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(Communicated by Jonathan M. Borwein)

Abstract. A parametric version of the Borwein-Preiss smooth variational
principle is presented, which states that under suitable assumptions on a given
convex function depending on a parameter, the minimum point of a smooth
convex perturbation of it depends continuously on the parameter. Some ap-
plications are given: existence of a Nash equilibrium and a solution of a vari-

ational inequality for a system of partially convex functions, perturbed by
arbitrarily small smooth convex perturbations when one of the functions has a
non-compact domain; a parametric version of the Kuhn-Tucker theorem which
contains a parametric smooth variational principle with constraints; existence
of a continuous selection of a subdifferential mapping depending on a param-
eter.

The tool for proving this parametric smooth variational principle is a useful
lemma about continuous ε-minimizers of quasi-convex functions depending on
a parameter, which has independent interest since it allows direct proofs of
Ky Fan’s minimax inequality, minimax equalities for quasi-convex functions,
Sion’s minimax theorem, etc.

1. Introduction

The variational principles in Banach spaces, i.e. Ekeland’s variational principle
[12], [13] and its smooth generalizations: Borwein-Preiss’ [3] and Deville-Godefroy-
Zizler’s variational principles [9], [10], [11], are now one of the main tools in non-
linear and non-smooth analysis. Various applications of the Borwein-Preiss smooth
variational principle are presented, for instance, in [4], [5], [6], [17].

We present a parametric version of the Borwein-Preiss variational principle,
which states that under some conditions we can perturb a convex function de-
pending on a parameter with a smooth convex perturbation in such a way that the
minimum point depends continuously on the parameter (Theorem 3.1). Something
more, we extend this assertion to the case when the parameterized domains of the
convex functions are images of a continuous convex-valued multivalued mapping
(Theorem 4.2, (B)).

We show some applications of this result. The first one concerns the existence
of a Nash equilibrium for partially convex functions of n variables after arbitrarily
small smooth convex perturbations, when the domain of one of the variables is not
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3212 PANDO GR. GEORGIEV

compact (Theorem 4.1 (i)). When n = 2, this is a “perturbed” version of Sion’s
minimax theorem [18], showing that the perturbed function has a saddle point.
When these functions are equal and Fréchet differentiable, we prove existence of
solutions of a related variational inequality defined by arbitrarily small monotone
perturbations of their derivatives (Theorem 4.1, (ii)).

The main application is a parametric version of the Kuhn-Tucker theorem (Theo-
rem 4.2, (A)), a particular case of which is a parametric smooth variational principle
with constraints (Theorem 4.2, (B)). As a corollary we obtain the existence of a
continuous selection of a subdifferential mapping depending on a parameter (Corol-
lary 4.4, (ii), (a)) and, as a particular case, existence of a continuous selection of
the mapping E � y �→ ∂f(y + δB) for every δ > 0, where f : E → R is a contin-
uous convex function and B is the unit ball in the Banach space E with Fréchet
differentiable norm.

The tool for proving this parametric Borwein-Preiss variational principle is a
useful lemma (Lemma 2.1) which allows us to find an ε-approximate continuous
selection from the ε-level sets of a quasi-convex function depending on a parameter,
when the ε-level sets are taken with respect to the images of a lower semi-continuous
mapping. This lemma turns out to be a powerful instrument of variational analysis,
since it gives simple proofs of: Ky Fan’s minimax inequality, extension to quasi-
convex functions of minimax equalities (see [2], Theorems 6.3.2 and 6.3.4), Sion’s
minimax theorem, etc.

2. Continuous ε-minimizers

Let (E, ‖.‖) be a Banach space, B the open unit ball in E and Y a convex subset
of E.

Recall that a function g : Y → R is quasi-convex if its sublevel sets L(g, α) :=
{x ∈ Y : g(x) ≤ α} are convex for every α ∈ R. Equivalently, g is quasi-convex
iff g(λx + (1 − λ)y) ≤ max{g(x), g(y)}, for every x, y ∈ Y, λ ∈ [0, 1]. Recall that
a multivalued mapping F : T → E, where T is a topological space, is lower semi-
continuous at x0, if for every open V with V ∩ F (x0) �= ∅ there exists an open
U � x0 such that F (x) ∩ V �= ∅ for every x ∈ U . Denote by R+ the set of all
positive numbers and by 2Y the set of all non-empty subsets of the set Y .

In the sequel we will use the following lemma, which appears to be a powerful
instrument of variational analysis.

Lemma 2.1. Suppose that X is a paracompact topological space, E is a Banach
space, Y ⊂ E is a closed, convex and non-empty subset, F : X → 2Y is a lower
semi-continuous multivalued mapping with convex non-empty images, ε : X → R+

is a continuous function and the functions f : X × Y → R, g : X → R satisfy the
conditions:

(i) the function f(x, .) is quasi-convex for every x ∈ X;
(ii) the function f(., y) is upper semi-continuous for every y ∈ Y ;
(iii) g is lower semi-continuous and g(x) ≥ infy∈(F (x)+ε(x)B)∩Y f(x, y) > −∞

for every x ∈ X.
Then

(a) there exists a continuous selection ϕε : X → Y of the mapping Fε (i.e.
ϕε(x) ∈ Fε(x) for every x ∈ X), where Fε(x) = (F (x) + ε(x)B) ∩ Y , and

(1) f(x, ϕε(x)) < g(x) + ε(x) ∀x ∈ X.
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(b) If F (x) is open for every x ∈ X, then there exists a continuous selection ϕε

of F satisfying (1).

