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AUTOMATIC DIFFERENTIABILITY
AND CHARACTERIZATION OF COCYCLES

OF HOLOMORPHIC FLOWS

FARHAD JAFARI, THOMAS TONEV, AND ELENA TONEVA

(Communicated by Juha M. Heinonen)

Abstract. In this paper we prove that cocycles of holomorphic flows on do-
mains in the complex plane are automatically differentiable with respect to
the flow parameter, and their derivatives are holomorphic functions. We use
this result to show that, on simply connected domains, an additive cocycle is
a coboundary if and only if this cocycle vanishes at the fixed point of the flow.

1. Introduction

On many occasions continuity and differentiability arise automatically if a func-
tion possesses some apparently unrelated properties. Exploitation of these prop-
erties has led to many deep results in functional analysis (see [Jar] and references
therein, for example). This paper demonstrates another instance of such a result,
leading to a complete and simple characterization of the multipliers of holomorphic
semigroups of composition operators.

Let Ω be a domain (open, connected and nonempty) in the complex plane C

and let H(Ω) be the set of holomorphic functions on Ω. We denote by D the open
unit disc in C. A one-parameter family ϕ(t, z) : [0,∞) × Ω → Ω of nonconstant
holomorphic functions satisfying ϕ(0, z) = z and ϕ(s + t, z) = ϕ(s, ϕ(t, z)) for all
s, t ≥ 0 and z ∈ Ω is called a holomorphic flow. We will consider continuous flows
ϕ(t, z) on [0,∞) × Ω only. We say z0 ∈ Ω is a fixed point for ϕ if ϕ(t, z0) = z0 for
all t ≥ 0.

Note that ϕ(t, z) are continuously differentiable with respect to t. Berkson and

Porta [BP] have given an explicit formula for the derivative
∂ϕ(t, z)

∂t
of a flow.

Actually their argument proves the continuous differentiability of any holomorphic
flow ϕ(t, z) which is continuous with respect to t. Cowen [C] and Siskakis [S] give
interesting applications of holomorphic flows to the study of Cesaro operators.

A continuous complex-valued function m on [0,∞) × Ω is said to be a multi-
plicative cocycle for the flow ϕ if m satisfies the following conditions:

(i) m(t, ·) ∈ H(Ω) for all t ≥ 0,
(ii) m(0, z) = 1 for all z ∈ Ω,
(iii) m(t + s, z) = m(s, z) m(t, ϕ(s, z)) for all t, s ≥ 0, z ∈ Ω.
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The family of weighted holomorphic composition operators m(t, z)Cϕ(t,z) is a
strongly continuous semigroup on the Hardy spaces Hp(Ω) [EJ]. König ([Ko],
Lemma 2.1 (b)) shows that every cocycle m is nonvanishing and gives a character-
ization of the smooth cocycles on Hardy spaces of the unit disc.

Likewise, a continuous complex-valued function a(t, z) on [0,∞) × Ω is said to
be an additive cocycle for a holomorphic flow ϕ if

(i′) a(t, z) ∈ H(Ω) for all t ≥ 0,
(ii′) a(0, z) = 0 for all z ∈ Ω,
(iii′) a(t + s, z) = a(t, z) + a(s, ϕ(t, z)) for s, t ≥ 0, z ∈ Ω.

If a is an additive cocycle, then m(t, z) = exp(a(t, z)) is a multiplicative cocycle
and the converse is true for simply connected domains.

A (multiplicative) cocycle m(t, z) is said to be a coboundary for the flow ϕ if
there exists a nonvanishing function α ∈ H(Ω) such that

m(t, z) =
α(ϕ(t, z))

α(z)
for all (t, z) ∈ [0,∞) × Ω

and, likewise, an (additive) cocycle a(t, z) is said to be a coboundary for the holo-
morphic flow ϕ if there exists a function β ∈ H(Ω) such that

a(t, z) = β(ϕ(t, z)) − β(z) for all (t, z) ∈ [0,∞) × Ω.

The utility and characterization of smooth cocycles which are coboundaries are
presented in [JTTY]. The reader is referred to that paper for a detailed discussion
of holomorphic flows and cocycles.

In this paper, we demonstrate that cocycles of holomorphic flows are automat-
ically smooth and, using a characterization of such cocycles, provide a simple and
complete characterization of cocycles which are coboundaries.

2. Main results

Lemma 1. Let a be an (additive) cocycle for a holomorphic flow ϕ(t, z) on Ω.
Then

lim
n→∞

2na
( 1
2n

, z
)

= g(z) ∈ H(Ω)

where the convergence is uniform on compact subsets of Ω.

Proof. Let K be a compact subset of Ω, and let r > 0 be such that 2r < dist (K, bΩ)
= inf{|z − w| : z ∈ K, w ∈ bΩ}. Denote by K2r the compact set K2r = {z ∈ C :
dist (z, K) ≤ 2r} ⊂ Ω.

