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ABSTRACT. We describe a class of toric varieties which are set-theoretic com-
plete intersections only over fields of one positive characteristic p.

INTRODUCTION

The problem of finding a minimal set-theoretic generating set for a toric variety
was recently studied in [2] and [3]. In [3], in particular, the authors characterized all
toric varieties which are set-theoretic complete intersections on binomial equations:
a necessary and sufficient condition in characteristic p > 0 was given in terms of
a combinatorial property of the associated semigroup, i.e., the property of being
completely p-glued, which is based on a notion introduced in [7]. If, however, a
toric variety is not completely p-glued for some prime p, then no general criterion
is known so far to decide whether or not it is a set-theoretic complete intersection.
In this paper we solve the problem for a class of affine toric varieties whose semi-
group is completely p-glued only for one prime p, by proving that they are set-
theoretic complete intersections only in characteristic p. This provides new exam-
ples of the interesting class of varieties for which the minimal number of set-theoretic
generators depends on the characteristic. The first known example appeared in [IJ,
where it was shown that the minimum number of set-theoretic defining equations
for the variety defined by the vanishing of all £-minors of a symmetric matrix, where
t is even, is the same in all characteristics except in characteristic 2, where it is
strictly smaller.
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3200 MARGHERITA BARILE AND GENNADY LYUBEZNIK

Let K be an algebraically closed field. In this paper V C A}L(JFQ denotes a
simplicial toric variety parametrized in the following way:

x1 = uf,
xe = ub,
V.
T, = ub,
po= g,
Yo = ’U/lil ug2 e uZn,

where p is a prime number.

In Section 1 we prove that V' is completely p-glued; hence it is a set-theoretic
complete intersection in characteristic p. Our main result is Theorem 2 stated at
the end of Section 2. It implies that there are only two possibilities: either V is
a set-theoretic complete intersection in all characteristics, or it is a set-theoretic
complete intersection only in characteristic p. We give explicit and easily verifiable
necessary and sufficient conditions on the exponents a; and b; for each of these two
possibilities (conditions (A)—(D) of Section 2). Our proofs (given in Sections 3 and
4) use étale cohomology.

It follows from Theorem 2 that the associated semigroup of V is either completely
g-glued for all primes g, or just for ¢ = p, and conditions (A)—(D) of Section 2
provide explicit necessary and sufficient criteria for each of these two possibilities. It
is worth pointing out that even though being completely p-glued is a combinatorial
criterion about a semigroup, which a priori has nothing to do with étale cohomology,
the only known (to us) proof of a necessary and sufficient criterion for when the
associated semigroup is completely p-glued uses étale cohomology. We are unaware
of a direct combinatorial proof.

Our results raise a number of open questions. It follows from Theorem 2 that V' is
a set-theoretic complete intersection in characteristic p if and only if the associated
semigroup is completely p-glued. This naturally raises the question whether this
is true in general, i.e., whether an arbitrary affine toric variety is a set-theoretic
complete intersection in characteristic p if and only if the associated semigroup is
completely p-glued.

Another interesting question is whether there could be varieties which are set-
theoretic complete intersections in more than one, but not in all positive charac-
teristics, which is certainly not the case for the varieties we study in this paper.
It would be especially interesting to know whether there are varieties which are
set-theoretic complete intersections in infinitely many but not all characteristics.

1. V 1S COMPLETELY p-GLUED

There is a subset T' of N™ attached to V', namely

T = {(p,0,0,...,0), (0,p,0,...,0), ..., (0,0,...,p),
(al,ag, e 70,”), (bl, bg, ey bn)}
The polynomials in the defining ideal I(V) of V are the linear combinations of
binomials

ofaf ot B BF of of of B B85 oy

— B2 ay o, Br By
-z R A P o — T T ey
oy oy o By 65 1 L2 n Y Yo 1 L2 n Y1~ Ys
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SET-THEORETIC COMPLETE INTERSECTIONS IN CHARACTERISTIC p 3201

with o, a; , 3", B; nonnegative integers (not all zero) such that
af (p,0,...,0)+ a5 (0,p,0,...,0) + -+, (0,0,...,0,p)
+6i‘r(alva27"'aan)+5;(b1;b23"'abn)
=oa; (p,0,...,0) + a5 (0,p,0,...,0) + -+ + ,, (0,0,...,0,p)
+5;(a17a27'"7an)+55(b17627"'7bn)~

There is a one-to-one correspondence between the set of binomials in I(V') and
the set of semigroup relations (x) between the elements of T. Barile, Morales and
Thoma proved the following result.

