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ABSTRACT. We present a necessary and sufficient condition for two matrices
given by two bivariate functions to be inverse to each other with certainty
in the cases of Krattenthaler formula and Warnaar’s elliptic matrix inversion.
Immediate consequences of our result are some known functions and a con-
structive approach to derive new matrix inversions from known ones.

1. INTRODUCTION

Throughout this paper, all operations are carried out on &, a field of characteristic
zero, and Z denotes the set of nonnegative integers. Recall that F = (fy, k)n.kez
is an infinite-dimensional lower-triangular matrix over k provided that each entry
fne =0 unless n > k. The matrix G = (gn,k)n kez is the inverse matrix of F if

ZnZiZkfn,igi,k = Op, for all n, k € Z,

where § denotes the usual Kronecker delta. Two such matrices are often called an
inversion or a reciprocal relation in the context of combinatorics. In what follows,
we call a pair of matrices F' and G with the reciprocal relation a matriz inversion.
Matrix inversions play very important roles in many fields of combinatorics and
special functions. For instance, we can use them to derive a number of basic
hypergeometric summations and transformations. The reader may consult [T} [6], T3]
for more details. A well-known result concerning matrix inversions is the following
formula discovered by Krattenthaler in [9], which is built on his earlier work of the
operator method for solving Lagrange inversion problems [g].

Theorem 1.1. Let {a;}icz and {b;},cz be arbitrary sequences over x such that
by # b fori#j. Assume that F = (fpk)nkez and G = (gnk)n,kez are inverse to
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each other, where

n—1
11 (a; —be)
(1.1) fage = 2
IT @ —ox)
j=k+1
Then
) (aj —bn)
ag — by j=k+1
1.2 =
( ) In,k a

mn - bn n—l .
T —bn)
Jj=k

As many facts show, Krattenthaler’s formula subsumes many classical matrix
inversions in combinatorial analysis, such as Gould-Hsu inversion [7], Carlitz in-
version (i.e., the g-analogue of Gould-Hsu inversion) [3], and Bressoud’s formula
[2).

Recently, as a new class of generalized hypergeometric series originally due to
Frenkel and Turaev [5], the elliptic hypergeometric series has received much atten-
tion [5], [14] 7] [1§]. In [I8], Warnaar set up an elliptic matrix inversion by using the
addition formula of the theta function [19] and by induction, which proved to be
very useful in deriving an extensive list of summation and transformation formulas
for elliptic hypergeometric series.

Theorem 1.2 (Warnaar’s matrix inversion). Define the theta function 0(x) =
[[20(1 — xp)(1 — p*'/a),|p| < 1. Suppose that F = (fuk)nkez and G =
(gn.k)n.kez are inverse to each other. If

[Ty 0ibi)0(:/br)
1.3 nk = — , then
R AR TR0
bi0(xrbr)0(zk /bk) HZL:]C+1 0(xib,)0(x;/by,)
bn0(@nbin)0(zn /bn) 172, O(biby)0(bi/by)

(1'4) Ink =

As was pointed out by Warnaar in [18], his matrix inversion is the elliptic ana-
logue of Krattenthaler’s formula. Also, it is worth mentioning that shortly after
[18] appeared, Rosengren and Schlosser [14] reproved Warnaar’s matrix inversion
by using Krattenthaler’s operator method.

In this paper, we will show that Warnaar’s matrix inversion admits a further
extension, namely, there exists a new unified matrix inversion which contains War-
naar’s matrix inversion (thus, Krattenthaler’s formula) as a special case. More
precisely, once the addition formula of the theta function is extended to the kernel
of the Lagrange operator (see Definition 2.3 below), can we establish the following
new matrix inversion containing (1.1)/(1.2) and (1.3)/(1.4) as special cases, which
will be proved in section 3.

