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CESARO SUMMABILITY IN A LINEAR AUTONOMOUS
DIFFERENCE EQUATION

MIHALY PITUK

(Communicated by Carmen C. Chicone)

ABSTRACT. For a linear autonomous difference equation with a unique real
eigenvalue Ao, it is shown that for every solution x the ratio of x and the
eigensolution corresponding to Ag is Cesaro summable to a limit which can be
expressed in terms of the initial data. As a consequence, for most solutions
the Lyapunov characteristic exponent is equal to Ag. The proof is based on a
Tauberian theorem for the Laplace transform.

Given r > 0, let C = C([—r,0],R) denote the Banach space of all continuous
functions from [—r, 0] into R equipped with the supremum norm,

, ¢peC.

¢l = sup [¢(0)
r<6<0

Consider the linear homogeneous difference equation
(1) D$t = O,

where the difference operator D : C' — R is given by
0
(2) D¢ =¢(0)— [ ¢(0)dn(0), ¢€C,

and the symbol z; € C is defined by x+(0) = x(t+6) for 8 € [—r,0]. Throughout the
paper, we assume that the kernel n : [—r,0] — R is a nonconstant nondecreasing
function such that n(0) = 0 and 7 is continuous from the left at each 8 € (—r,0].
The integral in (2) is a Riemann-Stieltjes integral.

With Eq. (1), we associate an initial condition of the form

(3) T = 1P, where p € Cp ={¢p € C | Dp=0}.

The monotonicity and left continuity of 7 at zero imply that Varp, gn = 7(0) —
n(s) — 0 as s — 0~ and hence the difference operator D is atomic at zero (see [0] for
a definition). By known existence theorems (see, e.g., [6] Chap. 12]), the initial value
problem (1)—(3) has a unique solution on [—r, c0). We shall write x(t) = z(t, ) for
the unique solution of (1) and (3).
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The characteristic equation corresponding to (1) is

0
@) AN =0, AR =1- / A dn(6).

-

It is easy to show that under the above hypotheses on 7, A(—o0) = —00, A(c0) =1
and

0

A'(\) = — / 9er dn(f) >0  for all A € R.

Consequently, the characteristic equation (4) has a unique (simple) real root Ag.
Our aim in this note is to show that for every v € Cp the function z(t,)e~*0t

is Cesaro summable to a limit [(v) which can be expressed explicitly in terms of
the initial data .

Theorem 1. Let the above hypotheses on n hold. Then for every ¢ € Cp the limit
t

(5) 1) = Tim ~ [ (e, p)e>7 dr

t—oo t 0
exists, and its value is given by
_ 1 0 Ao 0 —XoT
0 1) = g5y [ (2 [ v ar) dogo),
The proof of Theorem 1 will be based on the following Tauberian theorem for

the Laplace transform (see [9, Chap. 8, Theorem 2.4] or [1], Satz 4, p. 512]).

Theorem 2. Suppose that y : [0,00) — R is a continuous bounded function and
let §(s) denote its Laplace transform,

(7) u(s) = / e *Ty(r)dr for s > 0.
0

If
(8) sy(s) — A for some AcR ass — 07,
then

1 t
(9) ;/y(T)dTHA as t — oo.

0

Proof of Theorem 1. Let v € Cp be arbitrary. Define
y(t) = x(t,p)e ot for t > —r.
From (1) and (2), we obtain for ¢ > 0,

0
(10) y(t) = / y(t + 0)e™" dn(9).

Choose M > max_,<;<¢ |y(t)|. We shall show that

(11) ly(t)| < M for all ¢ > 0.

Otherwise, there exists t; > 0 such that

(12) ly(t)| < M for -r <t <ty and ly(t1)| = M.
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From (10), it follows by well-known properties of the Riemann-Stieltjes integral

0
el < [ luter + )1 dn(o)
(13) -

—5 0
- / ly(ts + )] dn(9) + / lults + )" dn(0)

-

for 6 € (0,7). By virtue of (12), we have

5 -4
(14) / (b +0)|™0 dn(8) < M [ O dy(6)
and

0 0
(15) / lut +0)1e* dn(0) < M / (o).

