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ASYMPTOTIC DIRICHLET PROBLEM
FOR THE SCHRODINGER OPERATOR
VIA ROUGH ISOMETRY

YONG HAH LEE

(Communicated by Bennett Chow)

ABSTRACT. We pose and solve the asymptotic Dirichlet problem for the
Schrédinger operator via rough isometries on a certain class of Riemannian
manifolds. With suitable potentials, we give the solvability of the problem for
a naturally defined class of data functions.

1. INTRODUCTION

The asymptotic Dirichlet problem for an elliptic operator on a complete Rie-
mannian manifold has long been an interesting topic of study to analysts and ge-
ometers. Let £ be an elliptic operator on a Cartan-Hadamard manifold M, which
means a complete simply connected manifold with nonpositive sectional curvature,
and f be a function in a class F on the asymptotic boundary M (co) of the manifold.
The asymptotic Dirichlet problem is to find a solution u for the elliptic operator £
such that u = f on M(o0). For instance, the usual asymptotic Dirichlet problem for
harmonic functions is the case when L is the Laplacian A on a Cartan-Hadamard
manifold M and F is the class of continuous functions on M (oc). The asymptotic
Dirichlet problem is well understood in the works of Choi [5], Anderson [1]], Sullivan
[12], Schoen [2] and others, when M is a Cartan-Hadamard manifold with sectional
curvature restriction such as the pinching condition —b? < Kj; < —a? < 0. The
essence of all of their works is that the curvature assumption enables one to control
the angle via the Toponogov comparison theorem and the convexity property near
the asymptotic boundary. In [I1], Schoen and Yau gave an interesting generaliza-
tion that does not directly involve the curvature bound as follows: Let (M, ds?) be
a Cartan-Hadamard manifold with sectional curvature —b? < Ky < —a? < 0, and
let d5% be a new Riemannian metric on M being uniformly equivalent to ds?. If
(M, ds?) has the bounded sectional curvature and the positive injectivity radius,
then for any continuous function f on M(oco), there exists a harmonic function
u on (M,ds?) such that u = f on M(co), where M(co) denotes the set of the
asymptotic classes of geodesic rays. Later, Cheng [4] proved the solvability of the
asymptotic Dirichlet problem under more general assumptions than those of Schoen
and Yau [I1] as follows: Let (M, ds?) be a Cartan-Hadamard manifold with the first
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3412 YONG HAH LEE

Dirichlet eigenvalue A;(M) > 0. Assume that the local pinching condition holds
on (M,ds?), i.e., there exist a point 0 € M and a constant C' > 1 such that at any
r € (M,ds?),

(1.1) [K(0)] < CIK(o"),

where o, o’ are plane sections at z containing the tangent vector of the geodesic
joining o to z and K (o), K(o') are the sectional curvatures of the plane sections
o, o', respectively. Then the asymptotic Dirichlet problem on (M, d3®) is solvable,
whenever a new metric d5? on M is uniformly equivalent to ds?. Recently, Choi,
Kim and the present author [6] developed a new approach for a larger class of
complete Riemannian manifolds. Let M be a Cartan-Hadamard manifold satisfying
the local volume-doubling condition and the local Poincaré inequality, and let N
be a complete Riemannian manifold satisfying the local volume-doubling condition.
Suppose the first Dirichlet eigenvalue A1(M) > 0 and the local pinching condition
(1.1) holds on M. Let ¢ : M — N be a rough isometry, expounded below. Then
for each f € F,, there exists a solution h € C°°(N) such that
(1.2) { Ah = 0 on N;

' (h=flpx) — 0 as v— oo,
where F, denotes a function class on N whose element f satisfies the following
conditions:

(i) fo can be extended to M UM (co) in such a way that f oy is continuous
at every point of M (c0);

(ii) for given e > 0, there exists T > 0 such that |f(z) — f(y)| < e if y € B.(x)
and d(o,x) > T for some fixed point o € N, where ¢ depends only on the
rough isometry ¢ and the geometry of M and N.

In the above, statement (i) means that for any v € M(oc0), f o p(z) converges to
a number A, as x converges to v, i.e., for any € > 0, there exists a truncated cone
neighborhood K(v,0,R) = {x € M : Z,(v,0t) < J, d(o,x) > R} of v such that
|f(z) — A,| < € whenever x € K(v,6, R), where Z,(v,07) denotes the angle at o
between v and the ray starting from o and passing through x. In fact, both (i) and
(ii) are valid in the case when N itself is a Cartan-Hadamard manifold and f is a
continuous function on N (o0). It has to be emphasized that even the topology of N
differs from that of M not to mention the nonpositivity of the curvature. So, as in
the case of Schoen and Yau and of Cheng, there is no clear way in defining N(c0),
the asymptotic boundary of N. This therefore forces one to state the continuity of
data at the boundary in terms of M (co) as above.