Proof. (a) Define:

Sy = {x ∈ X : y ∈ Fε(x), f(x, y) < g(x) + ε(x)}.
By lower semi-continuity of F and continuity of ε, by (ii) and (iii) we obtain that
this set is open. Obviously

⋃
y∈Y Sy = X. Since X is paracompact, there exists a

locally finite refinement {Uj}j∈J of the cover {Sy}y∈Y . Let {pj}j∈J be a continuous
partition of unity, subordinated to this cover. For each j ∈ J choose yj ∈ Y such
that supp(pj) ⊂ Syj

. Defining the continuous function ϕε : X → Y by

ϕε(x) =
∑
j∈J

pj(x)yj ,

it follows that ϕε is a continuous selection of Fε and satisfies (1).
The assertion (b) is established in a similar way. �

Remark 2.2. The existence of an ε-approximate continuous selection of F , estab-
lished by Lemma 2.1, provides half of the proof of Michael’s selection theorem (see,
for instance, [15], Theorem 4.6).

In the sequel we demonstrate the power of Lemma 2.1 by giving straightforward
proofs of some minimax theorems.

Theorem 2.3 (Ky Fan). Suppose that X is a convex, compact and non-empty
subset of a topological vector space E and f : X × X → R is a function with the
properties:

(a) f(., y) is lower semi-continuous for every y ∈ X;
(b) f(x, .) is concave for every x ∈ X.

Then there exists x0 ∈ X such that

(2) sup
y∈X

f(x0, y) ≤ sup
y∈X

f(y, y).

Proof. The essential part of the proof is to establish (2) when E is finite dimensional,
since it is easy to extend it using compactness (finite intersection property) to
arbitrary topological vector spaces.

Step 1. X is the convex hull of finitely many points, i.e. X = conv{yi}m
i=1.

Apply Lemma 2.1 when F (x) = Y to the function −f and the constant function

g(z) = sup
x∈X

inf
y∈X

(−f)(x, y) ∀z ∈ X.

So, we obtain a continuous function ϕn : X → X such that

(3) −f(x, ϕn(x)) ≤ g(x) + 1/n ∀x ∈ X.

By Brouwer’s fixed point theorem there exists a fixed point xn = ϕn(xn) of ϕn.
Putting x = xn in (3) we obtain

inf
x∈X

sup
y∈X

f(x, y) ≤ f(xn, xn) + 1/n ≤ sup
x∈X

f(x, x) + 1/n.

Hence, using (a), we obtain the result.

Step 2. X is an arbitrary non-empty compact convex subset of E.
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Define
S(y) = {x ∈ X : f(x, y) ≤ sup

z∈X
f(z, z)},

which is a closed subset of X. We have proved by Step 1 that for every finite set
Z ⊂ X, ⋂

{S(y) : y ∈ Z} �= ∅.
By compactness of X, we obtain⋂

{S(y) : y ∈ X} �= ∅,

which completes the proof. �

The following theorem is a generalization to the quasi-concave functions of The-
orem 6.3.2 in [2] for the non-compact case (in a Banach space) and a modification
of Theorem 6.3.4 in [2]. Note that in Theorem 6.3.4 in [2] a compact property is
imposed with respect to X, but in our case with respect to Y .

Theorem 2.4. Let X be a paracompact topological space, Y a convex subset of a
Banach space E and f : X × Y → R a function such that f(x, .) is quasi-concave
for every x ∈ X and f(., y) is lower semi-continuous for every y ∈ Y . Then

(4) v� := inf
x∈X

sup
y∈Y

f(x, y) = sup
C∈C(X,Y )

inf
x∈X

f(x, C(x)) =: a,

where C(X, Y ) is the set of all continuous mappings from X to Y .
If, in addition, Y is compact, then

(5) v� = inf
C∈C(Y,X)

sup
y∈Y

f(C(y), y) =: b.

Proof. By Lemma 2.1, there exists a continuous mapping ỹ : X → Y such that

(6) v� ≤ f(x, ỹ(x)) + ε ∀x ∈ X.

Hence v� ≤ a. The inverse inequality is obvious, so (4) is proven.
Now let Y be compact and let C ∈ C(Y, X). By Schauder’s fixed point theorem

there exists a point yC = ỹ(C(yC)). Putting x = C(yC) in (6) and having in mind
that C ∈ C(Y, X) is arbitrary, we obtain v� ≤ b. The inverse inequality is obvious
and (5) is proven. �

We note that by a similar technique we can give another proof of [2], Theorem
6.3.8, for quasi-concave functions.

3. Parametric Borwein-Preiss variational principle

Now we present and prove the following parametric Borwein-Preiss variational
principle.

Theorem 3.1. Suppose that X is a paracompact topological space, Y is a convex,
closed and non-empty subset of a Banach space and the function f : X × Y → R

satisfies the conditions:
(i) for every x ∈ X the function f(x, .) is convex, lower semi-continuous and:

if Y is bounded, then inf f(x, Y ) > −∞; if Y is unbounded, then inf f(O, Y ) > −∞
for some open neighborhood O of x;

(ii) for every y ∈ Y the function f(., y) is upper semi-continuous;
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(iii) the functions {f(., y) : y ∈ Y0} are equi-lower semi-continuous for every
bounded subset Y0 ⊂ Y (this means: for every x0 ∈ X and γ > 0 there exists an
open set O � x0 such that f(x0, y)−f(x, y) < γ for every x ∈ O and every y ∈ Y0).