We claim that if § > 0 is sufficiently small, then the inequality in (14) is strict.
Indeed, by the hypotheses on n, n(—r) < n(0) and therefore n(—r) < n(—3J) for all
sufficiently small § by the left continuity of n at zero. If § is chosen in this way,
then
-5 -5
M [ ane) - [ lut+0)|eM dnte)

-r -

5
— [ r®d® = min 165~ (-] >0,
where f() = (M — |y(t; + 0)])e*? > 0 for —r < § < —§ by the first (strict)
inequality in (12). Thus, (14) holds with a strict inequality. Using this and (15)
in (13), we obtain
-5 0 0
M = |y(t))| < M e dn(0) + M/ e%dn(0) =M | e*%dn(h) = M,
-5

—r -
a contradiction. (We have used the fact that X\ is a root of (4).) Consequently,
(11) holds and therefore the Laplace integral (7) converges for all s > 0.

Taking the Laplace transform of (10) and changing the order of integration on

the right-hand side, we find for s > 0,

0 —0 0o
7(s) = / e(Pots)0 (/ e S0yt 4 0) dt + / e 20yt + 0) dt) dn(#)
0 -0

-

0 0 0 0o
:/ e(>‘°+s)9/9 e *Ty(r) den(G)—l—/ e(Pots)0 dn(@)/ e *Ty(r) dr.
—r 0

-T

Hence
(16) 9(s)4(s) = h(s),
where .

ols) =1~ [ 0 dn(o)
and

0 0
h(s) :/ e(>‘°+s)9/ w(T)e_()\(H_S)T dr dn(0).
)

-
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Since \g is a root of (4), g(0) = 0 and hence

g( ) — ' (0) = A’(\o) as s — 0

by I’Hospital’s rule. From this and (16), we obtain

(s) = 5 his) — MO 0t
sy(s) = g(s)h(s) A I(y) as s — 0
with (1)) as in (6). By Theorem 2, this implies (5). O

Remark. In the previous proof, the monotonicity of n is used only to show the
boundedness of the function y(t) = x(t,v)e~*!, ¢ > 0. The same proof shows that
if the kernel 7 is merely of bounded variation on [—r,0] and we know a priori that
a solution x(¢, 1)) of (1) with ¢ € Cp is of order

z(t, 1) = O(e?) as t — oo,

where Ao is a simple real characteristic value, then the Cesaro summability (5)
holds with a limit [(¢) given by (6).

For ¢ € Cp, the (Lyapunov) characteristic exponent a(1)) of the solution x (¢, )
of (1) is defined by

a(y) = inf{ B € R | z(t, ) = O(®) as t — oo }.

The following simple corollary of Theorem 1 shows that for “almost all” solutions,
() = Xo.

Corollary 3. Under the hypotheses of Theorem 1, a(w)) = Ao except possibly if 1
belongs to a certain nowhere dense subset of the Banach space Cp with the supre-
mum norm.

Proof. Cp is the kernel of the linear functional D : C' — R. Since D is continuous,
its kernel is a closed subspace of C' and thus it is a Banach space.
The proof of the corollary will be complete if we prove the following two claims:
(1) If a(9p) # Ao for some ¢ € Cp, then 3 belongs to the set

N ={¢eCp|l(¢)=0},

the kernel of the linear functional [ : Cp — R.

(ii) NV is a nowhere dense subset of Cp.

Proof of (i). Let ¢» € Cp such that a(¥) # Ag. As shown in the proof of The-
orem 1, the function w(t,1)e~** is bounded for ¢+ — oco. Therefore a(i)) cannot
be greater than A\g. Thus, a () < Ao and hence x(t,9)e~ ! tends to zero (expo-
nentially) as t — oo. Consequently, for every ¢ > 0 there exists T' > 0 such that
|z(t,1)|e" 0! < € for t > T. This implies for t > T,

1 /[t —Nos 1 T —Xos —Xos
= | z(s,)e"0%ds| < = |z(s,1)|e” "% ds + |:E 0% ds
tJo tJo

1 (T
<y [ latswle e as €
t J; t
Letting t — oo in the last inequality and using (5), we get |[(¢)| < e. Since € > 0
was arbitrary, [(¢)) = 0 and ¢ € N.
Proof of (ii). Since [ : Cp — R is continuous (see (6)), A is a closed subset
of Cp. It remains to show that A has empty interior in Cp. Let v € N. For € > 0,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CESARO SUMMABILITY IN A DIFFERENCE EQUATION 3337

let 1. = +eey,, where ey, € C is defined by e, (8) = e*o? for —r < § < 0. Since \g
is a root of the characteristic equation (4), ey, and hence each . belongs to Cp.
Clearly, e — v in Cp as € — 07, while I(¢.) = [(¢) + l(een,) = €l(er,) = € # 0.
This implies that 1) does not belong to the interior of . Since ) € N was arbitrary,
N has empty interior in Cp. O

Remark. The property that for most solutions the asymptotic behavior can be de-
termined in terms of a simple real dominant characteristic value has been observed
in many other linear systems (see, e.g., [2], [3], [4], [5], [7], [8] for related results).