Theorem 1.3. Let f(x,y) and g(x,y) be two arbitrary functions over k in variables
x,y. Suppose further g(x,y) is antisymmetric, i.e., g(x,y) = —g(y,z). Let F =
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(frk)nkez and G = (gnk)n,kez be two matrices with entries given by

H:-:kl fxi, br)
15 b = i=k J T80k d
(15) e TR

b 1‘,7; ’L7bn
(1.6) Ink = S, be) iz /& ), respectively.

f@n,bn) 1050 g(biyba)
Then F' = (fnk)nkez and G = (gn.ix)nkez i a matriz inversion if and only if for
all a,b,c,x € K,
(1.7) 9(a,b) f(z,c) — g(a,c) f(z,b) + g(b,c) f(x,a) = 0.
Here and in what follows, it is always assumed that {b;};cz is a sequence such
that none of the terms g(b;,b;) or f(x;,b;) in the denominator of the right-hand
side vanishes, which is no longer listed as a condition. Besides, any product of the

form ]!, e while & > n is defined to be 1. As we will see later, () can be
regarded as a generalization of the addition formula of the theta function.

2. DEFINITIONS AND PRELIMINARY RESULTS

Let us begin with two Lagrange operators on which the proof of Theorem
relies entirely. To do this, we use k™ to denote the n-dimensional vector space over

k, and k(z1, 22, -+ ,x,) the set of all functions over x in variables x1, za, - , Tp.
Definition 2.1 (Lagrange operator). Let xo(z,y) be the set of antisymmetric bi-
variate functions f(x,y). Then the map L, : " X ko(z,y) — K(T1, 22, , Tn_2),
such that
n n—2
‘Cn(b17b27"' vbnaf):Z(_l)n_Z H f(biubiz) Hf(xjvbi)y
i=1 1<i1 <ia<ny i, in i Jj=1

is said to be the Lagrange operator of degree n.

Definition 2.2 (Generalized Lagrange operator). Let kg(z,y) be defined as above,

g(x,y) € ko(z,y). Then the map L9k x k(z,y) — k(x1,22,  ,Tp_2), such
that
n . n—2
L (by,bg, -+ bn, f) =D (=1 1T 9(bi,,bi,) [ £, 00),
i=1 1<y <ig<n; i ,ia i j=1

is said to be the generalized Lagrange operator of degree n with respect to g(z,y).

Evidently, £, # £, although L, (b1, bo, -+ ,bn, f) = L5 (b1,ba, -+, by, f).
We will write En(bla b27 T 7b’n)(f) for E’n(bla b27 e 7b'n7 f)7 ‘Csbg)(bla b27 T 7b’n (f)
for LSf”(bl,b%--- ,bn, f) for short. In particular, £4(b1)(f) = £§9>(b1)(f) =1,

Lo(b1,b2)(f) = Eég) (b1,b2)(f) = 0, all of which follow from the previous assumption
and definitions.

Example 2.1. For all (a,b,c,d) € k%, g(z,y) € ko(z,y), the action of the Lagrange
operator /Jflg) of degree 4 on f(z,y) is by Definition 222 the following:

LY (a,b,¢,d)(f) = g(a,b)g(a,)g(b, ¢) f(a1,d) f (2, d)
- g(av b)g(av d)g(ba d)f(mla C)f(l‘g, C) + g(a’ C)g(aa d)g(ca d)f($1, b)f(]?g, b)
— g(b,e)g(e, d)g(b,d) f(x1,a) f (z2, a).
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Next, we are concerned with a function f(z,y) such that £, (b1,be, - ,b,)(f) =
0 or £ (b1, ba, -+ ,b,)(f) = 0. For this, we need the following definition:

Definition 2.3. Let £,, and ,655” be defined as above. Then the kernel of £,, (resp.
L'%g)) is defined to be the set of all bivariate functions f(z,y) such that for any
(b1, b, 1 bn) € K%, Lo(br,ba, -+, bo)(f) = 0 (vesp. L3 (b1, ba, -+ ,ba)(f) = 0).