In line with the approach of [6], we solve the asymptotic Dirichlet problem for
the Schrodinger operator in the following setting: We say that a function u on a
complete Riemannian manifold M is a solution of the Schrodinger equation if
satisfies the equation

(A=V)u=0

in the distribution sense, where V' is a nonnegative function on M. For the sake of
convenience, throughout this paper, we assume that every potential V is continuous.
From this assumption, one can achieve the continuity of solutions of the Schrédinger
equation. More generally, such a result can be extended to potentials in the local
Kato class. (See [§].) In the above setting, we get the following result.
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Theorem 1.1. Let M be a Cartan-Hadamard manifold satisfying the local volume-
doubling condition and the local Poincaré inequality, and let N be an n-dimensional
complete Riemannian manifold satisfying the local volume-doubling condition. Sup-
pose that the first Dirichlet eigenvalue M\ (M) > 0 and M satisfies the local pinching
condition (1). Let ¢ : M — N be a rough isometry. Then for each f € F,, there
exists a unique solution i on N such that

(A-=V)a = 0 on N;
(1.3) {(ﬂ—f)(z) — 0 as z— o0,

where V' is a nonnegative function in LY(N) for any n < g < 0.

In contrast to the result in [6], we obtain the uniqueness of the solution. Further-
more, the convergence in (1.3) also implies the convergence via a rough isometry as
n (1.2); hence this result improves the result of [6] even in the case when V = 0.

An important concept that is used in this paper is the rough isometry, which is
a more general one than the bi-Lipschitz map. A map ¢ : X — Y, not necessarily
continuous, between two metric spaces X and Y is called a rough isometry if the
following condition holds:

(R) for some x > 0, the x-neighborhood of the image ¢(X) covers Y
there exist constants a > 1 and b > 0 such that for any x1,z2 in X,
aYd(zy,x2) — b < d(o(x1), p(x2)) < ad(x1,x2) + b,
where d denotes the distances of X and Y induced from their metrics,
respectively.
In particular, being rough isometric is an equivalence relation. (See [10].) However,
since ¢ is not assumed to be continuous, two roughly isometric metric spaces may
have completely different topologies. For example, an infinite cylinder is roughly
isometric to an infinite cylinder with infinitely many identical handles attached at
equal distance going off to infinity. Because of the crudity of rough isometries,
we need to add some local conditions on each manifold in order to deploy our
theory via rough isometries between manifolds as follows: When we say that a map
@ : M — N is a rough isometry between complete Riemannian manifolds M and N,
it means that ¢ satisfies the following local volume comparison condition, together
with (R):
(C) there exists a constant C' > 1 such that for any = in M,
C~'volB; (z) < volBy (p(z)) < CvolBy (x);
each of M and N satisfies the local volume-doubling condition:

(D) there exists a constant C, < oo depending only on r > 0 such that for any
z in M (in N, respectively)

volBa,.(z) < C,volB,(x);

and the following local Poincaré inequality holds on M:

(P) there exists a constant C,. < co depending only on r > 0 such that for any
z in M and for any f € C*°(B,(z)),

fff S Cr Vfa
[ -T=ef e
where f = (volB,.(x))"? Jo, @) f-
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Note that these local conditions are valid on a complete Riemannian manifold with
the Ricci curvature bounded below and the positive injectivity radius. (See [3], [10]
and [7].)

Another concept needed in this paper is the net, which is a useful tool in com-
binatorially approximating a Riemannian manifold. Let d be the distance function
on M. A subset P of M is called 7-separated for some 7 > 0 if d(p,p’) > 7 for
any distinct points p and p’ of P. Let P be a maximal, with respect to the order
relation of inclusion, 7-separated subset of M. Then we can define a net structure
N = {N, : p € P} by setting N, = {p’ € P : 7 < d(p,p’) < 37}. In partic-
ular, a maximal 7T-separated subset P of M with the net structure is called the
7-net in M. A net P is said to be uniform if there exists a constant A such that
N, < X < oo for all p € P, where §S denotes the cardinality of the set S. The
local volume-doubling condition (D) guarantees that a 7-net P on M is uniform,
and this uniformness plays a crucial role in proving the rough isometric invariance
of some analytic properties.