Since z = ϕ(0, z) and ϕ is uniformly continuous on [0, 1] × K, we can find a
constant c > 0, such that |z − ϕ(t, z)| ≤ r for all t ≤ c and for every z ∈ K.
We will use some ideas from the proof of Theorem 1.1 in [BP]. Let [z, ϕ(t, z)] be
the segment in C connecting z and ϕ(t, z), and let Cζ be the circle with radius 2r
centered at ζ. Clearly, dist (Cζ , [z, ϕ(t, z)]) ≥ r for every t ∈ [0, c], ζ ∈ [z, ϕ(t, z)],
and

a(2t, z) − 2a(t, z) = a
(
t, ϕ(t, z)

)
− a(t, z)

=

ϕ(t,z)∫
z

∂a(t, ζ)
∂ζ

dζ =

ϕ(t,z)∫
z

1
2πi

( ∫
Cζ

a(t, ξ)
(ξ − ζ)2

dξ
)
dζ,
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by the Cauchy theorem for derivatives of holomorphic functions. Therefore,

(1) |a(2t, z) − 2a(t, z)| ≤ max
[0,c]×K2r

|a(t, z)| r

r2
|z − ϕ(t, z)|.

Observe that K2r ⊃ Cζ for every ζ ∈ [z, ϕ(t, z)] and every z ∈ K. Since ϕ is
continuously differentiable in the t variable, we can find a constant C > 0, such
that

|z − ϕ(t, z)| = |ϕ(0, z) − ϕ(t, z)| ≤ Ct

for every z ∈ K and t ∈ [0, c]. Consequently, for any t ∈ [0, c] and any z ∈ K,

(2) |a(2t, z) − 2a(t, z)| ≤ max
[0,c]×K2r

|a(t, z)| C

r
t = Nt

where N = max
[0,c]×K2r

|a(t, z)| C

r
> 0.

Now

|a(t, z)| =
1
2
|(2a(t, z) − a(2t, z)) + a(2t, z)| ≤ 1

2
(Nt + |a(2t, z)|)

(3) ≤ 1
2

Nt +
|a(2t, z)|
(2)2/3

.

Hence, for the function ψ(t, z) =
a(t, z)
t2/3

we have

(4) |ψ(t, z)| ≤ 1
2

Nt1/3 +
|a(2t, z)|
(2t)2/3

=
1
2

Nt1/3 + |ψ(2t, z)|

for any t ∈ (0, c] and any z ∈ K.
We claim that ψ(t, z) is bounded on (0, 1]×K. Indeed, without loss of generality

we can assume that c < 1. By continuity, there are constants L and η ≤ c,
such that |ψ(t, z)| ≤ L for t ∈ [η, max{1, 2η}] and z ∈ K. Now (4) implies that
|ψ(t, z)| ≤ (1/2)Nc1/3 + L for z ∈ K and for t ∈ [η/2, η] (and, consequently, for
t ∈ [η/2, 1] too). By using (4) again, we extend the t-interval closer to 0 for the
expense of an additional term in the upper bound. Namely,

|ψ(t, z)| ≤ 1
2

Nc1/3 +
1
2

N
( c

2
)1/3 + L

for any t ∈ [η/4, 1] and z ∈ K. Proceeding inductively, we obtain that

∣∣a(t, z)
t2/3

∣∣ = |ψ(t, z)| ≤ 1
2

Nc1/3
∞∑

n=1

( 1
2n

)1/3 + L =
1
2

Nc1/3
∞∑

n=1

1
(21/3)n

+ L = M

for any t ∈ (0, 1] and z ∈ K. Note that the geometric series from the above is
convergent and its sum is independent of both t and z.

Consequently, for every compact set K ⊂ Ω there is a constant M , such that

(5) |a(t, z)| ≤ Mt2/3

for every t ∈ [0, 1] and z ∈ K. In particular, there is a constant M2r such that (5)
holds on the set K2r.

By applying (5) we refine the estimate from (1). We find a positive constant c,
such that for every t ∈ [0, c] and z ∈ K,

(6) |2a(t, z) − a(2t, z)| ≤ M2rt
2/3Ct = M̃t5/3,



3392 FARHAD JAFARI, THOMAS TONEV, AND ELENA TONEVA

for some constant M̃ . Assume that t ∈ (0, c]. Therefore, by dividing both sides of
(6) by 2t, we get ∣∣a(t, z)

t
− a(2t, z)

2t

∣∣ ≤ M̃t2/3

2
.

For n big enough, so that t = 1/2n ≤ c, we have
∣∣2na

( 1
2n

, z
)
− 2n−1a

( 1
2n−1

, z
)∣∣ ≤ 1

2
M̃

1
((2)2/3)n

.

The Weierstrass domination theorem implies that the series

a(1, z) +
∞∑

n=1

[
2na

( 1
2n

, z
)
− 2n−1a

( 1
2n−1

, z
)]

is uniformly convergent on K to a function g(z) ∈ C(K). Consequently, the se-

quence 2na
( 1
2n

, z
)

is uniformly convergent to g(z) on compact subsets of Ω, as
claimed. Clearly, g is holomorphic in Ω. �

Theorem 2. Every additive cocycle a(t, z) for a holomorphic flow ϕ admits the
representation

a(t, z) =
∫ t

0

g(ϕ(s, z))ds,

where g is the function in Lemma 1.