For convenience, the kernels of £, and Lﬁ%g ) are denoted respectively by Kerl,,
and KerlY)

Lemma 2.1. With the definitions and notation above, the following are valid for

all integer n > 4 and by, by, -+ b, € K:
n—1

(21)  La(brba, ) (Plano=b, = [ ] Fbirbn) x Ln1(b1,ba, -+ bue1)(f);
i=1

(22)  Lo(bi,ba, -, ba)(f) = f(wn_2,b Hfbl, ) X Lp1(ba, b3, ,b,)(f)

provided that Ln—1(b1,ba, -+ ,bp_1)(f) =0;
(23) LD (br,ba, - 0a)(f) = f@n—2,b Hg br.bi) x L (ba,bs, - ,b,)(f)

provided that ££Lg_1(b1,b2, b)) (f) =0, and f(z,y) € Kerﬁgg)

Here, L,(b1,ba, - ,bp)(f)|a,_o=b, stands for the value of Ly (b1, bz, ,bn)(f)
with the restriction that x,,—2 = b,,.

Proof. For simplicity, we only show (ZI)) and (Z3); (Z2) can be proved by the same
sort of argument as in ([2.3)), which is omitted here.
The proof of [2.1]). By Definition 2.1] it is easily seen that

(24) En(bl,bQ,"' ;bn—l,bn)(f)
n n—3
=Y ()" 1T Fbiy biy) (2. b0) T (. b0).
i=1 1<iy <ia<n;i1,ia71 Jj=1

Let ©,_o = b, in (Z4). In this case, f(xn—2,b,) = 0. Thus, (Z4) reduces to

(2.5) £n(b1, ba, -+ by, bn)(f) Tpn—2=bp
n— 1 n—3
11 F (b1, 0i) £ (b b3) T £ b0)-
1:1 1<i1 <ia<njii,iz#i j=1

Observe that

S 11 F(biy s biy) f (b bi)

1<i1<ia<n;iy,ia#i

= (-pr 1T Fois0i) T £0

1<y <ip<n—1; i1 ,io#i 1<j<n—1
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Setting this result into (Z5) and making some simplification, we get

En(bla b2a o 7bn—1? bn)(-f)|$n—2=bn

n—3
= II sib. Z( Ol II F b bi) T £ 00)
1<i<n—1 1<iy <ig<n—1;iy,ia i j=1
= [ funb0)Laci(briba, - ba1)(f),
1<i<n—1
which is the desired right-hand side of (2.1]).
The proof of ([2-3). Now, by Definition [2.2]
LD (b, ba, -+ a1, ba)(f)
= Z(_l)nii H bzlvblz H 1‘],
i=1 1<iy <ig<nj iy, iaFi j=1
H ZI:], H g(bilvbig)
j=1 1<i1<i2§n71
n—3
+ Z P fevy T 9 bi) e, )
Jj=1 1<i1<ia<njii,iz#i
n—3
()" [ fasb) T gbibiy) ¢ f@azb) [ o(biba)-
j=1 2<i1<i2<n—1 2<i<n—1
Furthermore, a slight transformation on the known condition,
L2 (br,ba, -+ bu1)(f) =0,
leads to
n—3
O ] fano) T 9(bibi)
j=1 2<i1 <ia<n—1
n—1 ) n—3
= (_l)n—l—z H g(bi17bi2) f(xjabi)'
i=2 1<iy <ia<n—1;i1,i271 Jj=1
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Inserting this in the above identity and making some simplification yields that

n—2
E'Ezg)(blabe" 7bn717b’n)(f): H g(bllablg)Hf(xjvbn)
j=1

1<iy <ipg<n—1

n—1 n—3
+ > D" @) F@na,b) 11 g(biy , biy)
=2 j=1 1<i1<i2<n; 41,1271

_f(xnf%bl) H g(bjabn) H (bh?b )

2<j<n—1 1<y <in<n—1; i1,iai
n—2 n—1
= I oi.bi) [] £(ai.0n Z ) Zfo], IT 9®;.b0)
1<i1<ia<n—1 j=1 = J=2,j#1
X H g(biwbiz) {g(bhbn)f('rn—%b ) (bl,bn)f(‘rn—%bl)}'

