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LOCAL AUTOMORPHISMS AND DERIVATIONS
ON CERTAIN C∗-ALGEBRAS

SANG OG KIM AND JU SEON KIM

(Communicated by David R. Larson)

Abstract. It is shown that continuous 2-local derivations on AF C∗-algebras
are derivations and surjective 2-local *-automorphisms on prime C∗-algebras or
on C∗-algebras such that the identity element is properly infinite are
*-automorphisms.

A mapping φ of an algebra A into itself is called a local derivation (respectively,
local automorphism) if for every A ∈ A there exists a derivation (respectively,
automorphism) φA of A, depending on A, such that φ(A) = φA(A). These notions
were introduced by Kadison [Kad] and Larson and Sourour [LaSo]. In fact, their
definitions were stronger. They have assumed that these mappings are also linear.
Larson and Sourour proved that every local derivation on B(X), the algebra of all
bounded linear operators on a Banach space X, is a derivation, and provided that
X is infinite-dimensional, every surjective linear local automorphism of B(X) is an
automorphism. In [BrSe], they proved that the surjectivity assumption in the last
result can be dropped if X is a separable Hilbert space.

It is easy to see that if we drop the assumption of linearity of the local maps, then
the corresponding statements are no longer true. However, in [KoSl], they obtained
the following result: If A is a unital Banach algebra and if φ : A → C is a map (no
linearity is assumed) having the property that φ(I) = 1 and for every A, B ∈ A,
there exists a multiplicative linear functional φA,B on A such that φ(A) = φA,B(A)
and φ(B) = φA,B(B), then φ is linear and multiplicative.

Motivated by the above considerations, Šemrl [Sem] introduced the following
definition.

Definition. Let A be an algebra. A mapping φ : A → A is called a 2-local
derivation (respectively, 2-local automorphism) if for every A, B ∈ A there is a
derivation (respectively, automorphism) φA,B : A → A, depending on A and B,
such that φ(A) = φA,B(A) and φ(B) = φA,B(B).

Also, they showed the following result.

Theorem 1 ([Sem]). Let H be an infinite-dimensional separable Hilbert space, and
let B(H) be the algebra of all bounded linear operators on H. Then every 2-local
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automorphism φ : B(H) → B(H) (no linearity, surjectivity or continuity of φ is
assumed) is an automorphism and every 2-local derivation θ : B(H) → B(H) (no
linearity or continuity of θ is assumed) is a derivation.

Molnár [Mol] and Xie and Lu [XiLu] showed that every 2-local automorphism
on Mn(C) is an automorphism and in [Kim2] they gave a short proof that every
2-local derivation on Mn(C) is a derivation. It is the aim of this note to give a
proof that continuous 2-local derivations on AF C∗-algebras are derivations and
surjective 2-local *-automorphisms on prime C∗-algebras or on C∗-algebras such
that the identity element is properly infinite are *-automorphisms. Here, the term
2-local *-automorphisms is used for 2-local automorphisms that preserve the *-
operation. Recall that an approximately finite, or AF C∗-algebra is a unital C∗-
algebra A which is an inductive limit of an increasing sequence of finite-dimensional
C∗-algebras An, 1 ≤ n < ∞, with unital embeddings jn : An → An+1. An
equivalent definition is to say that A is an AF C∗-algebra if it has an ascending
sequence of finite-dimensional C∗-subalgebras whose closed union is A. If each An

is chosen to be a factor, then A is called a UHF C∗-algebra.
First, we consider 2-local derivations on Mn. The following theorem is seen in

[Kim2, Theorem 3].

Theorem 2. Let Mn be the n × n matrix algebra over C and φ : Mn → Mn be a
2-local derivation. Then φ is a derivation.

Proposition 3. Let A = M1 ⊕M2 ⊕ . . .⊕Mn be a finite-dimensional C∗-algebra,
where Mi is a k(i)×k(i) matrix algebra for some natural number k(i). If φ : A → A
is a 2-local derivation, then φ is a derivation.