(%)

Theorem 1.1 ([3], Theorem 5, p. 1899)). An affine or projective toric variety of
codimension r over a field K of characteristic p > 0 is set-theoretically defined by
r binomial equations iff it is completely p-glued.

The latter notion is due to Rosales [7] and refers to the subgroup of Z" generated
by a set T. It is based on the following two definitions, both quoted from [3],
pp. 1894-1895.

Definition 1.2. Let p be a prime number and let 77 and 75 be nonempty subsets
of T such that T'= T; UT5 and Ty NT5 = (). Then T is called a p-gluing of T} and Th
if there are an integer k and a nonzero element w € Z" such that ZT} N ZT> = Zw
and pFw € NT} N NT5.

Definition 1.3. An affine semigroup NT' is called completely p-glued if T is the
p-gluing of 77 and 75, where each of the semigroups N7, NT5 is completely p-glued
or a free abelian semigroup.

We will say that the variety V is completely p-glued if so is the corresponding
semigroup NT.

Remark 1.4. Let
7 ={(p,0,0,...,0), (0,p,0,...,0), ..., (0,0,...,p), (a1,a2,...,an)}
and consider
711 = {(p,0,0,...,0), (0,p,0,...,0), ..., (0,0,...,p)},
which generates a free abelian semigroup, and
T2 ={(a1,as2,...,a,)}.
Then T3 is the disjoint union of 777 and T}o and
72T NZTe = Zv,

where

v (a1,...,ap) if pla; for all i =1,...,n,
(pai,...,pay) otherwise.

In both cases v € NT1; N NT315. Hence, for all primes g, 77 is the g-gluing of 77,
and T75. Moreover, let

Ty = {(b1,b2,...,b,)}.
Then
ZTl N ZTQ = ZW,
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3202 MARGHERITA BARILE AND GENNADY LYUBEZNIK

where w = A(by,...,b,), and
A = ged{k € N* | (kby, ..., kby) € ZT1}.

Since (pby,...,pb,) € NTi, it follows that A = 1 or A = p, i.e., w = (by,...,b,)
or w = (pby,...,pb,) € NI} NNTy. Hence T is the p-gluing of T} and T, and the
variety V given above is completely p-glued.

Example 1.5. Consider the following codimension 2 simplicial toric variety of A5

vy = ul,
Ty = uj,
\%4 T3 = uj,

i o= ujus,

Yo = uus.
If

T, ={(2,0,0), (0,2,0), (0,0,2), (2,0,1)}

and

Ty = {(0,2, 1)},
then, with respect to the notation introduced above, ZT1; NZT12 = Z(4,0,2), since
(1.1) 2(2,0,1) =2(2,0,0) + (0,0,2).
Moreover ZTy N ZT> = 7(0,2, 1), since
(0,2,1) =(2,0,0) + (0,2,0) 4+ (0,0,2) — (2,0,1)
and
(1.2) 2(0,2,1) =2(0,2,0) + (0,0,2) € NI} N NT,

whereas, evidently, (0,2,1) ¢ NT} N NT5. This shows that V' is completely 2-glued.
It can be easily checked that V is not completely g-glued for any other prime gq.
According to Theorem 1 this implies that in characteristic 2 variety V is a set-
theoretic complete intersection on two binomial equations

2 2 2 2
F1:y1*$1x37 FZ:y27$2x3,

which are derived from semigroup relations (L) and (L2]) respectively, while, in
all other characteristics, V cannot be set-theoretically defined by two binomial
equations. A complete list of generating binomials for the defining ideal of V is, in
every characteristic,

2 2 2 2
Yy — X123, Yg — Ta3, T1Y2 — T2Y1, Y1Y2 — T1T2T3.
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2. THE MAIN THEOREM

If V' is not completely g-glued for some prime g, then, according to Theorem
[[1, in characteristic ¢ it is certainly not a set-theoretic complete intersection on
binomial equations, but, in principle, it could still be a set-theoretic complete in-
tersection on some non-binomial equations. The main result of this paper is that
for the special kind of toric varieties we are considering this is not the case. In
particular, variety V' in Example is a set-theoretic complete intersection only
in characteristic 2. As a preliminary step, we suppose that V' is completely p-glued
only for one prime p and derive some necessary conditions on the exponents a; and
b;.

We first remark that the n-tuples (a1, as, ..., ay) and (b1, bs, . . ., b, ) are such that
the support (i.e., the set of indices of nonzero entries) of neither is contained in that
of the other: if this condition fails to be true, then V is a set-theoretic complete
intersection in every positive characteristic, as is remarked in [3], Example 1. Hence
we may assume that

(A) there are indices ¢ and j such that

a; = 0, bz 7é 0, and a; 7é 0, bj =0.
Moreover
(B) foralli=1,...,n, pla; < plb;.
In fact, if pla; and p { b; (or vice versa) for some index 4, then (by,...,b,) &

7T, N ZTs, so that, by Remark [[.4],
ZT N ZTs = Z(pby, .. ., pb).