1<i1 <iag<n—1;141,i2#1%
Note that f(z,y) € Kerﬁég). Thus, for (by,b;,b,) € k3, it also holds that
g(bla bn)f(xn—Qa bz) - g(bu bn)f(l'n—Za bl) = g(blv bi)f(xn—Qv bn)

Moreover, it is easily seen that

bl7 H g H (bnvb )

J=2,j#1 1<i1<i2§n—1;i17i27ﬁ1

1:[ bla H g(biubiz)'

2<i1<i2§n§ i1,i27#1

Thus, to simplify the preceding identity by inserting these, we get

(2.6) LObr,bo, - bon,b) (= [ 9(bi,bir) H (), bn
1<i1<i2<n—1 J=1
n—1 n—1 .n73
+f(@n—2,b0) [T 901,00 D (0" [ f(zs,00) 11 g(biy , biy).-
j=2 i=2 j=1 2<i1 <ia<n; iy ,iaFi

Note that

[T oub)=ILo0it) T obu.bo)
=2

1<ip<ig<n—1 2<i1<ig<n;iy,i2#N

When inserted in ([Z6) and rearranged, it follows that
E%g)(blv ba, -+ bp1, bn)(f)

n—1 n n—3

= f@n-2,bn) [ 9(b1,5,) > (~1)"~ 1T 9(bi, i) [ £, b:)
j=2 i=2 2<i1 <io<n;iy,iaFi j=1
n—1

F(@n2,b0) TT 9(b1,0,)LL2 (b2, b3, - ,ba)(f), as desired.

<.
||
o

Lemma [2.1] provides a full characterization of the kernels of Lagrange operators.
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Theorem 2.1. Let L, and E%g), KerL,, and Kerﬁglg) be defined as above. Then
for any integer n > 4, the following hold:

(i) KerL,—1 = KerL,; (i) Ker/v'fmg_)l C Kerll9.

Proof. (i) Clearly, the identity (Z2)) of Lemma Tl implies that KerL,,_; C KerL,.
On the other hand, if f(x,y) € KerL,, then by Definition B3] we see that for all
(b17b27 tee 7b’n) S K'nv

(2.7) Ly(b1,ba, -+ ,by)(f) =0.

Hence, setting x,_» = b, in (1) and by the identity (2.I]), we obtain directly
that L,_1(b1,ba, - ,bn—1)(f) = 0, ie., f(z,y) € Kerl,_1, which means that
KerL, C KerL,,_1. Summing up, Kerl,,_; = KerL,,.

(ii) Given f(z,y) € Kerﬁgg), it is easy to check that f(z,y) € Kerﬁig). Therefore,
starting from this and using the identity (Z3), the desired result follows easily by
induction.

Corollary 2.1. Let L, and Eslg), KerL,, and Ker/lslg) be defined as above. Then
for any integer n > 3,

Kerls = KerL,,, Kerﬁég) - Ker/u’slg).
3. THE PROOF OF THEOREM 1.3
Now, we are fully prepared to give the proof of the main theorem.

The proof of Theorem 1.3. First, assume that f(z,y) € Kerﬁgg). Now, to show

F = (fok)nkez and G = (gn k)n kez with entries given by (IH) and (I6), respec-
tively, are inverse to each other, it suffices to show

(3.1) Z fri9ik = On k-
ik

Obviously, by our assumption, (3 is valid for n — k < 1. Thus, it suffices to show
Stk fnigik =0 for n — k> 2. To do this, we compute

ijv i)
fnzgzk— .’Ilk,bk; J k+1
; Z J k.j#i I (bj’b)

Therefore, we need only to show

n—1
< H] =k+1 f(x_ﬂ )
Tk i 9(0s bi)

For this, to multiply both sides of (B2) by [[,<;, <i,<n 9(biy;0i,), and then to
simplify by g(b;,b;) = —g(b;,b;), we get another equivalent form of (3.2),

=0.

