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ABSTRACT. A parametric version of the Borwein-Preiss smooth variational
principle is presented, which states that under suitable assumptions on a given
convex function depending on a parameter, the minimum point of a smooth
convex perturbation of it depends continuously on the parameter. Some ap-
plications are given: existence of a Nash equilibrium and a solution of a vari-
ational inequality for a system of partially convex functions, perturbed by
arbitrarily small smooth convex perturbations when one of the functions has a
non-compact domain; a parametric version of the Kuhn-Tucker theorem which
contains a parametric smooth variational principle with constraints; existence
of a continuous selection of a subdifferential mapping depending on a param-
eter.

The tool for proving this parametric smooth variational principle is a useful
lemma about continuous e-minimizers of quasi-convex functions depending on
a parameter, which has independent interest since it allows direct proofs of
Ky Fan’s minimax inequality, minimax equalities for quasi-convex functions,
Sion’s minimax theorem, etc.

1. INTRODUCTION

The variational principles in Banach spaces, i.e. Ekeland’s variational principle
[12], [13] and its smooth generalizations: Borwein-Preiss’ [3] and Deville-Godefroy-
Zizler’s variational principles [9], [10], [L1], are now one of the main tools in non-
linear and non-smooth analysis. Various applications of the Borwein-Preiss smooth
variational principle are presented, for instance, in [4], [5], [6], [17].

We present a parametric version of the Borwein-Preiss variational principle,
which states that under some conditions we can perturb a convex function de-
pending on a parameter with a smooth convex perturbation in such a way that the
minimum point depends continuously on the parameter (Theorem B.]). Something
more, we extend this assertion to the case when the parameterized domains of the
convex functions are images of a continuous convex-valued multivalued mapping
(Theorem E2, (B)).

We show some applications of this result. The first one concerns the existence
of a Nash equilibrium for partially convex functions of n variables after arbitrarily
small smooth convex perturbations, when the domain of one of the variables is not
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3212 PANDO GR. GEORGIEV

compact (Theorem ET] (i)). When n = 2, this is a “perturbed” version of Sion’s
minimax theorem [I8], showing that the perturbed function has a saddle point.
When these functions are equal and Fréchet differentiable, we prove existence of
solutions of a related variational inequality defined by arbitrarily small monotone
perturbations of their derivatives (Theorem (it)).

The main application is a parametric version of the Kuhn-Tucker theorem (Theo-
rem 2, (A)), a particular case of which is a parametric smooth variational principle
with constraints (Theorem [£2, (B)). As a corollary we obtain the existence of a
continuous selection of a subdifferential mapping depending on a parameter (Corol-
lary [44] (ii), (a)) and, as a particular case, existence of a continuous selection of
the mapping E 3 y — 0f(y + dB) for every § > 0, where f : E — R is a contin-
uous convex function and B is the unit ball in the Banach space E with Fréchet
differentiable norm.

The tool for proving this parametric Borwein-Preiss variational principle is a
useful lemma (Lemma 27T)) which allows us to find an e-approximate continuous
selection from the e-level sets of a quasi-convex function depending on a parameter,
when the e-level sets are taken with respect to the images of a lower semi-continuous
mapping. This lemma turns out to be a powerful instrument of variational analysis,
since it gives simple proofs of: Ky Fan’s minimax inequality, extension to quasi-
convex functions of minimax equalities (see [2], Theorems 6.3.2 and 6.3.4), Sion’s
minimax theorem, etc.

2. CONTINUOUS &-MINIMIZERS

Let (E,||.]|) be a Banach space, B the open unit ball in E and Y a convex subset
of E.

Recall that a function g : ¥ — R is quasi-convex if its sublevel sets L(g, o) :=
{r € Y : g(x) < a} are convex for every a € R. Equivalently, ¢ is quasi-convex
iff gz + (1 — AN)y) < max{g(x),g(y)}, for every z,y € Y, € [0,1]. Recall that
a multivalued mapping F' : T — E, where T is a topological space, is lower semi-
continuous at xg, if for every open V with V N F(xg) # () there exists an open
U > zp such that F(x) NV # ) for every x € U. Denote by R, the set of all
positive numbers and by 2" the set of all non-empty subsets of the set Y.

In the sequel we will use the following lemma, which appears to be a powerful
instrument of variational analysis.