In this case, since (pby, ..., pb,) € NT; N NT5, according to Remark [[4 NT' would
be g-glued for all primes q. The same would be true if for some indices 7, the
following linear equation system in Z/pZ

az+biy = 0,
ajr+bjy = 0
had only the trivial solution. Hence
() for all distinct indices 4, j, p divides the minor Zi_ Zl
i Y

Finally, suppose that all b;’s are divisible by p: then (b1,...,b,) € NT} N NT,
generates Z11 N ZT», and V is completely g-glued for all primes q. The same
argument applies to the a;’s. Hence, taking (B) into account, we conclude that
(D) there is 4 such that pt{a; and p 1t ;.
The main result of this paper is the following:

Theorem 2.1. The following hold for the variety V introduced above.
(a) V is either completely p-glued with respect to only one prime p or completely
q-glued with respect to all primes q.
(b) V is completely p-glued with respect to only one prime p if and only if
conditions (A)—(D) hold.
(¢) If conditions (A)—(D) hold, then V is a set-theoretic complete intersection
only in characteristic p.

It is not hard to show that (c) implies (a) and (b). Indeed, if (c) holds, then,
in view of Theorem [T} (A)—(D) imply that V is not completely g-glued for any

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3204 MARGHERITA BARILE AND GENNADY LYUBEZNIK

prime ¢ # p. Moreover, in this section we have remarked that whenever one of
conditions (A)—(D) fails to be true, then V is ¢-glued with respect to all primes q.
This proves claims (a) and (b). To complete the proof of Theorem 211it remains
to prove part (c). This is accomplished in the next two sections. In Section 3 we
reduce the proof to the case where p does not divide any a; or b; and in Section 4
we prove part (¢) under this additional assumption.

3. A USEFUL REDUCTION

The set-theoretic complete intersection property of the variety V is related to
that of certain hyperplane sections of V. Fix an index i, 1 < i < n. We consider
the following toric variety, whose parametrization is obtained from that of V' by
omitting the parameter u;:

— p
I = U‘l?
— p
T2 = u2,
— p
Ti—1 = U;_q,
W _ p
Vo Tig1 = Uy,
Tp = u]:“
_ ai,,as Aj—1 _ Aj41 a
Y = Upug Ui_q Ul‘)iJrl Up™,
_ b1, bo i—1, bit1 bn
y2 = u1u2 ...uiilui+1...unn'

V is associated with the following subset of N*~!:
T = {(0,0,...,0), (0,p,0,...,0), ..., (0,0,...,p),
(a1,a9, ..., Qi—1,Qix1y -y an), (b1,b2, ... bi—1,bix1, . bn)}
We introduce some abridged notation. We denote by
ey the kth element of the canonical basis of Z"

and by
e the kth element of the canonical basis of Z"~1.

Moreover we set

a=(a,as,...,an), and b = (by,ba,...,bn),
a= (01,02, -, QGi—1,0i11,---,0n), and b= (b1,ba, ..., bi_1,bis1,...,by).
Lemma 3.1. Suppose that p divides both the exponents a; and b; in the parame-
trization of V. Let F = F(x1,xa,...,Tn,Y1,Y2) € Klz1,Z0,..., %0, y1,Y2], and

set
F= F(xla$2a"'7xi71717xi+17-- -7xn;y17y2)
€ K[z, @2, ..., i1, Tit1,. .- Tn, Y1, Y2|-
Then

FcIV)=FclI(V).
Conversely, for all G € K[x1,Ta, ..., Ti 1,Tit1,--->Tn,Y1,Y2] such that G € (V)

there is F € K[x1,22,...,Zn,y1,y2] such that F € I(V) and F = G.
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. Lo af of o B 57
Proof. Tt suffices to prove the claim for binomials. Let B"1™2 "»"172 < [(V).
ay ay an i By

Then the following semigroup relation in 7" holds:
(*) afper +afpes+---+afpe, + B a+ b
=ajper +aypes+---+a,pe,+[a+p5b
It follows that BOé1 of et B 7 € I(V), since this binomial corresponds to the

aj az -anfBy By

following semigroup relation in 7"
()
ofpey +agpes + -+ o pei 1 +of peiy1 4+ +atpe, + pa+ B b