(3.2)

n

(3.3) Z(_1>n_k+l_i H biy s biy) H f(zj,b:) =0,

i=k k§i1<i2§n,i1,i27&z Jj=k+1
which can be restated in terms of generalized Lagrange operator £5Lg ) as follows:

L9 Ok brirs - 3 ba)(f) = Onp for n—k>2,
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3186 X. R. MA

ie, f(z,y) e KerﬁfﬁkH, n—k~+1 > 3, which is guaranteed by Corollary 21l and

the known condition f(z,y) € Kerﬁég). Conversely, assume that F' = (f, k)n.kez
and G = (gn,k)n,kez With entries given by (L5) and (LG), respectively, are inverse
to each other. Then it holds that

L9 bty 0a)(f) = G for n—k>2,

that is, f(z,y) € Kerﬁig_)kﬂ,n — k+1 > 3, which covers the desired result.
Summing up, we have finished the complete proof of theorem.

Remark 3.1. The referee pointed out that Theorem[I-3]can also be proved by adapt-
ing Warnaar’s inductive proof. We also tried Krattenthaler’s operator method, but
succeeded only in the special case that f(z,y) = g(z,y). But here, we prefer the
above operator proof because we believe it is helpful and suggestive for finding any
multidimensional form of Theorem T3l

4. SOME EXPLICIT FUNCTIONS OF KERL3 AND KEREég)

Theorem [[3] clearly states that the matrix inversion (1.5)/(1.6) depends on each
function of KerLs or Kerﬁgg). Thus, it is a very worthwhile research problem to
find a complete characterization of the functions f(z,y) in these two kernels. While
we are yet not able to do it in full generality, we give three families of such functions
in the next theorem.

Theorem 4.1. Let Kerls and Kerﬁgg) be defined as before. Then the following
hold:

(i) If g(x,y) = (x — y)(1 — axy), then (1 —zy)(x —ay) € Kerﬁgg).
(ii) Let 6(z) be defined as in Theorem [LZ, f(z,y) = yO(xy)0(z/y). Then
flz,y) € KerLs.

(i) Let n; (i =1,2,---,m) be nonnegative integers such that n; < n; (i < j),
and a; € k (i =1,2,---,2m — 3) arbitrary constants. Then
2 m
(4.1) flz,y) = Z Z A1 (i—1)4j—2i+1 (@Y™ — x"Y"™)
i=1 j=i+1

m—1 m
+ Z Z (@i—1@mtj—3 — Qj—1Qmyi—3) (™Y — z"y"™) € KerLs.

i=3 j=it1

flz,y) = g(x,y) of (M) holds for all a,b, ¢,z € k. Actually, from the property that
O(x) = —x0(1/x), we find that
yo(x/y) :
fxay fy7$ = :_17 1.e.,fx,y =—fy,x.
@)/ fv.2) = 50 (2,9) = )
On the other hand, the addition formula of the theta function [19] states that for

all a,b,c € k,

(4.2)  O(ab,a/b,xc,x/c) — O(ac,a/c, xb, x/b) = %G(bc, b/c,xa,a/x),
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where 0(x1, 2, 23, 24) = 0(x1)0(x2)0(x3)0(x4). Replacing 0 in the addition formula
(E2) by f(z,y), we obtain that

1 1 1 1 x 1 1 .
Ef(a,b)zf(amc) — Ef(ouc)gf(amb) = ng(b, c);f(amc), ie.,
F(a,b)f(5,¢) — F(a, ) f(2,b) + F(b, ) f(w,a) = O, a5 desired.
(iii) In this case, we might assume that f(z,y) =3 <, o cci o Ars(27Y° —2°Y"),
where
A1 A (§—1)4j—2i+1> r=n,s=mn51=1,2,1<j<m,
Ars =8 Qi—10mij—3 — Qj—10m4i—3, T ="n435=n;3<i<j<m,
0, otherwise.

Observe that to show f(x,y) € KerLs amounts to checking that the special case
flz,y) = g(z,y) of (7)) holds for all a,b,c,z € k, that is, for all nonnegative
integers p,q,r, s, the coefficient of term aPb%c®z” in the left-hand side of (L) is
zero. In fact, we need only to check that for all p,q,7,s € {ni,n2, -+ ,nm},

>\p,q)\r,s - )\p,s)\r,q + )\q,s>\r,p = Oa

which can be verified by direct calculation and is left to the reader.