Lemma 2.1. Suppose that X is a paracompact topological space, E is a Banach
space, Y C E is a closed, convex and non-empty subset, F : X — 2Y is a lower
semi-continuous multivalued mapping with convexr non-empty images, € : X — Ry
is a continuous function and the functions f: X XY — R, g: X — R satisfy the
conditions:

(i) the function f(x,.) is quasi-convex for every x € X;

(ii) the function f(.,y) is upper semi-continuous for every y €Y;

(iii) g is lower semi-continuous and g(x) > infyc(p(o)te(@)B)ny f(2,y) > —00
for every x € X.
Then

(a) there exists a continuous selection . : X — Y of the mapping F. (i.e.
e () € Fe(x) for every x € X ), where F.(x) = (F(z) +e(x)B)NY, and

(1) flz,0e(2)) < g(x) +e(xr) VoeX.
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(b) If F(x) is open for every x € X, then there exists a continuous selection p.
of F satisfying (0.

Proof. (a) Define:
Sy =€ X 1y € Fu(o), f(my) < glx) +e(@)}.

By lower semi-continuity of F' and continuity of e, by (ii) and (iii) we obtain that
this set is open. Obviously Uer Sy = X. Since X is paracompact, there exists a
locally finite refinement {U, };¢s of the cover {S, },ey. Let {p,},es be a continuous
partition of unity, subordinated to this cover. For each j € J choose y; € Y such
that supp(p;) C Sy,. Defining the continuous function ¢, : X — Y by

pe(z) = pi(@)y;,
jed
it follows that ¢, is a continuous selection of F. and satisfies ().

The assertion (b) is established in a similar way. O

Remark 2.2. The existence of an e-approximate continuous selection of F', estab-
lished by Lemma 2.1, provides half of the proof of Michael’s selection theorem (see,
for instance, [15], Theorem 4.6).

In the sequel we demonstrate the power of Lemma 2.1 by giving straightforward
proofs of some minimax theorems.

Theorem 2.3 (Ky Fan). Suppose that X is a convex, compact and non-empty
subset of a topological vector space E and f : X x X — R is a function with the
properties:

(a) f(.,y) is lower semi-continuous for every y € X;

(b) f(x,.) is concave for every x € X.
Then there exists o € X such that

(2) sup f(zo,y) < sup f(y,y).
yeX yeX

Proof. The essential part of the proof is to establish (B) when F is finite dimensional,
since it is easy to extend it using compactness (finite intersection property) to
arbitrary topological vector spaces.

Step 1. X is the convex hull of finitely many points, i.e. X = conv{y; }";.
Apply Lemma[ZTl when F(xz) =Y to the function — f and the constant function

g(z) = sup inf (—f)(z,y) Vze X.

reXxX YEX
So, we obtain a continuous function ¢, : X — X such that
(3) —f(@,n(2)) < g(a) + 1/n Va e X.

By Brouwer’s fixed point theorem there exists a fixed point x,, = p,(z,) of p,.
Putting = z,, in @) we obtain

inf sup f(z,y) < f(zn,zn) +1/n < sup f(x,z) + 1/n.
z€X yex zeX

Hence, using (a), we obtain the result.

Step 2. X is an arbitrary non-empty compact convex subset of F.
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Define
Sy)={ze X: f(z,y) < sggf(z,z)},
z
which is a closed subset of X. We have proved by Step 1 that for every finite set
Z C X,

N{Sw) :y € 2} #0.

By compactness of X, we obtain

N{S(w) :y e X} #0,
which completes the proof. O

The following theorem is a generalization to the quasi-concave functions of The-
orem 6.3.2 in [2] for the non-compact case (in a Banach space) and a modification
of Theorem 6.3.4 in [2]. Note that in Theorem 6.3.4 in [2] a compact property is
imposed with respect to X, but in our case with respect to Y.

Theorem 2.4. Let X be a paracompact topological space, Y a convex subset of a
Banach space E and f : X xY — R a function such that f(z,.) is quasi-concave
for every x € X and f(.,y) is lower semi-continuous for every y € Y. Then
(4) v* = inf sup f(z,y) = sup inf f(z,C(z)) =:a,
zeX yey CeC(X,Y) zeX
where C(X,Y) is the set of all continuous mappings from X to'Y.
If, in addition, Y is compact, then

5 = inf C =:b.
(5) v cé?y,xﬁgf( (), v)

Proof. By Lemma [2.1] there exists a continuous mapping 3 : X — Y such that
(6) v* < f(x,§(x) 46 Ve X,

Hence v* < a. The inverse inequality is obvious, so () is proven.

Now let Y be compact and let C € C(Y, X). By Schauder’s fixed point theorem
there exists a point yo = §(C(y¢)). Putting z = C(y¢) in (6) and having in mind
that C' € C(Y, X) is arbitrary, we obtain v# < b. The inverse inequality is obvious
and (B)) is proven. O

We note that by a similar technique we can give another proof of [2], Theorem
6.3.8, for quasi-concave functions.