Let ε : X → R+ and y0 : X → Y be continuous mappings such that

(7) f(x, y0(x)) ≤ inf f(x, Y ) + ε(x), ∀x ∈ X.

Then for every p ≥ 1, α > 0 and every continuous function λ : X → R+, there exist
a continuous mapping v : X → Y , sequences of continuous mappings yn : X → Y
and sequences of continuous functions νn : X → R+, such that yn(x) converges
uniformly on x ∈ X to v(x) and

‖v(x) − y0(x)‖ < λ(x), ∀x ∈ X,(8)

f(x, v(x)) + ∆(x, v(x)) ≤ f(x, y) + ∆(x, y), ∀x ∈ X, ∀y ∈ Y,(9)

where

∆(x, y) =
∞∑

n=0

µn(x)‖y − yn(x)‖p,(10)

µn(x) =
ε(x) + α

λ(x)p
νn(x), for n ≥ 0,

∞∑
n=0

νn(x) = 1.(11)

Proof. Put ε0(x) = ε(x), µ0(x) = ε(x)+α/2
λ(x)p , ν0(x) = µ0(x)λ(x)p

ε(x)+α and for n ≥ 1,

put νn(x) = 1−ν0(x)
2n , µn(x) = ε(x)+α

λ(x)p νn(x), λn(x) =
(

εn(x)+εn+1(x)
µn(x)

) 1
p

, εn(x) =

β(x)2−2n, where β : X → R+ is a continuous function such that(
5β(x)
2α

)1/p

.
1

21/p − 1
+

(
ε(x) + β(x)/4
ε(x) + α/2

)1/p

< 1.

Then ν0 ∈ (0, 1),
∑∞

n=0 νn(x) = 1, λ0(x) =
(

ε(x)+β(x)/4
ε(x)+α/2

)1/p

λ(x), λn(x) =(
5β(x)

α

)1/p

2(−n−1)/pλ(x) and

(12)
∞∑

n=0

λn(x) < λ(x), ∀x ∈ X.

Applying Lemma 2.1 for g(x) = inf fn(x, Y ), n = 1, 2, ..., F (x) = Y , we define
inductively sequences of functions fn : X × Y → R and continuous mappings
yn : X → Y , satisfying for every n ≥ 0,

fn+1(x, y) = fn(x, y) + µn(x)‖y − yn(x)‖p, f0 = f,(13)

fn(x, yn(x)) ≤ inf fn(x, Y ) + εn(x), ∀x ∈ X.(14)

We need to check the condition (iii) of Lemma 2.1 in order to justify its applicability.
We will prove that g is lower semi-continuous. Consider the case when Y is

unbounded (the case when Y is bounded is similar). Let x0 ∈ X and γ > 0 be
given. Take any z0 ∈ Y . By upper semi-continuity of fn(., z0) and continuity of yn

at x0, there exists an open neighborhood O of x0 such that fn(x, z0) < fn(x0, z0)+γ
for every x ∈ O and yn(O) is bounded. Define

Yn =
⋃

x∈O
Ln(x), where Ln(x) =

{
y ∈ Y : fn(x, y) < inf

z∈Y
fn(x, z) + γ

}
.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3216 PANDO GR. GEORGIEV

We will prove that Yn is bounded. Assume the contrary: there are sequences
{xm}∞m=1 ⊂ O and {zm}∞m=1, zm ∈ Ln(xm) such that ‖zm‖ → ∞. We have

−∞ < fn−1(xm, zm) + µn‖zm − yn(xm)‖p (by (i))
< inf

z∈Y
fn(xm, z) + γ

< fn(xm, z0) + γ

< fn(x0, z0) + 2γ.

This leads to a contradiction when m → ∞. The boundedness of Yn guarantees
that the functions {‖y − .‖p : y ∈ Yn} are equi-Lipschitz, and by (iii), there exists
an open neighborhood O1 ⊂ O of x0 such that

fn(x0, y) − fn(x, y) < γ ∀y ∈ Yn, ∀x ∈ O1.

For any x ∈ O1 take yx ∈ Ln(x). Then we have

g(x0) − g(x) = inf
y∈Y

fn(x0, y) − inf
y∈Y

fn(x, y)

≤ fn(x0, yx) − fn(x, yx) + γ

≤ 2γ,

which proves the lower semi-continuity of g and the correctness of (13), (14).
Now by (13) and (14) we obtain

µn(x)‖yn+1(x) − yn(x)‖p = fn+1(x, yn+1(x)) − fn(x, yn+1(x))
= fn+1(x, yn+1(x)) − fn+1(x, yn(x))

+fn(x, yn(x)) − fn(x, yn+1(x))
< εn+1(x) + εn(x).

Hence, by definition of λn(x), ‖yn+1(x) − yn(x)‖ < λn(x) and, therefore,

(15) ‖yn+m(x) − yn(x)‖ <
m−1∑
i=0

λn+i(x).