= oy per + ay pey + - + ;e 1+  Peiy1 + -+ a, pen + fra+ b
derived from (*)_ by skipping the ith component. Conversely, every semigroup
relation (x*) in T gives rise to the following semigroup relation in 7™

afper +ajpes+ -+ (=81 ——ﬁ )peZ ~-+alpe, +Bfa+ B b
=ajper+aypes + -+ (— 51——52 —)pez ot a,pe, +Ba+ By b
This proves the second part of the clalm. ([

The following result will be used in the proof of Theorem 211

Lemma 3.2. Suppose that I(V) = Rad(Fi,...,Fs). Then
I(V) =Rad(Fy,..., Fy).
Proof. Inclusion D follows from Lemmal[3.] since (V) is a reduced ideal. We prove

inclusion C. Let G € I(V). By Lemma [3.1] there is H € I(V) such that G = H
Then H™ € (Fy, ..., Fs) for some positive integer m, i.e.,

:Zfl-Fi, for some f; € K[z1,22,...,%n, Y1, Y2].

Since f; € K[x1, %9, ., Ti_1,Tit1,--->Tn, Y1, Y2], it follows that

Gm"=H"=Hm = Zlez = Z'szz S (Fla-~-an>7
i=1 i=1
which completes the proof. ([

4. A COHOMOLOGICAL PROOF

In this section we complete the proof of Theorem 2] by proving part (¢). We
will use étale cohomology (Het) and étale cohomology with compact support (H.).
In the sequel we will assume that char K # p and suppose that variety V fulfills
conditions (A)—(D). By permuting the indices if necessary we can assume that
condition (A) takes the form:

[11:(), bQ#O, CLQ#O, 62:0

Condition (B) implies that p divides as and b;. Hence condition (D) implies
that there is ¢ > 3 such that p { a; and p { b;. Our aim is to show that V is not
set-theoretically defined by two equations. By virtue of Lemma [3.2] it suffices to
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3206 MARGHERITA BARILE AND GENNADY LYUBEZNIK

show that this is true for the variety V whose parametrization is obtained from
that of V' by omitting all parameters u; (3 < i < n) for which p|a; (equivalently:
plb;). Hence conditions (B) and (D) reduce to the following:
(i) n > 3 and p does not divide a; nor b; for all ¢ = 3,4,...,n.
Condition (C) implies the following:
a; bl
aj bj
Since p divides a9 and by, we may adjust the parametrization of V' by replacing
u¥, ub, as/p and by /p by ui, uz, as and by respectively. Then V has the following

(ii) for all distinct indices 7, j > 3, p divides the minor

parametrization:

ry = ui,

T2 = Uz,

xg = ub,

V.

T, = ub,

= ug2u§3 eeudn
o= bl

and satisfies conditions (i) and (ii). Under these assumptions we prove our claim
using the following criterion, cited from [4], Lemma 3'.

Lemma 4.1. Let W C W be affine varieties. Let d = dim W \ W. If there are s
equations Fy, ..., Fs such that W =W NV (Fy,...,Fy), then

HYY (W \W,Z/rZ) =0  foralli>s

and for all r € Z which are prime to char K.

Hence for our purpose it suffices to show that

HEH AR\ V. Z/pZ) # 0.
For the sake of simplicity, in the sequel we shall omit the coefficient group Z/pZ.
Applying Poincaré Duality (see [6], Cor. 11.2, p. 276) we obtain the equivalent
statement:
HM(AW2\V,Z/pZ) # 0.

In the long exact sequence

o HITHAR™?) — HE YY) — HY(AR?\V) — HIAR?) — -
we have that H!(A%"?) = 0 for i # 2n + 4, so that H*(A%2\ V) ~ H~1(V).
Hence we can re-formulate our claim as
(4.1) H'Y(V) #£0.

We prove this by induction on n. Note that by (i) necessarily n > 3. Hence the
variety to be considered for the initial step of the induction is

1 = Ui,
T2 = U2,
U: rs = ug,
y1o= uy’ugz®,
Ys = ulflugf.
We have to show that
H2(U) #0.
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Now K[U] = Ku1, ug, ub, ui?u3®, ul ul?] € Kluy,us, us] = K[A3%]. This inclusion
corresponds to a map
¢: A3 U

defined by

(ula Uz, Ug) = (ula Uz, uga ngugg ) ulilugg)v
which is a finite (hence a proper) morphism. Let X C A3 be the linear subspace
defined by 1 = 29 = 0. Then X is a one-dimensional affine space. Let Y = ¢(X).
We show that ¢ induces by restriction a bijection from A%\ X to U\ Y. It suffices
to show that for all (uy,us, ul, u§?ug®, uf ub?) such that uy # 0 or uy # 0, ug is
uniquely determined. This is certainly true if ug = 0. Suppose that us # 0. Since
p1as and ptbs, there are integers v, w, s,t such that

vp +waz =1 and sp+thy = 1.
If u; # 0, then
(uf)* (ug'ug®)"

uz = b1t )

if ug # 0, then
(ug)" (ugug®)"

