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Abstract. We prove that Cauchy transforms of characteristic functions of
subsets of positive measure of the unit circle are equidistributed in the unit
disk in the sense that the Lp-closure of the polynomial algebra in these Cauchy
transforms coincides with the Lp-closure of the polynomial algebra in a canon-
ical inner function. As a corollary to this result we find conditions describing
when the polynomial algebra in two singular inner functions determined by
point masses is dense in the Hardy spaces Hp.

1. Introduction

Let A be a subalgebra of H∞. It can be shown that the structure of the lattice
of closed subspaces of Hp, p < ∞, invariant under the multiplication by elements
of A, is closely related to the structure of the Hp-closure of A (cf. [7]). This leads
to Beurling-type results for multiplication invariant subspaces. In particular, when
A is dense in Hp the lattice of A-invariant subspaces coincides, at least in a weak
sense, with the lattice of z-invariant subspaces, and is described by the theorem of
Beurling [2].

Results about the density in the disk-algebra when A is a subalgebra of the disk
algebra were obtained by J. Wermer, N. Sibony and J. Wermer, R. Blumenthal and
others (cf. [3], [11], [13], [14], [8]). An obvious necessary condition for density is
the separation of points of the disk. Simple examples show that this condition by
itself is not enough: boundary behavior has to be considered, too. It was assumed
in the papers mentioned above that the generators of the algebra are analytic in
the closed domain, and then the condition additional to point separation was in
some form of non-vanishing of the derivatives on the boundary.

The case of finitely generated polynomial algebras in the Hardy spaces was con-
sidered in [7]. Under certain conditions on generators the polynomial algebra has
finite codimension in Hp. The result in [7] gives an estimate of this codimension.

If A is finitely generated but some of the generators are not disk algebra func-
tions, the methods of the previously mentioned papers are not applicable. The
case of an algebra generated by two functions, one of which is a finite Blaschke
product, and the other is an arbitrary bounded analytic function in the unit disk,
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was considered in [12]. The condition for density in Hp was expressed in terms of
a certain function Γ associated with these generators.

In this paper we consider a situation when both generators are discontinuous at
some points of the boundary. Namely, let w1 and w2 be two points in T, and let
g1 and g2 be singular inner functions determined by point masses λ1 and λ2 at w1

and w2, respectively. Is C[g1, g2] dense in Hp? None of the previously-developed
methods works in this situation: irregular boundary behavior does not allow the
application of Cartan’s theorems as was done in [7] (this is impossible even when
one of the generators is discontinuous on the boundary). Moreover, both g1 and g2

have infinite multiplicity in D which makes it impossible to define Γ as in [12].
Our first result is peripheral to the main result of this paper, but is of independent

interest.

Theorem 1. Let f be a function of bounded mean oscillation on T, and let Ξ be the
smallest σ-algebra with respect to which f is measurable. Then the algebra C[f, f̄ ]
is dense in the closed subspace of Lp consisting of functions measurable with respect
to Ξ.

This theorem is a simple consequence of a classical moment argument and the
John-Nirenberg Theorem. We will also show that it is sharp in the sense that there
exist functions in L∞

+ =
⋂

p<∞ Lp for which the conclusion fails.
Let A be a subset of the unit circle T such that 0 < |A| < 1. the Cauchy

transform

CχA(z) =
∫

A

dm(ζ)
1 − ζ̄z

has real part
|A|
2

+
1
2

∫
A

1 − |z|2
|ζ − z|2 dm(ζ).

This harmonic function has boundary values (1 + |A|)/2 a.e. on A and |A|/2 a.e.
on the complement of A. Hence CχA maps the unit disk into the strip |A|/2 <
�z < (1 + |A|)/2. Let ψ be the Riemann mapping of this strip onto the unit circle,
taking the vertical line {�z = (1 + |A|)/2 } onto the upper semicircle, and which
is real for real z. Then g = ψ ◦ CχA is inner. Our next theorem states that g can
be approximated in every Hp, 1 ≤ p < ∞, by polynomials in CχA. Of course the
approximation of CχA by polynomials in g follows from the boundedness of the
operator of composition with g acting on Hp.