2. MAIN RESULT

Let f € F,. Then our problem is to find a solution u for a given Schrodinger
operator A —V on N such that (@ — f)(z) — 0 as z — oo. By the result of [6],
there exists a harmonic function h such that (h— f)(¢(x)) — 0 as z — oo. We will
substitute the data f with the harmonic function h, i.e., we find a solution % such
that (@ —h)(z) — 0 as z — oco. Then we have only to prove that (h— f)(z) — 0 as
z — 00.

Let us introduce several functions needed in this section. For each f € F,, fop
can be extended to a function f € C°°(M) N C°(M U M(c0)) in such a way that
f|M(o<>) = [ o®|m(oc)- We may define f to be radially constant outside a compact
subset of M. On the other hand, the local pinching condition (1) imposes that
IVf| € L¥(M) for sufficiently large s > 2. (See Theorem 3.1 of [4].) Let P and Q
be the 7-net and v-net of M and N, respectively. Define a function f, on P by

~ ~\1/s
fr(p) = (m /134,(;;) fs)l

for p € P. Define a new function g : N — R by g(z) = quQ(fT o o ) (q)n,(x),
where ¢! : Q — P is an inverse rough isometry of ¢ such that d((¢op~1)(q),q) < K
for each ¢ € @, and ny(x) is a partition of unity defined as follows: Let &, be a
Lipschitz function given by
1— .d(z,q), € Ba(q);
_ 3v y4)y v/2 )
$al) = { 0, otherwise.
Define ny(x) = &4(2)/ > co (). It is easy to check that there exist constants
C1 > 0 and C3 > 0 such that > .o &y(z) = C1 > 0 and [Vn,[(z) < Oy for all
z € N and for all ¢ € Q, where V7, is a weak derivative.
By using the local condition (P) and the uniformness of nets, we can compare the
integral of the gradient of the newly defined function g with that of the surrogate
function f on M as follows:

Lemma 2.1. For sufficiently large s > 2, we have the following:

[war <c [ [wir <
N M
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By [6], one may obtain the following additional results:

/Ih—gls < C/ Vgl* and sup|h| < suplg],
N N N N

where C' depends only on s and A;(N).

For technical reasons and convenience’ sake, we reset our problem as follows:
For a given data f € F,, there exist nonnegative functions f,,f_ € F, such
that f = fi — f_. Thus there exist harmonic functions hi,he on N such that
(h1 — f+)(p(x)) — 0 and (he — f_)(¢(x)) — 0 as x — oo. If there exist solutions
41 and g for the Schrédinger operator A —V on N such that (@3 — hy)(z) — 0
and (tg — hg)(z) — 0, respectively, as z — oo, then @ = @; — @z is the desired one.
Therefore, we have only to solve the problem for the nonnegative data f € F,
hence a positive harmonic function h on N such that (h— f)(¢(z)) — 0 as z — oo.

We solve the following Dirichlet problem, in the weak sense, on Br(0):

(2.1) Aur —Vur = —Vh on Bg(o);
) ug = 0 on OBR(0),

where V' is a nonnegative function on N. Define a functional E by

1 1
E(v) = ~|Vol* + 2 Vo? = Vho
2 2

Br(o)

for all v € Hy*(Bg(o)). Since

1
E(v) 2/ ——Vh?,
Br(o) 2

we can take a minimizer ug of this functional E(v), whenever V € L] (N) for

1 < g < oo. For this solution ug, using the maximum principle, we have 0 < up < h
on Br(o), whenever V # 0, and the following result:

Lemma 2.2. Let N be a complete Riemannian manifold with the first Dirichlet
eigenvalue pi(N) > 0 for the Schriodinger operator A —V | i.e.,

. [x V]2 + Vo?

> 0.
veCE® (N) Jy v?

Then there ezists a constant C > 0 such that for the solution ug of equation (2.1)
and for any 1 < q¢ < oo,

/ uh < C Ve,
Br(o) Br(o)

where C depends only on q, u1(N), and supy |h|.

Proof. Put u = up. Since u|spp, ) = 0, we have

/ Vul™' - Vu + / Vul :/ u?'Vh;
BR(O) BR(O) BR(O)

(q—l)/ u?™ 2|V ? —I—/ Vaul :/ u?Vh.
Br(0) Br(o) Br(0)

hence
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From |Vu?/?|? = (q/2)?ud~2|Vul?, we get

4(g — 1 4(g—1
(q 5 ) ,UI(N)/ ul < (q 5 ) / |qu/2|2 + / Vul
q Br(o) q Br(o) Br(o)

= / wIVh.
Br(o)

By the Holder inequality, we have the consequence. (I

We have a monotone decreasing sequence of solutions {ag} such that
(A —V)ar = 0 on Bg(o) and g = h on OBRr(0). Therefore, there exists a
limit function @ such that (A —V)a =0on N. Put u = h — . Then u is a solution
of the following equation:

(2.2) (A=V)u=-Vh on N.
Applying the standard Moser iteration, we get the following lemma;:

Lemma 2.3. Let N be given in Lemma[22] with the Sobolev constant S1(N) > 0.
Suppose that u is given above and V is a nonnegative function in LI(N) where
n < q<oo. Then u(z) — 0 as z — oo.

