one may write ¢(z) = (z + r)/(1 4+ rz), where r =
(a—1)/(a+1) and a > 1 if ¢ is hyperbolic, or ¢(z) = [(s — 2i)z — s]/(sz — s — 20)
where s is a nonzero real number if ¢ is parabolic. For n € Z, denote by z, = ¢,,(0),
where ¢,, = ¢ o--- 0 ¢ is the n-th iterate of ¢ if n > 0, ¢, = ¢ Lo--- 0! if
n < 0. One has z, = (a” —1)/(a™ + 1) in the hyperbolic case, z, = ns/(ns + 2i)
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in the parabolic one. By a result of Hurst [Hu| (see also [NRW]), Cy is similar to

an operator of the form
W 0
(% 5)

where W is the weighted bilateral shift on ¢?(Z) with weight sequence w, =

V31— |2 |2

= In the hyperbolic case, the sequence (w,) has limit \/a at +oo,

1 — [zn41]
1
and therefore Z < +4o00. In the parabolic case, one has w, =
= (wy - Wy )2
1)252 + 4
V1P 44 at
n2s2 +4

(n+1)%s® 44

2
(wy...wy)" = o

b

and the same is true. Now,
[HC(T)]® D {((xn), (yn)) e’ x1? vyn>1, lwy ... wpx,| > 1}.

As in Theorem [ one proves that this set is not o-porous, and this gives the
result. O

3. EXAMPLES OF 0-POROUS OPERATORS

In view of the results of the previous section, one may expect that the comple-
ment of the set of hypercyclic vectors is never a o-porous set. This is far from
being the case. Indeed, C. Read has exhibited in [Re] an operator on ¢! such that
all vectors, except zero, are hypercyclic, and clearly {0} is o-porous!

This example is in some sense trivial. We give next a concrete example of a
hypercyclic operator, whose set of non-hypercyclic vectors is a o-porous set which
is not reduced to {0}.

Theorem 3. Let T be the operator of translation by one on H(C), equipped with
the usual metric. T is a o-porous hypercyclic operator.

In one sense, one can say that the operator of translation is more hypercyclic
than twice the backward shift: it has more hypercyclic vectors. Before proceeding
with the proof of Theorem B] one should introduce some notation. If K is a compact
subset of C, and if f belongs to H(C), we denote by || f||x the supremum of |f(z)]
on K. Moreover, K, means the closed ball of center 0 and of radius n in C.
The following elementary lemma will be useful (recall that the distance p has been
defined in the introduction).

Lemma 4. Let f,g be in H(C) and r be a positive integer. The following inequal-
ities hold.

1
@) p(f.9) < IIf =9l + 5
(2) Suppose that 2"p(f,g) < a < 1. Then one has

o
_ < =
If = gllze, < 3=
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Proof. (1) We have

T

L I —gle. 1
p(f.9) < 2::? —_KTjL Z on

n=r+1

IN

(2) From the inequality

1 Hf_g”KT
P9 2 5 X T gl

we deduce

2"p(f, 9)
If =gll, < 7577 o5 )

The monotonicity of the function = — z/(1 — x) on ]0, 1] gives the conclusion. O

Let us now proceed with the proof of Theorem[3l We denote by (P;) an exhaus-
tive sequence of all polynomials with coefficients in Q + Q. It is plam that

=l UPFG.k
J>1k>2
where F(j, k) is the closed set defined by

FU%Oz{fGHK)Vn>Lpamﬂg)>%}

We shall prove that each F(j, k) is porous. Given a couple (j,k), we set p =
In 2k
n2

porous, with A any positive number satisfying the following inequality:

23p+2>\ 1
122y S ok
Observe that if A is close enough to 0, the previous condition is fulfilled, and

that it implies 23712\ < 1. Now fix f € F(j,k) and § > 0. Let N be an integer
such that

+ 1, where [z] means the integer part of z. We claim that F(j,k) is A-

1 1) 1
oV S ST
By Mergelyan’s Theorem, there exists a polynomial gg such that

1)

IF gl < 3,
IT-N72PP; — gollntoprk, < i
J P P 4k

(N + 2p + K, is the closed ball of center N + 2p and of radius p.) By Lemma []
item (1), one has

We now pick any g € H(C) such that p(g,g0) < Ap(f,g0) < %‘5 and prove that g
does not belong to F (4, k). Indeed, we deduce from

2N+ (g, go) < 2PN <1
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and from Lemma [ item (2) the following inequality:

23p+2 )
g = gollknis, < 1 o3r2y”

This in turn implies

R P A PR L e
< g = gollxya, T ll90 =TV 2P i ke,
23P+2 )\ 1
S T2 T m
1
< —.
= 2%

By using Lemma [ item (1), one last time, one finally gets

11 1
TN+ g P < — 4+ — < —.
p( g, ])— 2k+2p < k

g does not belong to F(j, k). O

Remarks.

(1) The previous proof actually yields a more precise statement: [HC(T)] is a
union of closed o-porous sets.

(2) A key argument in the previous proof is the fact that the metric p is non-
homogeneous. In particular, with the notation of the proof, there exists a single
n € N such that, for any g € H(C) with p(g, g0) < Ap(f, g0), one has p(T™g, P;) <
1/k. In the context of Banach spaces, such an argument seems difficult to use.
Indeed, let X be a separable Banach space, T' a bounded operator on X, and (z7)
a dense sequence in X with z! = 0. Suppose that there exists u € X such that
IT™u|] — +oo (this is true for a large class of hypercyclic operators). Keeping the
notation of the proof of Theorem [I, namely

F(j,k)={zeX; Vn>1, |[T"z — 27| > 1/k},

u belongs to F(1, k) provided k is large enough. Assume that F'(1,2k) is A-porous
at u. We fix N such that |[T"u|| > 5% for n > N. Let 6 > 0 and y € B(u,0)
such that B(y, Ally — u||) N F(1,2k) = @. Provided § is sufficiently small, we may
assume that ||T"y|| > 5 for n < N. Since y does not belong to F(1,2k), there

exists n > N such that ||T"y|| < 5. Now, set z =y + 5(y — u). One has

el = G il = (145 ) Il
> 23,1
— k 4k T 2k

Hence, we cannot choose the same n for each z in B(y, M|y — u||). For this reason,
it seems to be more complicated to build a o-porous hypercyclic operator on a
Banach space, and we end this paper by asking the following question.

Question 1. Does there exist a o-porous hypercyclic operator on a Hilbert space?
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