Theorem 2. Let A ∈ T, with 0 < |A| < 1 (where, as usual, |A| stands for the
normalized Lebesgue measure of A). With g = ψ ◦ CχA as above, g is an inner
function such that g−1(T∩ {�z > 0 }) = A (mod 0) and g−1(T∩ {�z < 0 }) = Ac

(mod 0). Then

(a) C[g] = C[CχA].
(b) g is analytically extendable across T \ ∂A; consequently, spec g ⊂ ∂A.
(c) g is a Blaschke product of order n if and only if A is a union of n separated

arcs.

Remark. Theorem 2 allows us to answer positively the following question on cluster
sets posed by Alexander Izzo [6]. Given a Borel set A with 0 < |A| < 1, does there
exist a bounded function such that f is continuous on Ac, and for each ζ ∈ T, the
cluster set of f at ζ is closed under complex conjugation?
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Theorem 2 reduces the problem of density of the algebra generated by two point-
mass singular functions to a certain pure geometric consideration. As a result we
prove the following theorem.

Theorem 3. Let w1, w2 ∈ T, λ1, λ2 > 0, gi = exp{λi
z+wi

z−wi
}, i = 1, 2. If

(1 − |a|2)2
|1 − aw1|2|1 − aw2|2

λ1λ2 < π2,

where a is the midpoint of the geodesic joining w1 and w2, then the algebra C[g1, g2]
is dense in Hp, 1 ≤ p < ∞. If the above expression is greater than π2, then C[g1, g2]
is not dense in Hp.

The structure of this paper is as follows. In section 2 we prove Theorem 1. In
section 3 we prove Theorem 2 and its corollary and provide our answer to Izzo’s
question. Section 4 is devoted to proof of Theorem 3. Finally, section 5 contains
several open problems.

2. Subalgebras associated with BMO

In order to prove Theorem 1 we make use of the following proposition. This is a
simple two-variable extension of standard results on orthogonal polynomials. The
elementary proof given below is adapted from [5].

A function on the unit circle T is said to have bounded mean oscillation if

‖f‖∗ = sup
I

1
|I|

∫
I

|f − fI | dm < ∞,

where the supremum is taken over all subarcs I of T, and fI is the mean of f over
I, that is,

fI =
1
|I|

∫
I

f dm.

Here |I| = m(I). We let BMO denote the class of functions of bounded mean
oscillation. Clearly bounded functions are contained in BMO. It is easy to see
that the unbounded function | log |θ|| is also in BMO. The classic estimate of John
and Nirenberg shows that log is typical of unbounded functions in BMO.

Theorem C (John-Nirenberg). If f ∈ BMO, then for every arc I ⊂ T,

m({ θ ∈ I : |f(θ) − fI | > λ }) ≤ Ce−c λ
‖f‖∗ · |I|

for all λ > 0, where C and c are absolute constants.

It is an immediate consequence that BMO is contained in Lp for every p < ∞.
We let BMOA be the class of functions in BMO which have analytic extensions
to D. Hence BMOA ⊂ Hp for each p < ∞. A proof of Theorem C and other basic
propereties of BMO can be found in [4].

Proposition 1. Let µ be a positive measure on the plane which satisfies the growth
estimate µ({ |z| > r }) < Ce−λr for all r > 0, where λ is a positive constant. Let
f ∈ Lp(µ) for some 1 < p ≤ ∞. Suppose f satisfies∫

xmynf(x, y) dµ(x, y) = 0

for all nonnegative integers m and n. Then f = 0 almost everywhere with respect
to µ.
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Proof. An application of Hölder’s inequality shows that the function

F (z, w) =
∫

eixzeiywf(x, y) dµ(x, y)

is holomorphic for |�z| < λ, |�w| < λ. The moment condition implies that all the
complex derivatives of F vanish at the origin, and hence F is identically zero. Thus∫

eixseiytf(x, y) dµ(x, y) = F (s, t) = 0

for all real numbers s and t. By uniqueness of the Fourier transform, it follows that
f = 0 almost everywhere with respect to µ. �

Proof of Theorem 1. Now suppose f ∈ BMO, with associated σ-algebra Ξ. We
denote by µ the pull-back measure of f , that is, for each open G ⊂ C, µ(G) =
m({ z ∈ T : f(z) ∈ G }).