3. PARAMETRIC BORWEIN-PREISS VARIATIONAL PRINCIPLE

Now we present and prove the following parametric Borwein-Preiss variational
principle.

Theorem 3.1. Suppose that X is a paracompact topological space, Y is a conver,
closed and non-empty subset of a Banach space and the function f : X XY — R
satisfies the conditions:

(i)  for every x € X the function f(x,.) is convex, lower semi-continuous and:
if Y is bounded, then inf f(x,Y) > —oo; if Y is unbounded, then inf f(O,Y) > —c0
for some open neighborhood O of x;

(ii) for every y € Y the function f(.,y) is upper semi-continuous;
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(iii)  the functions {f(.,y) : y € Yo} are equi-lower semi-continuous for every
bounded subset Yo C Y (this means: for every xo € X and v > 0 there exists an
open set O 3 xg such that f(xo,y) — f(x,y) < v for every x € O and every y € Yy).

Lete: X — Ry and yo: X — Y be continuous mappings such that

(7) F(2,50(x)) < inf f(2,Y) +£(x), Vo€ X,
Then for every p > 1,a > 0 and every continuous function A : X — R, there exist
a continuous mapping v : X — Y, sequences of continuous mappings y, : X — Y

and sequences of continuous functions v, : X — Ry, such that y,(x) converges
uniformly on x € X to v(z) and

(8) [o(z) —yo(@)|| < A(z), VrelX,
(9) flzv(@) + Az, v(z)) < flz,y) + Alz,y), VeeX, Vyey,
where
(10) A,y) =Y ma(@)lly = yn(@)|I?,
n=0
e(z) + « =

= — > = 1.
(11) () Na) vn(x), forn >0, ngoun(x) 1
Proof. Put go(z) = e(x), po(z) = E(f\)(;r)o;p, vo(z) = % and for n > 1,
put va(z) = S (@) = LRV (2), Aale) = (2E) o (@) =

B(z)272", where 8 : X — R, is a continuous function such that

(52" s (2 <

1/p
Then vy € (0,1), Y07 jvn(z) = 1, Xo(z) = (M) Az), A\ (z) =

e(z)+a/2
1/
(M) ? 2(=n=1/p \() and

(12) i An(2) < A(z), VzeX.
n=0

Applying Lemma [Z1] for g(z) = inf f,(2,Y), n = 1,2,..., F(z) = Y, we define

inductively sequences of functions f, : X x Y — R and continuous mappings

Yn : X — Y satisfying for every n > 0,

(13) fot1(z,y) = falz,y) + pn(@)|ly — yu(@)F,  fo=f,

(14) Jo(@yn (@) < inf fo(2,Y) +en(z), VoeX.

We need to check the condition (iii) of Lemma 2.1 in order to justify its applicability.
We will prove that g is lower semi-continuous. Consider the case when Y is

unbounded (the case when Y is bounded is similar). Let zop € X and v > 0 be

given. Take any zg € Y. By upper semi-continuity of f,(., z9) and continuity of y,,

at g, there exists an open neighborhood O of xg such that f,,(z, z0) < fn(xo, 20)+7
for every z € O and y,,(O) is bounded. Define

Y, = U L,(x), where L,(z)= {y €Y : fulz,y) < Zlg}f/fn(x,z) +’y}.
z€O
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We will prove that Y,, is bounded. Assume the contrary: there are sequences
{zm}50_1 C O and {2 }50_1, 2m € Lp(zm) such that ||z, || — co. We have
=00 < fu-1(Tms 2m) + pinllzm — yn (@) (by (1))
i f n my
< inf fulzm,2) +7
< f?’b(xma ZO) + ’y
< falzo,20) + 27.

This leads to a contradiction when m — oco. The boundedness of Y,, guarantees
that the functions {|ly — .||’ : y € Y,,} are equi-Lipschitz, and by (iii), there exists
an open neighborhood O; C O of xg such that

fn(*xOvy) - fn($7y) <7 Vy € Yn,Vx € Ol-
For any = € O take y, € L,(x). Then we have

g(wo) —g(x) = yiggfn(xovy)—;ggfn(x,w
< fn(l'Ovya:)_fn(fyyz)"_’V
< 2,

which proves the lower semi-continuity of g and the correctness of (I3), (I4).
Now by ([3) and (I4) we obtain

fin () [y 1 () = yn ()7

frt1(2, Yn11(2)) = fu(2, Yni1(2))
= fn+1($ yn+1(x) fnJrl(xayn(x))
+fn(2,yn(2)) — fo(®, Ynt1(x))

(

< enta1(x) +en(a).
Hence, by definition of A, (), ||[yn+1(x) — yn(z)|| < An(z) and, therefore,

(15) (@) = @) < 3 Ars(a)
1=0

By ([2) and continuity of the functions X;,i = 0,1, ..., it follows that {y,(z)},>0
is a Cauchy sequence, converging uniformly on a neighborhood O, of z to v(z) for
every € X, which implies that the mapping v : X — Y is continuous. By (&) for
m — oo and n = 0 and by (I2) it follows that |[v(z) —yo(z)|| < Diop Ni(z) < A(z),
which is (8.