By (12) and continuity of the functions λi, i = 0, 1, ..., it follows that {yn(x)}n≥0

is a Cauchy sequence, converging uniformly on a neighborhood Ox of x to v(x) for
every x ∈ X, which implies that the mapping v : X → Y is continuous. By (15) for
m → ∞ and n = 0 and by (12) it follows that ‖v(x)− y0(x)‖ <

∑∞
i=0 λi(x) < λ(x),

which is (8).
We will prove that for every x ∈ X, v(x) is a minimum point for the function

f̃(x, .) = f(x, .) +
∞∑

n=0

µn(x)‖. − yn(x)‖p.

Let γ > 0, x ∈ X be given. Since f̃(x, .) is lower semi-continuous, there exists
δ > 0 such that

(16) f̃(x, v(x)) < f̃(x, y) +
γ

3
, ∀y ∈ B(v(x), δ).

Choose n sufficiently large such that εn(x) < γ/3, ‖yn(x) − v(x)‖ < δ and
∞∑

k=n+1

µk(x)‖yn(x) − yk(x)‖p <
γ

3
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for every x ∈ X. For every y ∈ Y , using (16), (13) and (14), we can write:

f̃(x, v(x)) < f̃(x, yn(x)) +
γ

3

= fn(x, yn(x)) +
∞∑

k=n+1

µk(x)‖yn(x) − yk(x)‖p +
γ

3

≤ fn(x, y) + εn(x) +
γ

3
+

γ

3
< f̃(x, y) + γ.

This proves (9) and the theorem. �
Remark 3.2. It is clear that if we replace in the above theorem ∆(x, y) with ∆(x, y)+
ε‖y − v(x)‖p with any ε > 0, we will obtain that v(x) is a strong minimum of the
perturbed function, i.e. every minimizing sequence converges to v(x).

Remark 3.3. If we choose p = 1 in the above theorem and take into account Remark
3.2, we will obtain a parametric version of Ekeland’s variational principle in a strong
form, i.e. with convergence of every minimizing sequence.

4. Applications of the parametric Borwein-Preiss

variational principle

In the next theorem we establish the existence of a Nash equilibrium for convex
functions after arbitrarily small smooth convex perturbations, when the domain
of one of the variables is not compact, and existence of solutions for a related
variational inequality.

Theorem 4.1. Let Xi, i = 2, . . . , n, be convex, compact and non-empty subsets of
the Banach spaces Ei, and let X1 be a convex, closed and non-empty subset of a
Banach space E1. Denote X = X1×· · ·×Xn, E = E1×· · ·×En, x = (x1, . . . , xn),
xî = (x1, . . . , xi−1, xi+1, . . . , xn), Xî = X1 × · · · × Xi−1 × Xi+1 × · · · × Xn, ∀i =
1, . . . , n. Assume that the functions fi : E → R, i = 1, ..., n, are convex with respect
to xi ∈ Xi, bounded below on X, the functions {fi(. . . , xi, . . . ) : xi ∈ Xi} are
upper semi-continuous and equi-lower semi-continuous on Xî for every i = 2, . . . , n
and the functions {f1(x1, . . . ) : x1 ∈ Y } are upper semi-continuous and equi-lower
semi-continuous on X1̂ for every bounded subset Y ⊂ X1. Then for every ε > 0
there exist points x̄i ∈ Xi and convex functions bi : Xi → R, i = 1, . . . , n, which are
Lipschitz with a Lipschitz constant less than ε (except for b1, which is Lipschitz on
the bounded sets, with a Lipschitz constant less than ε on a neighrborhood of x̄1),
which are differentiable, if the norm of Ei is differentiable on Ei \ {0}, such that:

(i) the point x̄ = (x̄1, ..., x̄n) is a Nash equilibrium for the functions fi(x) +
bi(xi), i = 1, ..., n; i.e.

fi(x̄1, . . . , x̄i, . . . , x̄n) + bi(x̄i)(17)

≤ fi(x̄1, . . . , xi, . . . , x̄n) + bi(xi), ∀xi ∈ Xi, ∀i = 1, ..., n,

(ii) if all the functions fi are equal, fi = f, i = 1, . . . , n, f is Fréchet differentiable
on X, and if the norms of Ei are Fréchet differentiable on Ei \ {0}, then the bi are
Fréchet differentiable and

(18) 〈f ′(x̄) + b′(x̄), x − x̄〉 ≥ 0 ∀x ∈ X,

where b′(x̄) = (b′1(x̄1), . . . , b′n(x̄n)).
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Proof. (i) By Theorem 3.1 for every i = 1, . . . , n there exists a continuous mapping
yi : Xî → Xi and a continuous function ∆i : X → R of type (10), which is
differentiable, convex and Lipschitz with respect to the variable xi on Xi with a
Lipschitz constant less than ε (except for ∆1, which is Lipschitz with respect to
x1 on the bounded subsets of X1 and has a Lipschitz constant less than ε on a
neighborhood of x̄1), such that

(fi + ∆i)(x1, . . . , yi(xî), . . . , xn)

≤ (fi + ∆i)(x1, . . . , xn), ∀xi ∈ Xi, ∀i = 1, . . . , n.
(19)

The composition mapping

X2 × · · · × Xn � x1̂ �→ (y2(ϕ2(x1̂)), . . . , yn(ϕn(x1̂))) ∈ X2 × · · · × Xn,

where ϕi(x1̂) = (y1(x1̂), x2, . . . , xi−1, xi+1, . . . , xn), i = 2, . . . , n, is a continuous
mapping from the compact convex set X2 × · · · × Xn to itself and by Schauder’s
fixed point theorem it has a fixed point x̄1̂ = (x̄2, . . . , x̄n). If we put x̄1 = y1(x̄1̂)
and bi(xi) := ∆(x̄1, ..., xi, ..., x̄n), then x̄i = yi(x̄î) for every i = 2, . . . , n, and from
(19) we obtain (17).