Now φ ∈ L1(T) is measurable with respect to Ξ if and only if φ = h(f, f̄) for
some h ∈ L1(µ). Moreover ∫

T

|φ|p dm =
∫

C

|h|p dµ

for every 1 ≤ p < ∞. Thus C[f, f ] is dense in the closed subspace of Lp consisting
of Ξ-measurable functions if and only if polynomials in z and z̄ are dense in Lp(µ).
If C[z, z̄] = C[x, y] is not dense in Lp(µ), there is, by the Hahn-Banach Theorem, a
nonzero h in Lq(µ), 1/p + 1/q = 1, such that∫

xmynh(x, y) dµ(x, y) = 0

for all nonnegative integers m and n. By the John-Nirenberg theorem, the measure
µ decays exponentially, so the existence of such an h contradicts Proposition 1. �

The following example shows that the condition f ∈ BMO is sharp. Let

ϕ(x) = λ

∫ x

0

e−
4√tdt

and f(x) = ϕ−1(x), where

λ =
2π∫ ∞

0
e−

4√tdt
.

Then f is defined and real-valued on [0, 2π) and f ′ = 1
λe

4√f . It is very easy to check
that f ∈ Lp[0, 2π] for every 0 < p < ∞. Now, for every n we have (see [9, p. 22]
for the last equality)∫ 2π

0

sin 4
√

f(x)f(x)ndx = λ

∫ ∞

0

tne−
4√t sin 4

√
t dt = 0.

This shows that the function sin 4
√

f is orthogonal to every polynomial in f and f̄ .
This function is clearly in every Lp and measurable with respect to the σ-algebra
generated by f . This shows that the condition f ∈ BMO cannot be replaced by
the condition f ∈ L∞

+ .

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CAUCHY TRANSFORMS AND ALGEBRAS 3365

3. Cauchy transforms of characteristic functions

All functions discussed in this section are considered to be defined on, or re-
stricted to, the unit circle T.

Let A ⊂ T, m(A) > 0, and let f̂ be the Cauchy transform of χA, that is,

f̂(z) =
∫

A

dm(w)
1 − zw

, z ∈ D.

It is well known that f̂ is in BMOA, and therefore can be identified with its
boundary values. Write f = f̂ − m(A), then we obviously have

(1) χA = λ + f + f,

where λ = m(A) is a real constant.

Proposition 2. For every k, l ≥ 0

(2) fkf
l
=

(−1)lk

k + l
fk+l +

(−1)kl

k + l
f̄k+l + rk,l ◦ f + qk,l ◦ f,

where rk,l and qk,l are polynomials of degree k+l−1, and qk,l(0) = 0. Consequently,
the Cauchy transform of a polynomial in f and f̄ is a polynomial in f .

Proof. Obviously χ2
A = χA. By (1) this can be written as

λ2 + f2 + f
2

+ 2λf + 2λf + 2ff = λ + f + f.

Solving the last equation for ff we see that

(3) ff = −1
2
f2 − 1

2
f

2
+ r1,1 ◦ f + q1,1 ◦ f,

where r1,1(z) = (λ − λ2) + (1 − 2λ)z and q1,1(z) = (1 − 2λ)z. The relation (3)
establishes (2) for the case k + l = 2. We continue by induction in k + l. Suppose
that (2) holds for all k, l such that k + l ≤ m − 1. We have

χm
A = χA

and
(λ + f + f)m = λ + f + f.

This implies
(f + f)m = Sm−1(f, f),

where Sm−1(f, f) is a polynomial of total degree m−1 in f and f . By the induction
assumption

Sm−1(f, f) = tm−1(f) + um−1(f),
where tm−1 and um−1 are polynomials of degree m − 1 and um−1(0) = 0. Thus,

fm + f
m

+
m−1∑
k=1

(
m

k

)
fkf

m−k
= tm−1(f) + um−1(f).