We will prove that for every « € X, v(x) is a minimum point for the function

f(z, +Zun - = yn (@)

Let v > 0, z € X be given. Since f (x,.) is lower semi-continuous, there exists
6 > 0 such that

(16) Fa.v(@) < fey) + 5. Yy € Bu(x).6).

Choose n sufficiently large such that &, (z) < v/3, ||yn(x) — v(z)| < § and
Y w@)llyn(@) = yr(@)|IP < 3
k=n-+1
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for every x € X. For every y € Y, using (I6]), (I3) and (1)), we can write:

Flz,o@) < fz,ynl@)) + 2

3
- g
= [folz,yn(2)) + Z 1 (2) [y () — yr(2)[|” + 3
k=n-+1
< falz,y) +en() + % + %
< flay) +.
This proves ([@) and the theorem. (]

Remark 3.2. Tt is clear that if we replace in the above theorem A(x, y) with A(z, y)+
elly — v(x)||” with any € > 0, we will obtain that v(x) is a strong minimum of the
perturbed function, i.e. every minimizing sequence converges to v(zx).

Remark 3.3. If we choose p = 1 in the above theorem and take into account Remark
B2, we will obtain a parametric version of Ekeland’s variational principle in a strong
form, i.e. with convergence of every minimizing sequence.

4. APPLICATIONS OF THE PARAMETRIC BORWEIN-PREISS
VARIATIONAL PRINCIPLE

In the next theorem we establish the existence of a Nash equilibrium for convex
functions after arbitrarily small smooth convex perturbations, when the domain
of one of the variables is not compact, and existence of solutions for a related
variational inequality.

Theorem 4.1. Let X;,i = 2,...,n, be convex, compact and non-empty subsets of
the Banach spaces E;, and let X1 be a conver, closed and non-empty subset of a
Banach space Ey. Denote X = X1 x+--xXp, E=FE1 x---xE,, x = (21,...,2),
T; = (.ﬁl,...,l‘i,l,xzurl,...,.’I}n), X% = Xl X e X Xi,1 X XiJrl X e X Xn7 Vi =
1,...,n. Assume that the functions f; : E — R i =1,....n, are convex with respect
to x; € X;, bounded below on X, the functions {fi(...,z;,...) : ®; € X;} are
upper semi-continuous and equi-lower semi-continuous on X; for everyi=2,...,n
and the functions {fi(x1,...) : 21 € Y} are upper semi-continuous and equi-lower
semi-continuous on Xy for every bounded subset Y C X,. Then for every e > 0
there exist points T; € X; and convex functions b; : X; — R,i =1,...,n, which are
Lipschitz with a Lipschitz constant less than € (except for by, which is Lipschitz on
the bounded sets, with a Lipschitz constant less than € on a neighrborhood of T1),
which are differentiable, if the norm of E; is differentiable on E; \ {0}, such that:

(i) the point & = (Z1,...,&,) is a Nash equilibrium for the functions f;(x) +
bi(x;),i=1,...,n; ie.

(17) fi(Z1, o @iy @) + 0i(T4)
§ fi(jla vy Ty e ,Q_Cn) + bl(xz)a sz S XZ;VZ = 1; ey 10,

(ii) if all the functions f; are equal, f; = f,i =1,...,n, f is Fréchet differentiable
on X, and if the norms of E; are Fréchet differentiable on E;\ {0}, then the b; are
Fréchet differentiable and

(18) (f'(z)+¥b(z),x—x) >0 VzrelX,
where V(z) = (V,(z1), ...,V (Zn))-
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Proof. (i) By Theorem 3T for every i = 1,...,n there exists a continuous mapping
y; + X; — X; and a continuous function A; : X — R of type (I0), which is
differentiable, convex and Lipschitz with respect to the variable z; on X; with a
Lipschitz constant less than ¢ (except for A;, which is Lipschitz with respect to
x1 on the bounded subsets of X; and has a Lipschitz constant less than ¢ on a
neighborhood of Z1), such that

(fi + Ai) (@1, wilws), -y )

1
( 9) g(f,—i—Az)(xl,,xn), Ve, € X;, Vi=1,...,n.

