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EXAMPLES OF RATIONAL HOMOTOPY TYPES OF BLOW-UPS

PASCAL LAMBRECHTS AND DON STANLEY

(Communicated by Paul Goerss)

ABSTRACT. We give an example of two homotopic embeddings jo,j1: V — W
of manifolds with isomorphic complex normal bundles but such that the blow-
ups of W along jo and along j; have different rational homotopy types.

1. INTRODUCTION

Let j7: V — W be an embedding of closed smooth manifolds and suppose that
its normal bundle  is equipped with a structure of the complex vector bundle. The
blow-up of W along j is a new manifold W which is roughly obtained by replacing
the submanifold V' in W by the projective bundle P¢ (see Definition 2] below or
[3, Chapter 4, Section 6] or [8 end of Section 6.2] for more details). In [6] we have
studied this blow-up construction from the rational homotopy theory viewpoint.
There we proved the following

Theorem 1.1. If dimW > 2dimV +4 and if V and W are simply connected,
then the rational homotopy type of the blow-up W of W along j depends only on
the rational homotopy class of the map j and on the rational Chern classes of €.

Actually in that paper we described explicitly the rational homotopy type of w.
Moreover the simple-connectivity hypotheses were also weaker than stated here.

A natural question is whether the conclusion of Theorem [I.1] still holds without
the “stability” hypothesis, dim W > 2dim V +4. The goal of this note is to provide
an explicit counterexample to such a generalization.

To state our main result we first describe two embeddings jo, j1: V — W which
were previously studied in [7]. Let W = S1° and V = S? x S7. The embedding jo
is defined as the composite

o V=5"x "R xR® =R" C R" U f{oo} 2§ <5 51 =W,

where the inclusions of the spheres in the euclidian spaces are the standard ones,
R U {oo} = S is the stereographic homeomorphism, and e is the inclusion of a
subequator. To describe the other embedding j; consider the Hopf fibration
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3714 PASCAL LAMBRECHTS AND DON STANLEY

Let ¢': S? < S® be the inclusion of a subequator. The restriction of 7 to ¢ (S?) is
a trivial S7-bundle, so we can consider the inclusion

G1: V=82 xS"2771(8?) — SV =w.

These two embeddings are clearly homotopic since [S? x S7,81%] = {x}. It is
easy to check that their normal bundles are trivial real bundles of rank 6. On the
other hand jo and j; are not isotopic because the complement of j; (V) in W is

(1.1) W\ 1 (V) =7 1(S8\ €(82)) ~ 71 (8%) = % x 7,

but, since jo(V) is included in the equator of S5, the complement W \ jo(V)
has the homotopy type of a suspension. In particular this complement has the
rational homotopy type of a wedge of spheres whose Betti numbers are the same,
by Alexander duality, as the Betti numbers of W\ j; (V). Therefore

(1.2) W\ jo(V) ~g S° v S7 v S2,
Q

Now we can state the main result of this paper (the notion of formal space used
in the statement is defined in Section 2):

Proposition 1.2. Let jg,j1: V — W be the two embeddings described above with
their normal bundles equipped with the structure of a trivial complex bundle of rank
3. Then the blow-ups W() and Wl of W along, respectively, jo and j1 have different
rational homotopy types. More precisely the cohomology algebras H* (Wg;@) and
H*(Wl; Q) are isomorphic but

(i) all Massey products are trivial in H* (Wg; Q) but not in H*(Wl; Q);

(ii) Wy is formal and W1 is not formal;

(iii) 7s(Wo) ® Q = Q and 7s(W1) ® Q = 0.

The proof of this proposition is the content of the last section.

2. THE RATIONAL HOMOTOPY TYPE OF A BLOW-UP

First we review the blow-up construction. Let j: V — W be an embedding
of closed manifolds with a complex normal bundle £ of rank k. Fix a hermitian
metric on ¢ and consider the associated sphere bundle, mg: S¢ — V, and projective
bundle, 7’: P¢ — V. Since P¢ is the orbit space of S¢ by the S'-action, we get an
induced projection map g: S§ — P over V. The disk bundle D¢ is diffeomorphic
to some tubular neighborhood T of V' in W and S¢ = 9T. Let B := W \ T be the
closure of the complement of 7" in W and consider the inclusion

I: S¢ =0T = 9B — B.

Definition 2.1. The blow-up, W, of W along j is the pushout of the diagram
B<to8¢ 1o pg.
It turns out that W is again a closed manifold.

Next we review very briefly Sullivan’s theory [9] for describing the rational ho-
motopy type of spaces by certain algebraic objects, namely commutative differential
graded algebras or CDGA'’s for short. For more details on this theory we refer the
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reader to [2]. We denote by Apr,: Top — CDGA the contravariant functor of poly-
nomial differential forms and if f: X — Y is a map we write f* := Apr(f). By a
CDGA model of a space X we mean a chain of quasi-isomorphisms of CDGA’s

(2.1) (A,dg) & (A, dy) S - & (A, dy) S Apr(X).