Using the induction assumption once again we obtain

mfm−1f = −fm − f
m − f

m−2∑
k=1

(
m

k

) [(
(−1)m−k−1k

m − 1
fm−1

)

+
(

(−1)k(m − k − 1)
m − 1

f
m−1

)]
+ S̃m−1(f, f) + tm−1(f) + um−1(f),
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where S̃m−1(f, f) is another polynomial in f and f of total degree m − 1. An
argument similar to the one above yields

(4) mfm−1f = −fm − f
m − f

m
m−2∑
k=1

(−1)k

(
m

k

)
m − k − 1

m − 1

− fm−1f

m−2∑
k=1

(−1)m−k−1

(
m

k

)
k

m − 1
+ t̃m−1(f) + ũm−1(f),

where again t̃m−1 and ũm−1 are polynomials of degree m− 1 and ũm−1(0) = 0. An
easy computation shows that

m−2∑
k=1

(
m

k

)
(−1)k m − k − 1

m − 1
= −1 +

(−1)m

m − 1
,

m−2∑
k=1

(
m

k

)
(−1)m−k−1 k

m − 1
= −m +

m

m − 1
.

(5)

Now, (4) and (5) yield

m

m − 1
fmf = −fm +

(−1)m−1

m − 1
f

m
+ t̃m−1 ◦ f + ũm−1 ◦ f,

and, finally,

fm−1f =
(−1)(m − 1)

m
fm +

(−1)m−1

m
f

m
+ rm−1,1 ◦ f + qm−1,1 ◦ f,

where rm−1,1 = (m−1)t̃m−1
m and qm−1,1 = (m−1)ũm−1

m . The last relation is exactly
the relation (2) for k = m − 1, l = 1.

Suppose that we have already proved (2) for all pairs (k, l) such that k + l = m
and 1 ≤ l ≤ s. Then we have by (3) that

fm−sf̄s = fm−s−1f̄s−1|f |2

= fm−s−1f
s−1

[
−f2

2
− f

2

2
+ r1,1 ◦ f + q1,1 ◦ f

]

=
(−1)s(m − s)

m
fm +

(−1)m−ss

m
f

m
+ rm−s,s ◦ f + qm−s,s ◦ f.

(6)

By the induction assumption

fm−s−1f
s−1

r1,1 ◦ f = vm−1 ◦ f + wm−1 ◦ f,

fm−s−1f
s−1

q1,1 ◦ f = ṽm−1 ◦ f + w̃m−1 ◦ f,

where vm−1, wm−1, ṽm−1, w̃m−1 are polynomials of degree m− 1. Thus, since (2)
was already proved for for l ≤ s, (6) implies

− 1
2
fm−s+1f

s−1 − 1
2
fm−s−1f

s+1
=

(−1)s(m − s)
m

fm +
(−1)m−ss

m
f

m

+ r̂m−1 ◦ f + q̂m−1 ◦ f,
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and so

fm−s−1f
s+1

=
(−1)s+1(m − s − 1)

m
fm +

(−1)m−s−1(s + 1)
m

f
m

+ rm−s−1,s+1 ◦ f + qm−s−1,s+1 ◦ f.

We are done. �

Proof of Theorem 2. We note that g = ψ ◦ CχA is a bounded function measurable
with respect to the σ-algebra generated by CχA. Since f = CχA is in BMOA, by
Theorem 1, g is approximable by polynomials in f and f . By Proposition 2, the
Cauchy transform of a polynomial P (f, f̄) has the form CP (f, f̄) = Q(f), where Q
is a polynomial. Now (a) follows from the continuity of the Cauchy transform on
Lp(T).

Since T \ ∂A is open, it consists of the at most countable union of disjoint open
arcs. The Cauchy transform of χA is analytically extendable across each such arc.
The Schwarz reflection principle now implies (b).

Recall that the spectrum spec(g) of an inner function g is the collection of points
of the unit circle T which are limit points of zeros of g, or in the support of the mea-
sure which determines the singular part of g. Of course, g is analytically extendable
through some neighborhood of every point which is not in spec(g).