The composition mapping

Xox---xX,> Ty = (y2(¢2($i)), - 7yn(§0n(xj))) € Xo X - X Xn,

where ¢;(x7) = (y1(xq), T2, ., Tic1, Tig1,.-.,%n), ¢ = 2,...,n, is a continuous
mapping from the compact convex set Xo x --- x X,, to itself and by Schauder’s
fixed point theorem it has a fixed point Z; = (Z2,...,Z,). If we put 1 = y1(Z;)
and b;(z;) = A(Z1, ..., %, ..., Tp,), then T; = y;(z;) for every i = 2,...,n, and from

(I9) we obtain (7).
(ii) By (@) we obtain

and after summing in (20) for ¢ = 1,...,n, we obtain ([I8). O

We note that by the same technique for n = 2, applying Lemma [2.1] instead
of Theorem we can prove Sion’s minimax theorem [18] (this is an interesting
exercise, left to the reader).

In the next theorem we establish continuous dependence of Lagrange multipliers
of a constraint minimization problem depending on a parameter.

Suppose that a hypothesis (H) consisting of the following conditions is satisfied:

(H,) P is a paracompact topological space,

(Hyp) E is a Banach space, C' C F is a closed, convex and non-empty set, gg > 0
is given, Cyp = C' + ¢¢ B,

(H.) the functions f,g; : P x Cy — R,i = 1,...,n, are convex and continuous
with respect to the second variable,

(Hg) the families of functions {f(.,z) : € Co}, {g:(.,x) : x € Cp},i = 1,...,n,
are equi-continuous,

(H.) the multivalued mapping C : P — 2¢ has closed convex and non-empty
values and is lower semi-continuous and Hausdorff upper semi-continuous.

(Hy) the set X(p) = {z € C(p) : gi(p,x) < 0,7 =1,...,n} is non-empty for every
peP.

Consider the following parameterized minimization problem P:

minimize f(p,z) with respect to x for every p € P,

under constraints: z € X(p).

Denote g(p,z) = (g1(p, z), ..., gn(p, )) and disty (z) = inf ey ||z — yl|, the distance
from a point x to a set Y.

Theorem 4.2 (Parametric Kuhn-Tucker theorem). Assume that the hypothesis
(H) is satisfied and the norm of the Banach space E is Fréchet differentiable on
E\ {0}. Assume that the continuous functions e, A : X — Ry, v: X — R and the
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numbers a > 0,q > 1 are given,
Alp)
2¢5a—1’
the functions f(p,.), gi(p,.),i = 1,...,n, are bounded on u(p) + 3A(p)B for every

p€ P, u:P — C is a continuous mapping satisfying

(22)  u(p) € Xy(p) and f(p,u(p)) < xei}r(lf( )f(p7 r)+e(p) VpeP,

~\P

(21) 0<~(p) <

where X+ (p) = {x € C(p) +v(p)B : ¢9;(p,xz) < 0,4 = 1,...,n}. Then there exist a
continuous selection v of C (solution mapping), continuous mappings p: P — Ry,
r: P — R (Lagrange multipliers mappings) and a continuous function K : P —
R, such that:
(A) for every p € P the following conditions are satisfied:
(i) H( (p),T(p))H =1, u(p) 2 0,7i(p) 2 0,i=1,...,n
(ii) 7:(p)gi(p,u(p)) =0  for everyi=1,...,n,
(i) [lo(p) — u(p) | < A(p),

(iv) the function p(p)f(p,x)+ (r(p), 9(p,x)) + A(p, x) attains its minimum over
C(p) at v(p),

(v) =A%L(p,v(p)) € 0z L(p,v(p), u(p),r(p), K (p)),
where 0, L(p, v, u, r, K) is the subdifferential of L with respect to the second variable,

L is the Lagrange function given by
L(p,x,p, 7, K) = pf(p, ) + (r, g(p, 2)) + Kdistc(y) (),

A(p,.) is a convex, Fréchet differentiable function, A(.,x) is continuous:

(23) Zuz Mzi(p) — ]|,

e(p) +a+ K(p)ry(p . =
1) () =2 A(p)f Al )uz-<p>, for 20, Y wilp) =1
i=0
vi,x; : P — Cy are continuous mappings, and x;(p) converges uniformly on p € P
to v(p).

(B) If u(p) # 0 for p € Py C P, then v(p) is a solution of the following mini-
mization problem for every p € Py:

minimize f(p,x)+ Z wi(p)||zi(p) — x||?  with respect to x

under constraints x € X( ).