Proof. Using the fact that every derivation of a von Neumann algebra is inner, for
every A, B ∈ A there exists an element T ∈ A such that φ(A) = AT − TA and
φ(B) = BT − TB. Let A = (A1, 0, . . . , 0), B = (B1, 0, . . . , 0) and T = (T1, . . . , Tn)
for A1, B1 ∈ M1 and Ti ∈ Mi. Since

(A1, 0, . . . , 0)(T1, . . . , Tn) − (T1, . . . , Tn)(A1, 0, . . . , 0) = (A1T1 − T1A1, 0, . . . , 0),

the restriction map φ1 = φ|M1 : M1 → M1 is a 2-local derivation of M1. By
Theorem 2, φ1 is a derivation. Let φi = ad Si for i = 1, . . . , n. Since

φ(A1, . . . , An) = (A1, . . . , An)(T1, . . . , Tn) − (T1, . . . , Tn)(A1, . . . , An)

= φ1(A1) ⊕ . . . ⊕ φn(An)

= (A1S1 − S1A1) ⊕ . . . ⊕ (AnSn − SnAn)

= (A1, . . . , An)(S1, . . . , Sn) − (S1, . . . , Sn)(A1, . . . , An),

it follows that φ is a derivation. �

Let A be a C∗-algebra and B be a C∗-subalgebra of A. A conditional expectation
of A onto B is a linear map Φ of A onto B such that Φ(B) = B for every B ∈ B
and ‖Φ(A)‖ ≤ ‖A‖ for every A ∈ A. It is well known that if Φ is a conditional
expectation from A onto B, then it is a positive map and satisfies Φ(B1AB2) =
B1Φ(A)B2 for every A ∈ A and B1, B2 ∈ B.

Now we consider local derivations on AF C∗-algebras.

Theorem 4. Let A =
⋃
An be an AF C∗-algebra and let φ : A → A be a continuous

2-local derivation. Then φ is a derivation.
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Proof. We prove this by borrowing the idea of [Cri]. Fix n and let k ≥ n. Take
An, Bn ∈ An ⊆ Ak. Note that there is a sequence Φk : A → Ak of conditional
expectations with the property that Φk(A) → A as k → ∞ for every A ∈ A. Let
us consider the map Φk ◦ φ : A → Ak. We claim that Φk ◦ φ|Ak

: Ak → Ak is a
2-local derivation. To see this, for any A, B ∈ Ak, there is a derivation α : A → A
such that φ(A) = α(A) and φ(B) = α(B). Then Φk ◦ φ(A) = Φk(α(A)) and
Φk ◦ φ(B) = Φk(α(B)). But for X, Y ∈ Ak, we have that

(Φk ◦ α)(XY ) = Φk(Xα(Y ) + α(X)Y ) = X(Φkα(Y )) + Φk(α(X))Y,

so that Φk ◦α is a derivation. Let ηk = Φk ◦φ|Ak
. Since ηk is a 2-local derivation, it

is a derivation by Proposition 3. Hence, from ηk(AnBn) = Anηk(Bn) + ηk(An)Bn,
it follows that

φ(AnBn) = Anφ(Bn) + φ(An)Bn

on
⋃
An. Similarly, from ηk(An + Bn) = ηk(An) + ηk(Bn), we have that φ is

additive on
⋃
An. Hence φ is a derivation on

⋃
An which is dense in A. As φ is

continuous we conclude that φ is a derivation. �

The automorphism group and hence the set of 2-local *-automorphisms of a
C∗-algebra is often difficult to deal with. In the case of UHF C∗-algebras, certain
simplifications occur. It should be mentioned that ideas from both [Mol] and [XiLu]
are used in the proof of the following theorem.

Theorem 5. Let A =
⋃
An be a UHF C∗-algebra and let φ : A → A be a 2-local

*-automorphism. Then φ is an injective *-homomorphism.

Proof. By [Davi, Corollary IV.5.8], any *-automorphism α of a UHF C∗-algebra
A is approximately inner, that is, there is a sequence αk of inner automorphisms
of A such that α(A) = lim αk(A) for every A ∈ A. Let A, B ∈ A. Then there
exists a set {Uk|k = 1, 2, . . .} of unitaries in A such that φ(A) = limUkAU∗

k and
φ(B)∗ = lim UkB∗U∗

k . Since φ(A)φ(B)∗ = lim UkAB∗U∗
k , it follows that

τ (φ(A)φ(B)∗) = τ (AB∗) (A, B ∈ A),

where τ is the faithful trace state of A. Then we have for any C ∈ A,

τ [(φ(A + B) − φ(A) − φ(B))φ(C)∗] = τ [((A + B) − A − B)C∗] = 0

by the linearity of τ and we obtain that

τ [(φ(A + B) − φ(A) − φ(B))(φ(A + B) − φ(A) − φ(B))∗] = 0.