More generally a CDGA model of a diagram of spaces is a diagram of CDGA’s
connected through a chain of quasi-isomorphisms to the diagram obtained by ap-
plying Apy, to the given diagram of spaces (see [6 Definition 2.9] for a more precise
definition). A Sullivan model of a space X is a quasi-isomorphism of CDGA’s

p: (NZ,d) = App(X)

where (AZ,d) is a Sullivan algebra in the sense of [2, §12]. Of course a Sullivan
model is a special case of a CDGA model. The main result of Sullivan’s theory
is that the rational homotopy type of a simply-connected space of finite type is
determined by any of its CDGA models. A space X is called formal if (H*(X),0)
is a CDGA model of X.

Now we will describe the rational homotopy type of the blow-up. Let (Q, dg) be
a CDGA model of the manifold V. Let v; € @* Nkerdg be representatives of the
Chern classes ¢;(§) € H*(V;Q) & H?(Q,dg) and assume that 79 = 1. Consider
the relative Sullivan algebras ([2 §14])

k
(Q ® A(w2, 208-1), Dxr = 0, Dz = Z%‘ ®$k_i>

i=0

and
(Q X /\(ZZk—l), DZ = ’)/k).
Let p: (AZ,d) = Apr(B) be a Sullivan model of the complement B = W \ T
Lemma 2.2. With the notation of this section there exists a CDGA map k: (AZ,d)
— (Q ® Az, D) such that the diagram
(@dg) == (Q®A(,2), D) === (Q® Az, D) ~*— (AZ,d)

18 a CDGA-model of the diagram

% w’ Pé. q Sf l B.

Proof. By definition of the Chern classes [0, Chapter 17, Section 2], there is an
isomorphism of H*(V)-algebras

k

(22) H*(P€) = (H*(V) © Qlzs]) / (Z cil€) @xki> ,

=0

where z corresponds to the canonical class ag := —c1(\¢) € H?(PE) where )¢ is
the tautological complex line bundle over P¢. Let 0 € A%, (P¢)Nkerd be a cocycle
representing ag. It is easy to check that ¢*(a¢) = 0 in H?(S€) because ¢*\¢ is a
trivial line bundle (see [6, Lemma 5.1]). Therefore there exists § € AL, (S€) such
that df = ¢*(0).
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Since (@, dg) is a model of V, by [6, Lemma 2.6] there exists a cofibrant CDGA
(Q, db) and surjective quasi-isomorphisms 3 and /3,

(Qudg) <2 (G dg) —2 Aps(V) .

Let 49 = 1 and since [ is surjective there exist cocycles 4; € in N ker ciQ for
i > 1 such that 8(%;) = ;.
By ([22) the cocycle
k

(2:3) DB (3)) 0" € ARL(PE)

i=0

represents the zero cohomology class. Therefore there exists ¢ € AffL_l(Pf) such
that d(¢ is the cocycle of ([Z3]).
Define the following commutative diagram of CDGA’s:

(24) (Q, a? —— (Q ® A(z2,2061), D) > (Q @ A(w2, 295 _1,71), D)
l P |
Apr(V " Apr(P§) < Apr(S¢)

by D(z) =0, D(2) = g% @ 2, D(3) =, N(2) = 0, X(2) = ¢, ' (2) = 0.
From (Z2]) we deduce that ) is a quasi-isomorphism. We also have the obvious
projection map

proj: (Q & Alw,2,2), D) = (Q @ Az, D(2) = 4).

Since [#x] = ¢k (&) is the Euler class of the sphere bundle S¢, we deduce that p’ is
also a quasi-isomorphism.

By taking the pushout of the top line of diagram (2.4 along the quasi-isomor-
phism g: Q — ) we get that

Q — (Q@A,2),D) 2% (Q® Az, D)

is a CDGA model of the bottom line of diagram (2.4)).
The CDGA model (Q ® Az, D) of S¢ can be represented by two surjective quasi-
isomorphisms

(Q® Az, D) <Z— (A,ds) —Z= ApL(S€).

We can lift the composite I*p (/\Z d) — Apr(S€) along the surjective quasi-
isomorphism o', and composing this lift with o gives a map «: (AZ,d) — (Q ®
Az, D). The quasi—isomorphisms o and o’ can be chosen so that we get the stated
equivalence of line diagrams. This finishes the proof of the lemma. O

Now we show how the model of the diagram in the previous lemma can be used
to build a CDGA model of the blow-up. Let

AOLA<¢—1A1
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be a diagram of CDGA’s which we denote by (¢o, ¢1). One can factor ¢¢ into a
quasi-isomorphism followed by a surjection,

Ag—Zm AL 20 g

The pullback of the diagram (¢, ¢1) is called the homotopy pullback of the di-
agram (o, ¢1) (see [T, Section 10] or [0, Lemma 2.5]). Homotopy pullbacks are
preserved (up to quasi-isomorphism) by quasi-isomorphisms of diagrams. Moreover
a Mayer-Vietoris argument shows that a CDGA model of the homotopy pushout

of a diagram of spaces X0<f0—X i>X 1 is given by the homotopy pullback of

*

any CDGA model of the diagram ApL(XO)L>ApL(X)<f—1ApL(X1) (see [
Section 15.15]).
Lemma 2.3. If

proj

(25) (Q® A(z,2), D) === (Q® Az, D) <"— (A,d) ,
is a CDGA model of

I L
then the pullback of ([238]) is a CDGA model of the blow-up w.