Now we point out some relevant remarks on Theorem [£.1}

Remark 4.1. As an application of the case (iii), if we take in (II) m = 2,ny =
0,n2 = 1,a7 = —1, then f(z,y) =  —y. Note that g(z,y) = f(z,y). Thus,
(1.5)/(1.6) in Theorem [[3 precisely yields Krattenthaler formula; Theorem
in the special case (i) corresponds to Krattenthaler’s corollary (see [9], (1.5)(1)/
(1.5)(2)); Theorem [I3] corresponding to f(z,y) = g(z,y) = yb(xy)0(x/y) is ex-
actly Warnaar’s matrix inversion. Thus, it is reasonable to say that (L) is a
generalization of the addition formula of the theta function. On the other hand,
since the function f(z,y) in (iii) cannot always be expressed as the form in (ii) in
terms of the theta function #, Theorem [I.3] contains many matrix inversions not be-
ing covered by Warnaar’s matrix inversion. In other words, Theorem is indeed
a nontrivial generalization of Warnaar’s matrix inversion.

Further, if we still restrict ourselves to polynomials, then we can set up a con-
structive way to derive new matrix inversions from known ones. For this, we need

the notation k[z,y| and As[z,y] (resp. Aég) [z,y]) to denote the ring of polyno-
mials over x and the set of all polynomials contained in Kerls (resp. Kerﬁég )),
respectively. Obviously, Agg) [z, y] is a linear subspace of Kerﬁgg).

Definition 4.1. Suppose ® is a map from x|z, y] to itself. If there exists a positive
integer p and a; € k, i =0, 1,--- ,p, such that for all f(x,y) € k[, y]

O(f)(x,y) = Y flaia)z'y,

0<i,j<p

then @ is said to be a polynomial transformation over [z, y].

Theorem 4.2. Let Agg) [z,y] C Kerﬁgg) and ® be a polynomial transformation,
defined as above. Then ® is a linear transformation from A:gg) [x,y] to A:(gq)(g))[ac,y],
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Proof. Since ® is a polynomial transformation, by Definition E1l, there exists a

positive integer p and a; € kK, ¢ =0,1,--- ,p, such that
o(f)(xy)= > flai,a;)z'y’.
0<4,j<p

Obviously, ® is linear and ®(g)(x, y) is an antisymmetric polynomial. Thus, ﬁgb(g )
is well defined. We need only to show that ®(f)(x,y) € Kerﬁgb(g)), that is, for
a,b,c,x € K,

(4.3)  ®(9)(a,0)®(f)(x,c) = (g)(a, c)@(f)(x,) + D(g)(b, ) (f) (2, a) = 0.

To do this, we compute the left-hand side of ([€3):

®(g)(a,0)®(f)(x,c) — (g)(a, )@(f)(x,) + (9) (b, )2 (f) (2, a) = P(g)(a,b)

x > flana)a’d —@(g)(a,¢) Y flaia;)z't’ +d(g)(b,e) Y flai,a;)a'a!

4,520 4,520 4,520

P
= > A{glam, @) f(ar, a;) = g(am, a;) f(ax, ;) + g(ai, a;) f (ak, am)} a™b'd ¥
i,7,k,m>0

Since f(z,y) € Ker/lgg), it follows that

g(a7 b)f(ﬁ, C) - g(av C)f(x7 b) + g(b7 c)f(xv (l) =0.
Setting a = ap,, b = a;,c = a;,x = aj, simultaneously in this identity yields that

g(am,a;) flag, aj) — glam, a;) f(ax, a;) + g(a;, a;) f(ag, am) = 0,
which leads to the desired result.

Precisely the same argument applied to the kernel As[z,y] of Lagrange operator
L3 yields the following result.

Theorem 4.3. Let As[x,y] C KerLs and let ® be a polynomial transformation,
defined as above. Then ®(As[z,y]) C As[x,y], where ®(Asz[z,y]) is the image of
Aslz,y] under ®.
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