Uy

us =

This proves bijectivity. According to [5], Lemma 3.1, bijectivity, together with
properness, implies that ¢ induces, for all indices ¢, an isomorphism of étale coho-
mology groups
H{(A%\ X) = H(U\Y).
From the long exact sequence
HUX) — HZAR\X) — HI(AYL) — HIX) — HAR\X) — HZAY)

I I [ I
0 0 Z/pZ 0

we deduce that H2(A3.\ X) = 0 and H2(A3% \ X) = Z/pZ. Moreover, the inclusion
K[uf] = K[Y] C K[X] = Klus]
induces multiplication by p in cohomology with compact support. Since X and Y
are both one-dimensional affine spaces, this yields the zero map
0: HZ(Y)=Z/pL — Z[pZL = HZ(X),

and, furthermore,

HJ(Y) = HJ(X) =0.
Therefore, in the morphism of complexes induced by the map ¢ we have

Z/pZ Z/pZ
I f I
0 — H2(U) — H)Y) — HXU\Y) — H3}U —0
L 1 =0 R !

From the commutativity of the central square it follows that map f must be the
zero map, which is neither injective nor surjective. Hence

HXU)#0 and  H3(U) #0.
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This proves the induction basis. Now assume that n > 4. Since p{ a,, and p1b,,, in
particular, we have that a,, # 0 and b,, # 0. Let W be the subvariety of V' defined
by x, =0. Then W = A?{l, so that from the long exact sequence

= HETA(W) — HY N (VAW) — HETH(V) — HE 7N (W) — -
we deduce that H?~1(V) ~ H»~1(V \ W). Hence our claim (BJ]) is equivalent to

(4.2) HIN(V\W) #0.

Now, as a consequence of condition (ii), all maximal minors of the matrix
ag Q4 -+ Gn
by by - by

with entries in Z/pZ are 0; hence the two rows of the matrix are scalar multiples of
each other. Since n > 4, we can find a positive integer A3 such that p divides both
Asaz+aq+ -+ ap_1+a, and A\gb3 +bg + -+ -+ b1 + b,. The coordinate ring
of V\ W is

KVAW] = Klup, u,"|®K

~p ~D ~D ~P ~az ~a3 ~Gn—1 ~by  bs ~bp—1
K[ulau27“3a~-vun—1a“2 Ug™ » o Up_q , U Ug Ce ",

where 3 = ug/u;\ﬁ and 4; = wu;/uy,, for all indices ¢ # 3. Up to renaming the
parameters, thus we have

K[V \ W] = K[uﬁvu;p] QK K[uil)’ s 7qu—1’ ugzug3 T u(rlln—_llvulilugg o 'ulr)zné_ll]'

From the Kiinneth formula for cohomology with compact support (see [6], Theorem
8.5, p. 258) we deduce that

(4.3) HY'(VAW) = @ Hi(AK\{0}) @ HI(W),

i+j=n—1

where V; C A’}(H is the affine toric variety parametrized by

T1 = U1,
T2 = U2,
xg = ub,
|2
Tn—-1 = uﬁ-h
yro= uptugt e
yo = uuleu)

Variety V1 fulfills (i) and (ii); therefore the induction hypothesis applies to it. Now

, Z/pZ fori=1,2
3 1 _ ) )
Hi(Ag \{0}) = { 0 otherwise.

This, together with ([@.3)), implies that
HIHVAW) = HE2(W) @ HE (V).
Now, by the induction hypothesis,
HY 2 (V1) #0,

because this is claim (@) for Vi. This proves [@Z) and completes the proof of
claim (c) and Theorem 211
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Remark 4.2. The induction basis in the proof of Theorem [2.]] strictly depends on
the assumption that char K # p. If char K = p, and we take, for some integer r
not divisible by p, Z/rZ as the coefficient group in cohomology, then map 6 is an
isomorphism. Hence the above diagram takes the following form:

f
0 — H2U) — HXY) — H3U\Y) — H}U) —0
l I 2 l
0 — HXAL) — HZX) =~ HXAJ\X) — HXAY) —0

I
0
It follows that f is an isomorphism, which implies that H2(U) = H3(U) = 0.

C

o
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