Proof. Let n be a Lipschitz function with compact support in a ball B, (z) for
some fixed ro > 0. Multiplying 7?uP~! on both sides of (2.2), where p > 1, and
integrating by parts, we get

2 1
/772u”_Z|Vu|2 —/nup_1|VuHV77| + —/1721#’_11/}1
p—1 p—1

1 2. p—2 2 2 / P 2 1 / 2 p—1
- s o h.
2/nu |Vul +(p—1)2 uP |V er—l nuP—V

2 /212 P’ 2 P 2 1
n*|VuP < /uan +7/77u”_Vh.
/ | | (p—1)? Vil 2(p—1)
On the other hand, since a|V(n?uP)| < 2a?n?uP + uP|Vn|? + n?|Vu?/2|? for any
a > 0, we have
o [IvePw)] < 20 [orw v [wlval + [ v
2a2/772up + 2p2/u”|V77|2 + p2/772up*1Vh.

Now choose a Lipschitz function n given by

IN

IN

Thus

IN

IN

1, x € B.(2),
n(@) =4 (s—d(z,2))/(s —r), =€ Bs(2)\ Br(2),
0, otherwise,

where 0 < r < s <rg. Set &« =1/(s —r). Then

1/6 Ap?
Sl(/ upg) < P / uP + p2/ wWPVh,
B.(2) $ =T JB.(2) Bs(z)

where S1 = S1(N) and 0 =n/(n —1).
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For the sake of convenience, we will use the following norm notation: For a fixed
point z € N, put

1/p
1Allr = ([ 1) and [fllr = sup 1]
By(z) By (2)
where 1 < p < oo and 0 < r < rg. With this notation, we have

4p2
(2.3) Stlullpg, < T ullps +p° Suplh\ 1V s el | 225 e

where u = ¢q/(q — 1). Note that p < (p — 1)p < pf for any p > ¢ > 1.
Applying (2.3) to each p > ¢, we get

S lullpe,r
4p? _ _
< z vol B, (z) =9/ ((=1)a) ||UH(Z .+ sup|h| Vg, Hu”(p Vs
< { 4’ sup |u| vol By (2)Y/9 + p? sup |h| [|V]] }HUH P
> s _ o Np s p Np a,8 (p—1)p,s
1p? 1
S _ VO]BS(Z) /qHu”(p Dp,s?

where C7 depends only on supy |h|, supy |u] and ||V]|4,s. Hence

Cyp? 1-1
(2.4) hullpo < (S22 g4

where Cy = CyvolB,(2)'/9/8.
Choose sequences {p;} and {r;} such that
Po=q, pi=1+(0/u)+(O/m)*+ -+ (0/n) " +q(0/p)’
and
ro=s8, 1, =5—5/2% —5/23 — ... — 5/21F1

fori=1,2,---, where 0 < s < 19/2. Applying (2.4) to the sequences {p;} and {r;},

Copit1 \MPirt 1-1/p,
Iul e I [ bt

Pi+10,mit1 < ( pib,ri ’

Ty = Tit1
ie.,

Co\ Caln/O)™ 120\ Calw/O)™ 4y
=2 " lllpiom ™

where C3 > 0 depends on only n and ¢. Iterating this inequality,

Hu||107‘,+19,7“i+1 >

||u|‘pi+197n‘+1

Co\ Cau/0)™ 120N Cs (i) (w/O) ™+ ()
(=) (%) lullya0r
Co\ Cal/O) T 4(u/0)'} 120N Cs LG D /) T 4ilu/0)'Y 1y g
(=) () e
C\ Cs TiE1(1/0) 120 Cs ith 3(u/0) It (-1/py)
< (@) A
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Therefore, letting ¢ — oo, there exist ¢ > 0 and § > 0 such that

volB,(z
(2.5) [ullos,s/2 < 04(7) full3p,s-
On the other hand, applying (2.3) to p = ¢, we get

4q
Syllulle,, < la.2s |l |48

q0,s — H ||q,2s + q Sllp|h| HV

4q2
< {5 sup ful volBay(2)'/7 + % sup [B] [V g4 } llul /4
S N N
ie.,

VOIBQ ( ) 1/q 1
(2.6) e < Cs (LB
where Cy depends only on supy |h|, supy |u| and [|V]]q,2s-
Combining (2.5) and (2.6), we have