(ii) By (17) we obtain

(20) 〈f ′
xi

(x̄) + b′(x̄i), xi − x̄i〉 ≥ 0 ∀xi ∈ Xi,

and after summing in (20) for i = 1, . . . , n, we obtain (18). �

We note that by the same technique for n = 2, applying Lemma 2.1 instead
of Theorem 3.1, we can prove Sion’s minimax theorem [18] (this is an interesting
exercise, left to the reader).

In the next theorem we establish continuous dependence of Lagrange multipliers
of a constraint minimization problem depending on a parameter.

Suppose that a hypothesis (H) consisting of the following conditions is satisfied:
(Ha) P is a paracompact topological space,
(Hb) E is a Banach space, C ⊂ E is a closed, convex and non-empty set, ε0 > 0

is given, C0 = C + ε0B,
(Hc) the functions f, gi : P × C0 → R, i = 1, ..., n, are convex and continuous

with respect to the second variable,
(Hd) the families of functions {f(., x) : x ∈ C0}, {gi(., x) : x ∈ C0}, i = 1, ..., n,

are equi-continuous,
(He) the multivalued mapping C : P → 2C has closed convex and non-empty

values and is lower semi-continuous and Hausdorff upper semi-continuous.
(Hf ) the set X(p) = {x ∈ C(p) : gi(p, x) ≤ 0, i = 1, ..., n} is non-empty for every

p ∈ P .
Consider the following parameterized minimization problem P:
minimize f(p, x) with respect to x for every p ∈ P ,
under constraints: x ∈ X(p).

Denote g(p, x) = (g1(p, x), ..., gn(p, x)) and distY (x) = infy∈Y ‖x− y‖, the distance
from a point x to a set Y .

Theorem 4.2 (Parametric Kuhn-Tucker theorem). Assume that the hypothesis
(H) is satisfied and the norm of the Banach space E is Fréchet differentiable on
E \ {0}. Assume that the continuous functions ε, λ : X → R+, γ : X → R and the
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numbers α > 0, q ≥ 1 are given,

(21) 0 ≤ γ(p) <
λ(p)

2q5q−1
,

the functions f(p, .), gi(p, .), i = 1, ..., n, are bounded on u(p) + 3λ(p)B for every
p ∈ P , u : P → C is a continuous mapping satisfying

(22) u(p) ∈ Xγ(p) and f(p, u(p)) < inf
x∈Xγ(p)

f(p, x) + ε(p) ∀p ∈ P,

where Xγ(p) = {x ∈ C(p) + γ(p)B : gi(p, x) ≤ 0, i = 1, ..., n}. Then there exist a
continuous selection v of C (solution mapping), continuous mappings µ : P → R+,
r : P → R

n
+ (Lagrange multipliers mappings) and a continuous function K : P →

R+ such that:
(A) for every p ∈ P the following conditions are satisfied:
(i) ‖(µ(p), r(p))‖ = 1, µ(p) ≥ 0, ri(p) ≥ 0, i = 1, ..., n,
(ii) ri(p)gi(p, u(p)) = 0 for every i = 1, ..., n,
(iii) ‖v(p) − u(p)‖ < λ(p),
(iv) the function µ(p)f(p, x)+ 〈r(p), g(p, x)〉+ ∆(p, x) attains its minimum over

C(p) at v(p),
(v) −∆′

x(p, v(p)) ∈ ∂xL
(
p, v(p), µ(p), r(p), K(p)

)
,

where ∂xL(p, v, µ, r, K) is the subdifferential of L with respect to the second variable,
L is the Lagrange function given by

L(p, x, µ, r, K) = µf(p, x) + 〈r, g(p, x)〉+ KdistC(p)(x),

∆(p, .) is a convex, Fréchet differentiable function, ∆(., x) is continuous:

∆(p, x) =
∞∑

i=0

µi(p)‖xi(p) − x‖q,(23)

µi(p) =
ε(p) + α + K(p)γ(p)

λ(p)q
νi(p), for i ≥ 0,

∞∑
i=0

νi(p) = 1,(24)

νi, xi : P → C0 are continuous mappings, and xi(p) converges uniformly on p ∈ P
to v(p).

(B) If µ(p) �= 0 for p ∈ P0 ⊂ P , then v(p) is a solution of the following mini-
mization problem for every p ∈ P0:

minimize f(p, x) +
∞∑

i=0

µi(p)‖xi(p) − x‖q with respect to x

under constraints x ∈ X(p).

Remark 4.3. The assertion (B) in the above theorem presents a parametric Borwein-
Preiss variational principle with constraints. A sufficient condition for µ(p) �= 0, p ∈
P0 is the following Slater condition (see, for instance, [8], Proposition 6.3.1):

(25) ∀p ∈ P0, ∃z(p) ∈ C(p) : gi(p, z(p)) < 0, ∀i = 1, . . . , n.