Consequently, it follows that φ is additive, and hence it is linear. Note that
from the 2-local property, φ is zero-product preserving, that is, AB = 0 implies
φ(A)φ(B) = 0. Also φ is square preserving, that is, φ(A2) = φ(A)2. Since φ is
additive, linearizing the equation φ(A2) = φ(A)2, we get

φ(AB + BA) = φ(A)φ(B) + φ(B)φ(A)

for every A, B ∈ A. Let A, B ∈
⋃
An. We may assume that both A and B

lie in some An. Let {Eij} be the system of matrix units of An. We show that
φ(EijEkl) = φ(Eij)φ(Ekl) for every i, j, k and l.

Case 1. j 
= k. Then EijEkl = 0. So, φ(EijEkl) = φ(Eij)φ(Ekl) = 0.
Case 2. j = k, i 
= l. Then φ(EijEjl) = φ(EijEjl + EjlEij) = φ(Eij)φ(Ejl) +

φ(Ejl)φ(Eij) = φ(Eij)φ(Ejl).
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Case 3. j = k, i = l, i 
= j. Then we have

φ(Eii)+φ(Ejj) = φ(Eii+Ejj) = φ(EijEji+EjiEij) = φ(Eij)φ(Eji)+φ(Eji)φ(Eij).

If we multiply φ(Eii) from the right, then we have

φ(Eii) = φ(Eij)φ(Eji)φ(Eii) = φ(Eij)φ(Eji)

by Case 2. Hence φ(EijEji) = φ(Eii) = φ(Eij)φ(Eji).
Case 4. i = j = k = l. Then φ(Eii

2) = φ(Eii)2.
Now let A =

∑
aijEij and B =

∑
bklEkl. Then

φ(A)φ(B) =
[∑

aijφ(Eij)
][∑

bklφ(Ekl)
]

=
∑

aijbklφ(EijEkl)

=
∑

aijbjlφ(Eil)

= φ(AB).

This shows that φ is multiplicative on
⋃
An, which is dense in A. Since φ is con-

tinuous from the 2-local property, it follows that φ is an injective *-homomorphism.
�

Recall that a C∗-algebra A is called prime if whenever AAB = {0} for A, B ∈ A,
then either A = 0 or B = 0. Equivalently, every pair of nonzero closed ideals of
A has nonempty intersection. For n ≥ 2, the Cuntz algebra On is the universal
C∗-algebra generated by isometries S1, . . . , Sn such that S1S

∗
1 + . . . + SnS∗

n = I.
The identity element I of a C∗-algebra A is called properly infinite if there are
orthogonal projections P1 and P2 such that I ∼ P1 ∼ P2 and P1 + P2 ≤ I. If we
assume that 2-local *-automorphisms are surjective on some class of C∗-algebras
including UHF C∗-algebras, then they are *-automorphisms. More precisely, we
have the following theorem.

Theorem 6. Let A be a unital prime C∗-algebra that has a nontrivial idempotent
or a C∗-algebra such that I is properly infinite. If φ : A → A is a surjective 2-local
*-automorphism, then it is a *-automorphism.

Proof. We use the result of Mazur and Ulam [MaUl] which states that if V is a real
normed space and T : V → V is a bijective map which preserves the distance on V
(i.e., T satisfies ‖T (X)− T (Y )‖ = ‖X − Y ‖ (X, Y ∈ V)), then T can be written in
the form T (X) = L(X) + X0 (X ∈ V), where L : V → V is a real linear isometry
and X0 is a fixed element of V . Since φ(0) = 0, φ is additive and hence it is linear.
As φ(A2) = φ(A)2 for A ∈ A, it follows that φ is a Jordan *-automorphism.