Now if g is a Blaschke product of order n, then A = g−1(T ∩ �z > 0) is a
finite union of n arcs. Conversely, if A is a finite union of arcs, then the boundary
spectrum of g is empty. Indeed, by (b), T \ ∂A is not in the spectrum. Moreover,
since the derivative of g does not vanish on T\∂A, g is one-to-one on each component
of T \ ∂A (cf. [1]). This clearly implies that no point of ∂A is in the boundary
spectrum of g. Hence, g is a finite Blaschke product with order equal to the number
of components of A. �

We can now answer Izzo’s question from the Introduction. Given a Borel set A
with 0 < |A| < 1, does there exist a bounded function such that f is continuous on
Ac, and for each ζ ∈ T, the cluster set of f at ζ is closed under complex conjugation?

By regularity we may assume that A is closed. By Theorem 2, the function
g = ψ ◦ CχA is inner, analytically extendable through every point of T \ A and
satisfies the condition g−1(T ∩ {�z ≥ 0 }) = A. Let σ be a singular probability
measure whose support is the upper semicircle, which has a point mass at −1 and
satisfies the condition

lim
θ→0−

∫
T

1
t − θ

dσ(eit) < ∞.

If φ is the inner function for which σ is the Clark’s measure at 1, that is,

1 + φ(z)
1 − φ(z)

=
∫

ζ + z

ζ − z
dσ(ζ),

then it is easy to check, using Aleksandrov’s theorem [1], that φ is one-to-one on
the lower semicircle, T−, is analytically extendible through every point of T−, and
maps T− onto a proper subarc I of T. Let h be a conformal map of the unit disk
onto the disk slit over the radius from 0 to 1 and which takes I onto this radius.
Then the function h ◦ φ ◦ g satisfies the required conditions.
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4. Algebras generated by two inner functions

If A is a set of positive measure in T, then, by Proposition 2, C[CχA] = C[g] for
some inner function g. This inner function g is unique up to composition with an
automorphism of the unit disk. Hence g is unique under the normalization g(0) = 0.
This normalized inner function will be denoted by gA.

Lemma 1. Let g1 and g2 be two inner functions satisfying the following conditions:

(i) There are two disjoint close arcs J1 and J2 of the unit circle such that
spec(gi) ⊂ Ji, i = 1, 2;

(ii) gi is univalent on T \ Ji, i = 1, 2.

Then for 1 ≤ p < ∞ the algebra C[g1, g2] is dense in Hp.

Proof. We remark that because of the condition (ii) for every subset A ⊂ Ji,
g−1

k (gk(A)) ∩ (T \ Ji) ⊂ Jk, i, k = 1, 2, i �= k. Let us define the following four
sequences of subsets of T. With D0 = ∅, we define inductively

An = J1 \ Dn−1,

Bn = g−1
2 (g2(An)),

Cn = J2 \ Bn,

Dn = g−1
1 (g1(Cn)).

It is easy to see that the sequence Bn is decreasing, B1 ⊃ B2 ⊃ · · · ⊃ Bn ⊃ · · · ,
and the sequence Dn is increasing, D1 ⊂ D2 ⊂ · · · ⊂ Dn ⊂ · · · . Also note that for
every n = 1, 2, . . . ,

(7) J1 ∪ J2 = Bn ∪ Dn.

Let

B = lim
n→∞

Bn =
∞⋂

n=1

Bn, D = lim
n→∞

Dn =
∞⋃

n=1

Dn.

Then (7) implies that

(8) B ∪ D = J1 ∪ J2 (mod 0).

Furthermore, B ∩ D = ∅. Indeed, let z ∈ D and let k be the first index such that
z ∈ Dk. If z ∈ J1, then z is not in Ak+1, and, therefore, is not in Bk+1 which
contains B. Thus, z is not in B. If z ∈ J2, then z ∈ Ck and, hence, is not in Bk.
Since Bk contains B, z is not in B.

Thus,

(9) χB + χD = χB∪D = χJ1∪J2 .

Obviously, B = g−1
2 (g2(B)) and D = g−1

1 (g1(D)). Therefore, C(χB) ∈ C[g2] and
C(χD) ∈ C[g1]. This and (9) yield

(10) C(χJ1∪J2) = C(χB)) + C(χD) ∈ C[g1] + C[g2] ⊂ C[g1, g2].