The assumption for existence of a continuous mapping u : P → C satisfying (22) is
fulfilled under some conditions (see Lemma 4.6). Also, the existence of a continuous
λ satisfying the conditions of Theorem 4.2 is guaranteed if P is a metric space (see
the proof of Corollary (4.4), (ii)).
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Proof of Theorem 4.2. (A) Put

L0(p) = sup |f(p, u(p) + 3λ(p)B)|

and

Li(p) = sup |gi(p, u(p) + 3λ(p)B)|.

By a basic lemma of convex analysis (see for instance [15], Lemma 5.23, page 742),
the functions f(p, .) and gi(p, .), i = 1, ..., n, are Lipschitz on u(p) + 2λ(p)B with
Lipschitz constants Lf (p) = 2L0(p)/λ(p) and Lgi

(p) = 2Li(p)/λ(p), i = 1, ..., n,
respectively. Put

(26) L̃(p) = Lf (p) +
n∑

i=1

Lgi
(p), Q(p) = q5q−1/λ(p),

and

(27) L(p) =
L̃(p) + (ε(p) + α)Q

1 − 2γ(p)Q(p)
, K(p) = 2L(p).

By equi-continuity assumptions on {f(., x) : x ∈ C0} and {gi(., x) : x ∈ C0}, i =
1, ..., n, and continuity with respect to the second argument, it is straightforward to
prove that the functions Li, i = 0, ..., n, are continuous; therefore K is continuous
too.

Further we use an idea from the proof of [8], Theorem 6.1.1. Put

T = {t = (µ, r) ∈ R
1+n : µ ≥ 0, r ≥ 0, ‖(µ, r)‖ = 1}

and

(28) F (p, y) = max
t∈T

{
µ(f(p, y)−f(p, u(p))+ε(p))+〈r, g(p, y)〉

}
+K(p)distC(p)(y).

Because of gi(p, u(p)) ≤ 0, we have F (p, u(p)) ≤ ε(p)+K(p)distC(p)(u(p)) < ε(p)+
K(p)γ(p). Also, F (p, x) > 0 for x ∈ C0. Indeed, if F (p, y) ≤ 0 for some y ∈ C0,
then gi(p, y) ≤ 0 for every i = 1, ..., n, y ∈ C(p) and f(p, y) ≤ f(p, u(p)) − ε(p) <
inf f(p, X(p)), a contradiction. So we have

F (p, u(p)) ≤ inf F (p, C0) + ε(p) + K(p)γ(p) ∀p ∈ P.

We will show that F satisfies the condition of Theorem 3.1. Firstly we will establish
that the functions {F (., y) : y ∈ Y0} are equi-lower semi-continuous for any bounded
subset Y0 of C0.

It is straightforward to check that the functions {distC(.)(y) : y ∈ C0} are
equi-continuous. Let δ > 0 be given. By (d), by equi-continuity of the family
{distC(.)(y) : y ∈ C0}, continuity of u, K and Lf (., u(p0)), there exists an open set
O � p0 such that for any p ∈ O and any y ∈ Y0 (using the boundedness of Y0) we

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



BORWEIN-PREISS VARIATIONAL PRINCIPLE AND APPLICATIONS 3221

obtain:

F (p0, y) − F (p, y) ≤ max
t∈T

{
µ
(
f(p0, y) − f(p0, u(p0)) − f(p, y) + f(p, u(p))

)

+〈r, g(p0, y) − g(p, y)〉
}

+ (K(p0) − K(p))distC(p0)(y)

+K(p)
(
distC(p0)(y) − distC(p)(y)

)
≤ δ + f(p, u(p))− f(p, u(p0)) + f(p, u(p0)) − f(p0, u(p0))

+nδ + 2δ

≤ δ + Lf (p, u(p0))‖u(p) − u(p0)‖ + δ

+nδ + 2δ

≤ (n + 5)δ.

This shows that the functions {F (., x) : x ∈ Y0} are equi-lower semi-continuous.
Analogically we prove that the functions {F (., x), x ∈ Y0} are equi-upper semi-
continuous. Obviously F (p, .) is convex.

Now we apply the parametric Borwein-Preiss variational principle (Theorem
3.1) and obtain: there exist continuous mappings v, xi : P → C0 and continuous
functions νi : X → R+ such that xi(p) converges uniformly on p ∈ P to v(p)
(i = 0, 1, ..., x0 = u), and

‖v(p) − u(p)‖ < λ(p), ∀p ∈ P,(29)

F (p, v(p)) + ∆(p, v(p)) ≤ F (p, y) + ∆(p, y), ∀p ∈ P, ∀y ∈ C0,(30)

where

∆(p, y) =
∞∑

i=0

µi(p)‖y − xi(p)‖q,(31)

µi(p) =
ε(p) + K(p)γ(p) + α

λ(p)q
νi(p), for i ≥ 0,

∞∑
i=0

νi(p) = 1.