Remark 4.3. The assertion (B) in the above theorem presents a parametric Borwein-
Preiss variational principle with constraints. A sufficient condition for u(p) # 0,p €
P,y is the following Slater condition (see, for instance, [§], Proposition 6.3.1):

(25) Vp € Py,32(p) € C(p) : 9i(p,2(p)) <0, Vi=1,...,n

The assumption for existence of a continuous mapping u : P — C satisfying (22) is
fulfilled under some conditions (see LemmalZL@l). Also, the existence of a continuous
A satisfying the conditions of Theorem is guaranteed if P is a metric space (see
the proof of Corollary @A), (ii)).
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Proof of Theorem 2. (A) Put

Lo(p) = sup | f(p, u(p) + 3\(p) B)|
and
Li(p) = sup |gi(p, u(p) + 3\(p) B)|.

By a basic lemma of convex analysis (see for instance [15], Lemma 5.23, page 742),
the functions f(p,.) and g;(p,.),% = 1,...,n, are Lipschitz on u(p) + 2\(p)B with
Lipschitz constants L¢(p) = 2Lo(p)/A(p) and Ly, (p) = 2Li(p)/A(p),i = 1,...,n,
respectively. Put

(26) L(p) = Li(p)+ > Le(p),  Qp) =57 /A,

i=1
and

L(p) + ((p) + 0)Q

27) L = =T mow

K(p) = 2L(p).

By equi-continuity assumptions on {f(.,x) : z € Cp} and {g;(.,z) : x € Cp},i =
1,...,n, and continuity with respect to the second argument, it is straightforward to
prove that the functions L;,i = 0, ...,n, are continuous; therefore K is continuous
too.

Further we use an idea from the proof of [8], Theorem 6.1.1. Put

T={t=(ur) e R"™™:p>0,r>0,(ur)]=1}
and

(28) F(p,y) = max {u(f(p, y) = [, ulp)) +e(p))+(r, g(p, y)>}+K(p)distc<p) (¥)-

Because of gi(p, u(p)) < 0, we have F(p, u(p)) < =(p) + K (p)disteq) (u(p)) < =(p) +
K(p)y(p). Also, F(p,x) > 0 for € Cy. Indeed, if F(p,y) < 0 for some y € Cy,

then g;(p,y) < 0 for every i = 1,...,n, y € C(p) and f(p,y) < f(p,u(p)) —£(p) <
inf f(p, X(p)), a contradiction. So we have

F(p,u(p)) < inf F(p,Co) +e(p) + K(p)y(p) VYpe€ P.

We will show that F satisfies the condition of Theorem[31l Firstly we will establish
that the functions {F(.,y) : y € Y} are equi-lower semi-continuous for any bounded
subset Yy of Cy.

It is straightforward to check that the functions {dist¢(y(y) : y € Co} are
equi-continuous. Let § > 0 be given. By (d), by equi-continuity of the family
{diste(y(y) : y € Co}, continuity of u, K and Ly(.,u(po)), there exists an open set
O 2 pg such that for any p € O and any y € Yy (using the boundedness of Yj) we
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obtain:

Flpo,y) = F(py) < max {u( (o) = F(po. ulpo)) = F(p,9) + f(p.u(p)))
(1, 9(poy) = 9(p,y) } + (K (po) = K(p))disteqp) (4)

+K(p) (distc<po) (y) — diste(p) (y>>

<6+ fp,u(p)) — f(p,ulpo)) + f(p,ulpo)) — f(po, ulpo))
+nd + 26

<6+ Ly(p,u(po))|lulp) — u(po)l + 6
+nd + 26

< (n+5)0.

This shows that the functions {F(.,z) : € Yy} are equi-lower semi-continuous.
Analogically we prove that the functions {F(.,z),z € Yy} are equi-upper semi-
continuous. Obviously F(p,.) is convex.

Now we apply the parametric Borwein-Preiss variational principle (Theorem
BIl) and obtain: there exist continuous mappings v,z; : P — Cy and continuous
functions v; : X — Ry such that z;(p) converges uniformly on p € P to v(p)
(1=0,1,...,20 = u), and

(29) [v(p) —uP)l < A(p), Vpe€ P,
(30) F(p,v(p)) + Ap,v(p)) < F(p,y) + Alp,y), Ype P, Vy € Cy,

where
(31) Alp,y) = pi®)lly — =),
i=0
e+ Kphp) +a , o~
wi(p) = M) vi(p), for >0, ZZ:;VZ(p) =1.