(1). A is a prime C∗-algebra. Note that any Jordan automorphism onto a prime
algebra is either an automorphism or an antiautomorphism by [Her, Theorem 3.1].
We claim that there exist A0, B0 ∈ A such that A0B0 = 0 but B0A0 
= 0. To do
this, assume that the claim is not true and let A, B be elements of A such that
AB = 0. Then for any X ∈ A we have ABX = 0. So, BXA = 0. Since A is
prime, we have that either A = 0 or B = 0. As E(I − E) = 0 for any idempotent
E in A, it follows that every nonzero idempotent is the identity element, from
which the claim follows. Suppose, on the contrary, that φ is an antiautomorphism.
Taking A0, B0 ∈ A as in the claim, we have 0 = φ(A0)φ(B0) = φ(B0A0). This
contradiction yields the conclusion.
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(2). A is a C∗-algebra acting on H such that I is properly infinite. We prove
this by borrowing the idea of [BaMo]. By [Sto, Theorem 3.3], there is a projection
E in the center of the von Neumann algebra generated by A such that φ1 : A �→
φ(A)E is a *-homomorphism, φ2 : A �→ φ(A)(I −E) is a *-antihomomorphism and
φ = φ1 +φ2. Since I ∈ A is properly infinite, there are projections P1, P2 ∈ A such
that P1 ∼ I, P2 ∼ I and P1 + P2 ≤ I. So, there are isometries U1, U2 such that
U1U

∗
1 = P1 and U2U

∗
2 = P2. By the 2-local property, φ(Ui) (i = 1, 2) are isometries.

Hence, φ2(Ui) (i = 1, 2) are isometries on (I − E)H, from which it follows that

I − E ≥ φ2(U1U
∗
1 + U2U

∗
2 ) = φ2(U1)∗φ2(U1) + φ2(U2)∗φ2(U2) = 2(I − E).

Consequently, E = I and hence φ is a *-automorphism. �
Corollary 7. Let A be a simple AF C∗-algebra or a C∗-algebra containing On as
a C∗-subalgebra. If φ : A → A is a surjective 2-local *-automorphism, then φ is a
*-automorphism.
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[Sem] P. Šemrl, Local automorphisms and derivations on B(H), Proc. Amer. Math. Soc., 125

(1997), 2677–2680. MR1415338 (98e:46082)
[Sto] E. Størmer, On the Jordan structure of C∗-algebras, Trans. Amer. Math. Soc., 120

(1965), 438–447. MR0185463 (32:2930)
[XiLu] J. Xie and F. Lu, A note on 2-local automorphisms of digraph algebras, Linear Algebra

Appl., 378 (2004), 93–98. MR2031786 (2004k:47069)

Department of Mathematics, Hallym University, Chuncheon 200-702, Korea

E-mail address: sokim@hallym.ac.kr

Department of Mathematics Education, Seoul National University, Seoul, 151-742,

Korea

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use

http://www.ams.org/mathscinet-getitem?mr=1411996
http://www.ams.org/mathscinet-getitem?mr=1411996
http://www.ams.org/mathscinet-getitem?mr=1318418
http://www.ams.org/mathscinet-getitem?mr=1318418
http://www.ams.org/mathscinet-getitem?mr=1367625
http://www.ams.org/mathscinet-getitem?mr=1367625
http://www.ams.org/mathscinet-getitem?mr=1402012
http://www.ams.org/mathscinet-getitem?mr=1402012
http://www.ams.org/mathscinet-getitem?mr=0271135
http://www.ams.org/mathscinet-getitem?mr=0271135
http://www.ams.org/mathscinet-getitem?mr=1051316
http://www.ams.org/mathscinet-getitem?mr=1051316
http://www.ams.org/mathscinet-getitem?mr=2053344
http://www.ams.org/mathscinet-getitem?mr=2053344
http://www.ams.org/mathscinet-getitem?mr=0592387
http://www.ams.org/mathscinet-getitem?mr=0592387
http://www.ams.org/mathscinet-getitem?mr=1077437
http://www.ams.org/mathscinet-getitem?mr=1077437
http://www.ams.org/mathscinet-getitem?mr=1955275
http://www.ams.org/mathscinet-getitem?mr=1955275
http://www.ams.org/mathscinet-getitem?mr=1415338
http://www.ams.org/mathscinet-getitem?mr=1415338
http://www.ams.org/mathscinet-getitem?mr=0185463
http://www.ams.org/mathscinet-getitem?mr=0185463
http://www.ams.org/mathscinet-getitem?mr=2031786
http://www.ams.org/mathscinet-getitem?mr=2031786

	References