Proof. This follows from the discussion above on homotopy pullbacks of CDGA.
See [0, Lemma 2.7 and 6.5] for more details. O

3. PROOF OF THE MAIN PROPOSITION

This section is completely devoted to the proof of Proposition For this we
will compute CDGA models of the blow-ups Wy and Wi. In this section we keep
the notation of the previous section.

A product of spheres is formal, therefore a CDGA model of V = 82 x 87 is given
by

(Q,dq) = (H*(V;Q),0) = (A(us,vr)/(u?),0).
Since ¢ is trivial we can take 9 = 1, 71 = 72 = 73 = 0 to represent the Chern
classes. Denote by By (resp. Bj) the closure of the complement of a tubular
neighborhood of jo(V') (resp. ji1(V)) in W.

First we compute a CDGA model of Wl. By () B; ~ S° x S7 so it admits
the Sullivan model (A(as,b7),0). Let

k1: (A(as,b7),0) — (Q ® Azs, D =0) = (/\(uz,v7,z5)/(u2),0)
be a model of I;: S§¢ — Bj that satisfies the conclusion of Lemma This map
k1 is determined by the rational numbers «, 3, 3’ such that

K/l(a’) = a-z
k(b)) = B-v+p - uz
Since the pushout of the diagram
V<L 5¢— By

is the sphere W = S'°, a cohomology computation using the Mayer-Vietoris The-
orem implies that a # 0, 8’ # 0, and 8 # 0 (because k1(ab) = (af) - vz). By
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replacing the generator a by some multiple we can assume that o = 1. Similarly we
can assume that 3’ = 1 and 8 = 1 by replacing b and v by some multiples. Thus
k1(a) = z and k1(b) = v + uz. According to Lemma 2.3 a model of W is given by
the pullback B; of the diagram

(Q® A, 2), D) "% (Q @ Az, D) <~ (A(as, br), 0) .
Since k1 is injective this pullback is isomorphic to a sub-CDGA of (Q ® A(x, z), D),
namely

By = ((@ Al z,v+uz, vz} B (/\(u,v,m,z)/(u2)) ,D) )
The cohomology algebra of B; is given by the following table where y = [uz],
t = [vz], and w = [uva]:

0[2] 4 [6]9] 11 | 13 | 15
t

1‘x|x2,y|xy| 2

|xt,w | yt = zw | Tyt = x°w
In other words H* (Wl; Q) is isomorphic to the algebra

/\(ﬁg, Yq, t97 wll)
(x37 y2a $2y7 x2t7 yw, twa TW — yt) '

(3.1) H =

It is straightforward to compute the first generators of a minimal Sullivan model

of Blt
(A(x2,yq, 25, b7, €7, generators of degrees > 11);
dr =0,dy =0,dz = 23, db = 2%y, de = 9>, .. ),

where the generators x, vy, z, b, and e are sent to z, uzx, z, v + uz, and 0 in By,
respectively. Since there is no generator in degree 8 in the Sullivan model we deduce
that 7g(W1) ® Q = 0. The cohomology class t of degree 9 is represented in the
Sullivan model by the cocycle xb — zy which corresponds to the non-trivial Massey
product (z|z2|y). Since W; admits a non-trivial Massey product, it is not a formal
space.

Now we compute a CDGA model of Wy. By ([Z) By ~g S®V STV 52 which
has the Sullivan model

(ANZo,dp) := (A(as, bz, 11, C12, generators of degrees > 15);
da = db = dc=0,dr =ab,...).
By Lemma there is a map
kot (AZo,do) — (Q ® Az, D)

that is a model of ly: S¢ — By. Again a Mayer-Vietoris argument on the pushout
S = V Uge By gives that, after a suitable change of generators, ko(a) = z,
ko(b) = uz, Ko(c) = vz, and kg sends the other generators of the Sullivan model to
0. Therefore we can replace that model kg by a smaller model

Fo: (H*(B0),0) = (Q - {1, a5, by, c12} ,0) — (“‘L(u))p _ o)

with Ro(a) = z, Ro(b) = uz, and Ro(c) = vz. Lemma 23] implies that a CDGA

model of Wy is given by the pullback of proj and &y which is
By &2 ((@ Al zuz, vz} D (/\(u,v,x,z)/(uQ)) ,D) .
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Recall the algebra H of (B3]). The following obvious projection map sending z, uz,
and vz to zero, ux to y, vx to t, uvzr to w, and = to x,

By — (H,0)

is a quasi-isomorphism. This implies that Wg is formal, hence it does not admit
any non-trivial Massey product. By computing the first generators of a minimal
Sullivan model (AU, d) of By we find that dim U® = 1, hence mg(Wy) ® Q = Q. This
finishes the proof of Proposition
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