Equation (29) is (iii).
We will prove that v(p) ∈ C(p) for every p ∈ P .
Assume the contrary: v(p) �∈ C(p) for some p ∈ P . Because of (29), λ(p)+γ(p) >

‖v(p) − u(p)‖ + distC(y)(u(p)) ≥ distC(p)(v(p)), so λ(p) + γ(p) − distC(p)(v(p)) > 0.
Take ε(p) ∈ (0, λ(p) + γ(p) − distC(p)(v(p)) and y(p) ∈ C(p) such that ε(p) <
distC(p)(v(p)) and ‖v(p) − y(p)‖ < distC(p)(v(p)) + ε(p). Then ‖v(p) − y(p)‖ <
λ(p) + γ(p) and by (29), ‖u(p) − y(p)‖ < 2λ(p) + γ(p). Put

ϕ(p, y) = F (p, y) − K(p)distC(p)(y) + ∆(p, y).

Note that L(p) (given in (27)) is a Lipschitz constant of ϕ(p, .) in O(p) := u(p) +
(2λ(p) + γ(p))B. Indeed, the norm of the derivative ∆′(p, y) is bounded by
(ε(p) + α + K(p)γ(p))Q(p) on O(p), so (ε(p) + a + K(p)γ(p))Q(p) is a Lipschitz
constant of ∆(p, .) on O(p). A Lipschitz constant of F (p, .) − K(p)distC(p)(y) on
O(p) is L̃(p), so L̃(p)+ (ε(p)+α+K(p)γ(p))Q(p) = L(p) is a Lipschitz constant of
ϕ(p, .) on O(p). Therefore, L(p) is a Lipschitz constant of ϕ(p, .) in a neighborhood,
say U , of y(p). Put xν(p) = νv(p) + (1 − ν)y(p) and take sufficiently small ν > 0
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such that xν(p) ∈ U . From (30) for x = y(p) we obtain:

ϕ(p, xν(p)) ≤ νϕ(p, v(p)) + (1 − ν)ϕ(p, y(p))
≤ ϕ(p, y(p))− νK(p)distC(p)(v(p)).

Hence

νK(p)distC(p)(v(p)) ≤ ϕ(p, y(p))− ϕ(p, xν(p))
≤ L(p)‖y(p)− xν(p)‖
= νL(p)‖v(p)− y(p)‖

≤ νL(p)
(
distC(p)(v(p)) + ε(p)

)
,

and remembering that K(p) = 2L(p), we obtain distC(p)(v(p)) < ε(p), a contradic-
tion.

So we proved that v(p) ∈ C(p) for every p ∈ P . This means in particular that v(p)
is an interior point of C0 (remember that C0 = C + ε0B). Since F (p, v(p)) > 0 and
the Euclidean norm is strictly convex, there exists a unique vector t(p) = (µ(p), r(p))
at which the maximum in (28) is attained for y = v(p). Since ‖t(p)‖ = 1, (i) is
proved. Note that ri(p) = 0, if gi(p, v(p)) < 0, which gives (ii). Obviously the
mapping p �→ t(p) is continuous. Now from (30) we obtain (iv) and by Fermat’s
rule, using the differentiability of the norm, we obtain (v).

(B) The assertion follows from (i), (ii), (iv) and the non-parametric Kuhn-Tucker
theorem (see for instance [1], section 1.3.3). �

We will present corollaries when the inequality constraints in the minimization
problem P are missing.

Corollary 4.4. (i) Assume that the assumptions of Theorem 4.2 are satisfied, as
the functions gi are missing. Then the mapping p �→ ∂f(p, v(p)) + NC(p)(v(p)) has
a continuous selection, where NY (y) means the normal cone to the convex set Y at
the point y ∈ Y and ∂f(p, x) is the subdifferential of f(p, .) at x.

(ii) Let M be a metric space, let E be a Banach space with Fréchet differentiable
norm on E \ {0}, let ϕ : M × E → R be a convex continuous function with respect
to the second variable and let the functions {f(., x) : x ∈ Y } be equi-continuous
for every bounded Y ⊂ E. Then for every δ > 0 and every continuous mapping
u : M → E there exist continuous mappings v : M → E and s : M → E∗ such that

(a) s(p) ∈ ∂f(p, v(p)), ∀p ∈ M ,
(b) ‖u(p) − v(p)‖ < δ, ∀p ∈ M .

In particular,
(c) for every convex continuous function f : E → R and for every δ > 0, there

exists a continuous selection of the mapping E � p �→ ∂f(p + δB).

Proof. (i) The assertion follows from (v) of Theorem 4.2, having in mind that
∂distC(p)(x) = B ∩ NC(p)(x) (see, for instance, [7], page 57, Exercise 12 (d) (iii)).

(ii) For any p ∈ M define α0(p) = sup{α > 0 : f(p, x) < f(p, u(p)) + 4, ∀x ∈
B(u(p), α)}, α(p) = α0(p) if α0(p) < +∞ and α(p) = 1 otherwise. By continuity
of f(p, .) we have α(p) > 0. Take any p0 ∈ M . By continuity of f(p, .), u(.) and
equi-continuity of {f(., x) : x ∈ Y } for any bounded Y , there exists δ(p0) > 0 and
α1(p0) ∈ (0, 1) such that f(p, x) < f(p0, x) + 1 < f(p0, u(p0)) + 2 < f(p0, u(p)) +
3 < f(p, u(p)) + 4 and ‖u(p) − u(p0)‖ < α1(p0)/2 for every p ∈ B(p0, δ(p0)) and
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x ∈ B(u(p0), α1(p0)). Then the inclusion B(u(p), α1(p0)/2) ⊂ B(u(p0), α1(p0)) for
p ∈ B(p0, δ(p0)) implies α(p) ≥ α1(p0)/2. Therefore the lower semi-continuous
envelope of α, β(p0) = supε>0 infp∈B(p0,ε) α(p) is positive, i.e. β(p0) > 0 for every
p0 ∈ M . Applying a theorem of Dowker (see [15], Corollary 4.21, page 97) we
obtain a continuous function λ̃ : M → E such that 0 < λ̃(p) < β(p)/3 ≤ α(p)/3 for
every p ∈ M .