Let J ′
1 be an arc such that J ′

1 ⊃ J1, J ′
1∩J2 = ∅, and J ′

1\J1 is an arc. Since spec(g1) ⊂
J ′

1 and g1 is one-to-one on T \ J ′
1 ⊂ T \ J1, (10) implies that CχJ′

1\J1 ⊂ C[g1, g2].
Since J ′

1 \ J1 is an arc, Theorem 2 implies that ψ ◦ CJ′
1\J2 is an automorphism of

D. �
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Remark. A pair of functions satisfying the conditions of Lemma 1 can be con-
structed using Aleksandrov-Clark measures in the following way. Let µ1 and µ2

be two singular measures supported in J1 and J2, respectively, and gi, i = 1, 2, be
the inner function for which µi is the Aleksandrov-Clark measure corresponding to
α = 1. Then g1, g2 satisfy the conditions of Lemma 1. Conversely, any pair of
functions satisfying Lemma 1 comes from such a construction.

Proof of Theorem 3. We note that for any automorphism φ of the unit disk, the
composition operator Cφ is invertible. Therefore, for any pair of functions (g1, g2)
in H∞, C[g1, g2] is dense in Hp if and only if C[g1 ◦ φ, g2 ◦ φ] is also dense. Let
gi = exp{λi

z+wi

z−wi
}, i = 1, 2. If a is the midpoint of the geodesic joining w1 and

w2, then the automorphism of D, which takes a to zero, takes w1 and w2 into
a pair of antipodal points. Without loss of generality we may assume that they
are ±1. Furthermore, composition with the automorphism z �→ a−z

1−āz maps the
singular inner function which is determined by the point mass λ at w ∈ T into the
singular inner functions determined by the point mass 1−|a|2

|1−āw|2 λ at a−w
1−āw (times a

unimodular constant). Finally, if ϕ1 = exp{ρ1
z+1
z−1} and ϕ2 = exp{ρ2

z−1
z+1}, then

composition with z �→ z−b
1−bz , where b =

√
ρ1−

√
ρ2√

ρ1+
√

ρ2
, maps ϕ1 and ϕ2 into the singular

inner function determined by point masses
√

ρ1ρ2 at 1 and −1, respectively. Thus,
we conclude that it suffices to prove Theorem 3 in the case when w1 = 1, w2 = −1
and the weights λ1 and λ2 are equal. Let us call that common weight ρ. We will
show that C[g1, g2] is dense in Hp for 1 ≤ p < ∞ if ρ < π and not dense if ρ > π.

If ρ > π, then g1 and g2 do not separate points of D, and therefore C[g1, g2] can
not be dense in Hp. Indeed, if πk < ρ ≤ π(k + 1), k ≥ 1, then for

τ =

√
ρ2 − π2k2 − ρ

πk
i

we have |τ | < 1 and g1(τ ) = g1(−τ ), g2(τ ) = g2(−τ ).

Now, let ρ < π. Let J be the closed arc of T with endpoints −
√

π2−ρ2

π ±i ρ
π which

contains −1. It easy to check that J and −J satisfy the conditions of Lemma 1. �

5. Concluding remarks

In closing we would like to discuss two related problems.

Problem 1. Let A be the subalgebra of H∞ mentioned in Theorem 3, and let the
condition of Theorem 3 be satisfied. Is A weak-* dense in H∞?

The motivation for this problem is the question of whether the lattice of A-
invariant closed subspaces of Hp coincides with the lattice of z-invariant subspaces.
By Theorem 3 A is dense in every Hp, p < ∞. But this condition alone is not
enough. It was shown to us by the referee that the coincidence of the two lattices
is a necessary and sufficient condition for the weak-* density of the algebra in H∞.
He also provided an example of an algebra which is dense in every Hp, but not
weak-* dense in H∞.

The case of the algebra C[eπ z+1
z−1 , eπ z−1

z+1 ] stands alone, because in this case J1 and
J2 are complementary semicircles, and so χJ1∪J2 is just a constant which is trivially
in the algebra, but clearly provides no useful information.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3370 ALEC L. MATHESON AND MICHAEL I. STESSIN

Problem 2. Is C[eπ z+1
z−1 , eπ z−1

z+1 ] dense in Hp?

We remark that if z2 belongs to the closure of this algebra, then this question
has an affirmative answer.
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