Proof. Indeed,
t∫

0

g(ϕ(s, z)) ds =

t∫
0

lim
n→∞

2na
( 1
2n

, ϕ(s, z)
)
ds

= lim
n→∞

2n

t∫
0

a
( 1
2n

, ϕ(s, z)
)
ds = lim

n→∞
2n

t∫
0

[
a
( 1
2n

+ s, z
)
− a(s, z)

]
ds

= lim
n→∞

2n
[ t+1/2n∫

1/2n

a(s, z) ds −
∫ t

0

a(s, z) ds
]

= lim
n→∞

1
1/2n

[ t+1/2n∫
t

a(s, z)ds −
1/2n∫
0

a(s, z) ds
]

= a(t, z) − a(0, z) = a(t, z),

by the Mean Value Theorem for integrals and the continuity argument. �

Theorem 3. If Ω is a simply connected domain in the complex plane C and m is a
multiplicative cocycle on [0,∞)×Ω, then there is a holomorphic function g : Ω → C,
so that

m(t, z) = exp
( t∫

0

g
(
ϕ(s, z)

)
ds

)
.

Proof. Simply recall that m(t, z) = exp(a(t, z)). �
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Differentiating m expressed in the above theorem provides an explicit expression

for the generator g(ϕ(t, z)) =
∂a(t, z)

∂t
of the additive cocycle a(t, z) related to m.

Since m is nonvanishing, we have

g(ϕ(t, z)) =
1

m(t, z)
∂m(t, z)

∂t
.

By Lemma 2.2 in [JTTY], the flow is a univalent holomorphic function for every
t ≥ 0. Therefore, for such domains, g takes the explicit form

g(z) =
1

m(t, w)
∂m(t, w)

∂t
where w = ϕ−1(t, z).

By applying locally the argument from the proof of Theorem 3 we immediately
obtain the following.

Theorem 4. Each multiplicative cocycle m(t, z) on a connected domain Ω ⊂ C is
continuously differentiable with respect to the flow parameter t, and its derivative
is holomorphic on Ω.

Theorem 5. Let Ω be a simply connected domain in C and let ϕ : [0,∞)×Ω → Ω
be a holomorphic flow. Let a be an (additive) cocycle and m be the corresponding
(multiplicative) cocycle for ϕ.

(i) If the flow is fixed-point-free, then every cocycle is a coboundary.
(ii) If the flow has a fixed-point at z0 ∈ Ω, then a (resp. m) is a coboundary if

and only if a(t, z0) = 0 (resp. m(t, z0) = 1) for all t ≥ 0.

Proof. Let G denote the infinitesimal generator of ϕ(t, z), i.e., G is the solution of
the initial value problem

∂ϕ(t, z)
∂t

= G(ϕ(t, z)), ϕ(0, z) = z for all z ∈ Ω.

(i) If a is an additive cocycle for the fixed-point-free flow ϕ, G(z) �= 0, and since
a is continuously differentiable in t by Theorem 2, the result follows from Theorem
4.2 in [JTTY, p. 248].

(ii) Suppose the flow ϕ has a fixed-point at z0 ∈ Ω. Then from the integral
representation for a in Theorem 2,

∂a(t, z)
∂t

= g(ϕ(t, z)),

which implies that a(t, z0) = tg(z0), since a(0, z) = 0. Now, by Theorem 4.3 (ii)
in [JTTY, p. 249], since G(z0) = 0, it follows that a is a coboundary if and only if
g(z0) = 0. By continuity, this clearly implies a(t, z0) = 0 for every t ≥ 0. �

Open problems

It would be interesting to investigate higher order of differentiability with re-
spect to t. The most natural generalization of this paper would involve studying
holomorphic flows on multiply connected domains in the complex plane and identi-
fying the structure of the cocycles acting on semigroup flows on such domains. For
example, it would be very interesting to provide a classification of semigroup flows
on annular domains and characterize the cocycles which are coboundaries on such
domains.
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Replacing the nonvanishing holomorphic functions as the coefficient group by
more restricted coefficient groups such as the class of boundedly invertible holo-
morphic functions on G or, more generally, by the algebra of bounded holomorphic
functions on G would clarify the structure of semigroup flows on these spaces.

As an immediate extension of this paper, it would be interesting to know if
projective cocycles (see [JTTY, Example 5.1 and Proposition 5.2]) are also auto-
matically differentiable. This will help answer the question: Given h ∈ H(G) can
one find a nonvanishing weight function p such that m(t, z) = p(t) exp(th(z)) is a
cocycle?

Applications of the structure of cocycles of holomorphic flows to dynamical sys-
tems and semigroup theory would also be of interest.
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