Equation (29) is (iii).
We will prove that v(p) € C(p) for every p € P.
Assume the contrary: v(p) € C(p) for some p € P. Because of 29), A(p) +~(p) >

[0(p) — u(p)|| + diste(y) (u(p)) = diste(y) (v(p)), so A(p) +7(p) — diste) (v(p)) > 0.
Take e(p) € (0,A(p) + v(p) — diste(,)(v(p )() and y(p) € C(p) such that e(p) <

y(p €
diste(py (v(p)) and [lv(p) — y(p)|| < disteey) (v(p)) + e(p). Then [lv(p) — y(p)|| <
A(p) +v(p) and by @9), |lu(p) —y(p)|| < 2A(p) +v(p). Put

¢(p,y) = F(p,y) — K(p)distep (y) + Ap,y

)

Note that L(p) (given in [27)) is a Lipschitz constant of ¢(p,.) in O(p) := u(p) +
(2X\(p) + v(p))B. Indeed, the norm of the derivative A’(p,y) is bounded by
(e(p) + o+ K(p)y(p))Q(p) on O(p), so (¢(p) + a + K(p)v(p))Q(p) is a Lipschitz
constant of A(p,.) on O(p). A Lipschitz constant of F'(p,.) — K(p)diste(p) (y) on

O(p) is L(p), so L(p) + (¢(p) + a+ K (p)7(p))Q(p) = L(p) is a Lipschitz constant of
©(p,.) on O(p). Therefore, L(p) is a Lipschitz constant of ¢(p, .) in a neighborhood,
say U, of y(p). Put z,(p) = vv(p) + (1 — v)y(p) and take sufficiently small v > 0
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such that x,(p) € U. From (30) for z = y(p) we obtain:

o(p,zu(p)) < wvep,v(p)+ (1 —v)ep ylp)
< (P y(p)) — vK(p)diste ) (v(p))-
Hence
vK (p)diste) (v(p) < @(p,y(p)) — ¢(p, 2 (p))
< L)lly(p) — z.(p)ll
= vL(p)[lv(p) — y()|
< vL(p)(disteqy (v(p)) + ().

and remembering that K (p) = 2L(p), we obtain distc(,)(v(p)) < e(p), a contradic-
tion.

So we proved that v(p) € C(p) for every p € P. This means in particular that v(p)
is an interior point of Cy (remember that Cy = C +¢¢B). Since F(p,v(p)) > 0 and
the Euclidean norm is strictly convex, there exists a unique vector t(p) = (u(p), r(p))
at which the maximum in (28) is attained for y = v(p). Since ||¢t(p)|| = 1, (i) is
proved. Note that r;(p) = 0, if g;(p,v(p)) < 0, which gives (ii). Obviously the
mapping p — t(p) is continuous. Now from (B0) we obtain (iv) and by Fermat’s
rule, using the differentiability of the norm, we obtain (v).

(B) The assertion follows from (i), (ii), (iv) and the non-parametric Kuhn-Tucker
theorem (see for instance [I], section 1.3.3). O

We will present corollaries when the inequality constraints in the minimization
problem P are missing.

Corollary 4.4. (i) Assume that the assumptions of Theorem &2 are satisfied, as
the functions g; are missing. Then the mapping p — Of(p,v(p)) + Nep)(v(p)) has
a continuous selection, where Ny (y) means the normal cone to the convez set' Y at
the point y € Y and 9f (p,x) is the subdifferential of f(p,.) at x.

(ii) Let M be a metric space, let E be a Banach space with Fréchet differentiable
norm on E\ {0}, let ¢ : M x E — R be a convex continuous function with respect
to the second variable and let the functions {f(.,x) : € Y} be equi-continuous
for every bounded Y C E. Then for every 6 > 0 and every continuous mapping
u: M — FE there exist continuous mappings v : M — E and s : M — E* such that

(a) s(p) € 0f(p,v(p)), VpeM,
(b) [lu(p) —v(p)l <6, Vpe M.

In particular,

(¢) for every convex continuous function f: E — R and for every § > 0, there
exists a continuous selection of the mapping E > p— 0f(p+ 6B).

Proof. (i) The assertion follows from (v) of Theorem [£2 having in mind that
ddiste(p) (x) = B N Negpy (@) (see, for instance, [7], page 57, Exercise 12 (d) (iii)).
(ii) For any p € M define ag(p) = sup{a > 0: f(p,z) < f(p,u(p)) +4, Vz €
B(u(p),a)}, a(p) = ao(p) if ag(p) < 400 and a(p) = 1 otherwise. By continuity
of f(p,.) we have a(p) > 0. Take any py € M. By continuity of f(p,.),u(.) and
equi-continuity of {f(.,x) : z € Y} for any bounded Y, there exists é(pg) > 0 and
a1(po) € (0,1) such that f(p,z) < f(po,z) +1 < f(po,u(po)) +2 < f(po,u(p)) +
3 < f(p,u(p)) + 4 and ||u(p) — u(po)|l < a1(po)/2 for every p € B(po,d(po)) and
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x € B(u(po),a1(po))- Then the inclusion B(u(p), a1(po)/2) C B(u(po),a1(po)) for
p € B(po,d(po)) implies a(p) > a1(po)/2. Therefore the lower semi-continuous
envelope of a, B3(po) = sup.~.qinf,ep(py,e) (p) is positive, i.e. B(pg) > 0 for every
po € M. Applying a theorem of Dowker (see [15], Corollary 4.21, page 97) we
obtain a continuous function A : M — E such that 0 < A(p) < 3(p)/3 < a(p)/3 for
every p € M.