(2.7) |ulloo,s < Co

q,2s

(LBl T
S

where Cg depends only on supy |h|, supy |u| and ||V]|4,2s. Note that for each point
z € N, we can select a suitable 0 < s < 70/2 in such a way that s~'volBy,(2)'/¢
is bounded above by a constant. Therefore from Lemma 2.2 and (2.7), for given
e > 0, there exists a sufficiently large R > 0 such that ||ul|e,s < € whenever
d(o,z) > R. O

Proof of Theorem [[1]. Since S1(M) > 0, Ay(M) > 0 and N is roughly isometric
to M, we have S1(N) > 0 and A(N) > 0; hence pq1(N) > 0. (See [10] or [7].)
Combining Lemma [2:2] and Lemma 23] and Lemma 4.6 of [6], we get a solution @
such that

(G—h)(z) =0 and (h—g)(z) =0 as z — .

Therefore, we have only to prove that

(9(2) = f(z)) =0 as z— ooc.

Note that
1/s
1 —s
9(2) = 11 = 12, () (m fovioi” ) -
1/s
1 r s
< %nq(Z) (m /Bhw_l(q)) |f(y) = f(2)] dy) :

By the compactness of M UM (o), for given € > 0, there exist R > 0, v, vg, -,
v; € M(00) and positive numbers 81, 0z, - - -, §; such that M(c0) CU;_, K(vj,d;, R),

[F(y) = f(vj)l < e and |f(v;) = fop(y)| <e

if y € K(vj,20;,R) for each j = 1,2,---,4. Thus for sufficiently large R > 0,
if d(o’,z) > R, where o is a fixed point in N, then for some v; € M(c0), we
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have y € K(vj;,d;, R), and hence |f(y) — fow(y)| < e Note that for each y €
quBSV/Z(Z) B47’(9071(q))a

dle(y),2) < dle®),poe " (q)+d(poyp '(q),2)
< ad(y, o ' (q)) +b+d(poe ' (q),q) +d(g, 2)
<

dat +b+ Kk + 3v/2.

By the second condition (ii) of the function class F,, we get |f o o(y) — f(2)| < e.
Consequently, we obtain equation (1.3).

The uniqueness immediately follows from the comparison principle and the equa-
tion (1.3). O

Note that in the case of Cartan-Hadamard manifolds, the equation (1.3) implies
the continuity of the solution near infinity in the usual sense. So, in the setting of
the usual asymptotic Dirichlet problem, we have some interesting new results as
follows.

Corollary 2.4. Let ¢, M, N andV be as in Theorem[LIl Suppose that N is also a
Cartan-Hadamard manifold and that ¢ can be extended to a map ¢ : MU M (c0) —
N U N(oc0) in such a way that it is continuous at every point of M(oco). Then
the usual asymptotic Dirichlet problem for the Schridinger operator A —V on N s
solvable, i.e., for any continuous function f on N(o0), there exists a unique solution
u on N UN(o0) such that

{(A—V)ﬂ = 0 on N;
= f on N(x),

=3}

where A is the Laplacian of N.

Proof. Let f be a continuous function on N U N(co). Since the rough isometry
¢ : M — N extends to a map ¢ : M U M(c0) — N U N(c0) in such a way
that it is continuous at every point of M (o0), we have a continuous function f o ¢
on M (oo). From this fact, together with the continuity of f on N(oo), f € Fo.
Therefore, similarly arguing in the proof of Theorem [T} we have a solution @ for
the Schrodinger operator such that |@(z) — f(2)] — 0 as z — oc. O

Corollary 2.5. Let M be a Cartan-Hadamard manifold being roughly isometric
to a Cartan-Hadamard manifold with the sectional curvature pinched between two
negative constants. Then the usual asymptotic Dirichlet problem for the Schrodinger
operator A —V on M, where V is a nonnegative function in LI(N) for any n <
q < 00, is solvable.

Proof. Using the result of Li and Wang [9], we can extend the given rough isometry
to a map in such a way that it is a homeomorphism between asymptotic boundaries
at infinity. The rest of the proof is the same as that in the proof of Corollary 24l O

Let (M, ds?) be a Cartan-Hadamard manifold and the identity map id : (M, ds?)
— (M, ds?) be a rough isometry. Then for any continuous function f on (M, ds?),
it is easy to check that f € Fjq. Therefore, our result is new even in this simple
case. This is a direct generalization of Schoen and Yau’s result [I1], in which they
solved the Dirichlet problem in the trivial case that V = 0.
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