Now we apply Theorem 4.2 with γ = 0, λ(p) = min{λ̃(p), δ}, C(p) = x(p) +
2λ(p)B and ε(p) = 4Lf (p)λ(p), where Lf (p) = sup |f(p, u(p)+3λ(p)B)|/λ(p). Note
that Lf is a Lipschitz constant of f(p, .) on C(p) (it follows from a basic lemma of
convex analysis, see for instance [15], Lemma 5.23, page 742), so (22) is satisfied.
By (iii) of Theorem 4.2 we obtain (b) and that v(p) is an interior point of C(p), so
putting s(p) = −∆′

x(p, v(p)), from (v) of Theorem 4.2 we obtain (a). The assertion
(c) follows from (a) and (b) if we take M = E, u(p) = p and f(p, x) = f(x). �

Note that part (ii) (c) of the above corollary in finite-dimensional spaces is a bet-
ter result than those obtained by applying Cellina’s approximate selection theorem
[7], Theorem 8.2.5, to the subdifferential of f . Cellina’s theorem gives a continuous
mapping c : M → E such that c(y) ∈ ∂f(y + δB) + δB.

Further we need the following lemma (see [14], Lemma 4.1) which shows the
upper semi-continuity of the level-set mapping of a convex function.

Lemma 4.5. Let X ⊂ E be a non-empty convex bounded subset, f : E → R

a convex function, c ∈ R, L(f, c) := {x ∈ X : f(x) ≤ c}, and let there exist
z ∈ X such that f(z) < c. Then for every ε > 0 there exists δ > 0 such that
distL(f,c)(x) < ε whenever x ∈ X and f(x) < c + δ.

By the next lemma we show that the assumption for existence of a continuous
mapping u satisfying (22) is fulfilled under some rather general conditions.

Lemma 4.6. Assume that the hypothesis (H) is satisfied, C in addition is Hausdorff
continuous with bounded images, the Slater condition (25) is satisfied and for every
p ∈ P the function f(p, .) is bounded on the bounded subsets. Then there exists a
continuous mapping u : P → C0 satisfying condition (22).

Proof. Claim: The multivalued mapping L : P → 2E, L(p) = {x ∈ C0 : gi(p, x) ≤
0, ∀i = 1, . . . , n} is upper semi-continuous .

Let p0 ∈ P and ε > 0 be given. By Lemma 4.5, there exists δ > 0 such that

(32) L(gi(p0, .), δ) ⊂ L(gi(p0, .), 0) + εB, ∀i = 1, . . . , n.

By equi-lower semi-continuity, there exists an open set O � p0 such that

(33) gi(p0, x) < gi(p, x) + δ ∀x ∈ C0, p ∈ O, i = 1, . . . , n.

Take p ∈ O and x ∈ L(p, .). Then (32) and (33) imply x ∈ L(gi(p0, .), δ) ⊂
L(gi(p0, .), 0) + εB, which proves the Claim.

Note that Xg(p) = L(p) ∩ (C(p) + γ(p)B) and, due to the Slater condition
(25), intXγ(p) �= ∅ and L is lower semi-continuous (therefore Hausdorff lower semi-
continuous). Now Proposition 2.80 of [15], page 66, implies that Xγ is Hausdorff
continuous; therefore the multivalued mapping X◦

γ with images X◦
γ(p) := L◦(p) ∩

(C(p) + γ(p)B) is Hausdorff continuous too, where L◦(p) = {x ∈ C0 : gi(p, x) <
0, i = 1, ..., n}.
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We will prove that the function ϕ(p) = infx∈X◦(p) f(p, x) is lower semi-continu-
ous. Take p0 ∈ P , ε > 0, an open set U � p0 such that C(p) ⊂ C(p0) + εB,
X◦

γ(p) ⊂ X◦
γ(p0) + εB and f(p0, x) − f(p, x) < ε, ∀x ∈ C(U), ∀p ∈ U . Let K be

a Lipschitz constant of f(p0, .) on C(p0) + εB (such a K exists by boundedness
of f(p0, .) on the bounded subsets and by a basic lemma of convex analysis, see
for instance [15], Lemma 5.23, page 742). For any p ∈ U , take x ∈ X◦

γ(p) and
y ∈ X◦

γ(p0) such that f(p, x) < ϕ(p) + ε and ‖x − y‖ < ε. Then

ϕ(p0) − ϕ(p) < f(p0, y) − f(p, x) + ε

< f(p0, y) − f(p0, x) + 2ε

< K‖x − y‖ + 2ε

< εK + 2ε,

which proves the lower semi-continuity of the function ϕ.
Now we apply Lemma 2.1 (b) with F = X◦

γ , g = ϕ and finish the proof. �
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