Now we apply Theorem 2 with v = 0, A(p) = min{A(p),d}, C(p) = z(p) +
2X(p)B and £(p) = 4L (p)A(p), where Ly (p) = sup | f(p, u(p)+3A(p) B)|/A(p). Note
that Ly is a Lipschitz constant of f(p,.) on C(p) (it follows from a basic lemma of
convex analysis, see for instance [15], Lemma 5.23, page 742), so (22) is satisfied.
By (iii) of Theorem [£.2] we obtain (b) and that v(p) is an interior point of C(p), so
putting s(p) = —AL(p,v(p)), from (v) of Theorem [4.2] we obtain (a). The assertion
(c) follows from (a) and (b) if we take M = E,u(p) = p and f(p,z) = f(z). O

Note that part (ii) (c) of the above corollary in finite-dimensional spaces is a bet-
ter result than those obtained by applying Cellina’s approximate selection theorem
[7], Theorem 8.2.5, to the subdifferential of f. Cellina’s theorem gives a continuous
mapping ¢ : M — E such that ¢(y) € df(y + dB) + dB.

Further we need the following lemma (see [14], Lemma 4.1) which shows the
upper semi-continuity of the level-set mapping of a convex function.

Lemma 4.5. Let X C E be a non-empty conver bounded subset, f : E — R
a conver function, ¢ € R, L(f,c) == {& € X : f(x) < ¢}, and let there exist
z € X such that f(z) < c. Then for every e > 0 there exists § > 0 such that
distz(f,¢)(7) < € whenever x € X and f(x) < c+ 6.

By the next lemma we show that the assumption for existence of a continuous
mapping u satisfying [22)) is fulfilled under some rather general conditions.

Lemma 4.6. Assume that the hypothesis (H) is satisfied, C in addition is Hausdorff
continuous with bounded images, the Slater condition (28) is satisfied and for every
p € P the function f(p,.) is bounded on the bounded subsets. Then there exists a
continuous mapping v : P — Cy satisfying condition ([22)).

Proof. Claim: The multivalued mapping L : P — 2F  L(p) = {x € Cy : gi(p,x) <

0, Vi =1,...,n} is upper semi-continuous .
Let pg € P and € > 0 be given. By Lemma[£3F] there exists § > 0 such that
(32) L(gl(p07)75) CL(gZ(pOa)7O)+8Ba VZZI,,TL

By equi-lower semi-continuity, there exists an open set O 3 pgy such that
(33) 9i(po,z) < gi(p,x)+9d Ve eCopeO,i=1,...,n.

Take p € O and z € L(p,.). Then B2) and B3) imply = € L(g;i(po,.),d) C
L(gi(po, -),0) + eB, which proves the Claim.

Note that Xy(p) = L(p) N (C(p) + v(p)B) and, due to the Slater condition
B5), int X, (p) # 0 and L is lower semi-continuous (therefore Hausdorff lower semi-
continuous). Now Proposition 2.80 of [15], page 66, implies that X, is Hausdorff
continuous; therefore the multivalued mapping X3 with images X7 (p) := L°(p) N
(C(p) + v(p)B) is Hausdorff continuous too, where L°(p) = {x € Cy : gi(p,z) <
0,i=1,..,n}.
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We will prove that the function ¢(p) = inf e xo ) f(p, ) is lower semi-continu-
ous. Take py € P, € > 0, an open set U 3 py such that C(p) C C(pg) + B,
X5(p) € X5(po) +eB and f(po,x) — f(p,x) < &,Vx € C(U),Vp € U. Let K be
a Lipschitz constant of f(po,.) on C(pg) + eB (such a K exists by boundedness
of f(po,.) on the bounded subsets and by a basic lemma of convex analysis, see
for instance [15], Lemma 5.23, page 742). For any p € U, take x € X3(p) and
y € X3(po) such that f(p,z) < ¢(p) +¢ and ||z —y|| < e. Then

¢(po) —w(p) < flpo,y) — f(p,x) +e
< f(po,y) — f(po, =) + 2¢
< Klz -yl +2¢

< eK 4+ 2e,
which proves the lower semi-continuity of the function ¢.
Now we apply Lemma 1] (b) with F' = X, g = ¢ and finish the proof. O
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