Eq. (1) includes as a special case the equation

k
(17) 2(t) = a(t—7),
i=0
where the coefficients a; are nonzero real numbers and 0 < 79 < 74 < -+ < 7. In

this case, r = 71 and the kernel 7 in the representation of D is given by

k
n(6) :ZaiH(9+Ti), —-r<6<0,
i=0
where H(s) =0 for s > 0 and H(s) = —1 for s < 0. Our hypotheses on n hold if
a; >0 for each ¢ = 0,1,...,k. The list of the above symbols is the following;:

k
(18) D¢ = ¢(0) = Y a;ip(—7:),
=0
k

(19) Cp={¢eC|d(0) =) aip(-7)},

=0

k
(20) AN =1-) a;e™7,
=0

SF a7 f?n P(t)e Mot dt
¥ aimie=doTi

Finally, let us mention a recent result due to Philos and Purnaras [8] which is rel-
evant to our study. They have considered Eq. (17) under the additional assumption
that the delays 7; are commensurable in the sense that for each i = 1,2,...,k,

(21) W) =

(22) Ti = M;To for some positive integer m;

and the corresponding characteristic equation

k
(23) 1= aoe_)‘m + Z aie_)‘mﬂo

i=1

has a real root A\g with the property

k
(24) Z lai|(m; — 1)eAomim0 < 1,
i=1
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In [8, Theorem 1.2], they show that under these hypotheses for every ¢ € Cp
with Cp as in (19) the solution x(t, ) of (17) satisfies the asymptotic relation

t
(25) / z(s,9)e % ds — L(v) as t — 0o,
t—70
where
f_OTD e 205y (s) ds + S5, azeromao S e Mot (s) ds
1+ Z?:l ai(mi - 1)6_)‘0"“7—0 .

Note that in [8] the characteristic equation is written in a form which is obtained
from (23) by the transformation p = e*7.

The limit relation (25) is stronger than (5). This is a consequence of the following
elementary result applied to the function f(t) = fg x(s,9)e 0% ds.

(26)  L(y) =

Lemma 4. If ip > 0 and f : Ry — R is bounded on each bounded subset of R,
then the existence of the (finite) limit L = limy_,oo (f(t + 70) — f(t)) implies the
existence of the limit | = lim;_ o f(t)/t. Moreover, | = L/7g.

Since we could not find a reference for Lemma 4, we present its proof.

Proof of Lemma 4. Let S = limsup,_,, f(t)/t. Then there exist ¢, — oo such that
f(tn)/tn, — S as n — oco. The existence of the limit L = lim;_ o (f(t + 70) — f(t))
implies that for every e > 0 there exists 7" > 0 such that

(27) L—e<f(t+7)—f(t)<L+e fort > T.

For all sufficiently large n, we have t,, > T + 19 and hence t,, = T,, + k, 719 for
some T,, € [T,T + 79) and positive integer k, (k, is the greatest integer part of
(tn, — T)/70). This, together with (27), implies for all large n,

f(tn) — f(Tn) _ 1
ty, — Tn knTO

En—1

(T + (i + 1)70) — £(Tn + im)) <

=0

L+e¢
T0 '

(28)

Taking into account that both sequences {T},} and {f(7},)} are bounded (for T, €
[T, T + 70) and f is bounded on [T, T + 7p) by the hypothesis), it follows that

J(ta) ~ 1(T) _ (f(tn) f(Tn)) (1 T

t, — T, th  tn tn

—1
) — S as n — oo.

Consequently, letting n — oo in (28), we get S < (L + €)/79. It can be shown in a
similar manner (using the first inequality in (27)) that if I = liminf, .o f(¢)/t, then
I > (L —e€)/7p. Since € > 0 was arbitrary, we conclude that L/m9 < T < S < L/
and hence I = S = L/7g. This implies the desired conclusion. O

According to Lemma 4, the existence of the limit (25) implies that (5) holds
with () = L(v)/70. (The latter equality can also be checked directly using for-
mulae (21), (22), (23) and (26).) Consequently, for the above specific class of (17)
with properties (22) and (24), conclusion (25) of Philos and Purnaras [§] is stronger
than the Cesaro summability (5). On the other hand, in the case of positive co-
efficients, in contrast with [8, Theorem 1.2], we require neither the “smallness”
condition (24) nor the rather restrictive condition (22) that the delays in (17) are
commensurable.
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