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ABSTRACT. We discuss Morita equivalence within the family {Dﬁl, tcE€Z,c>
0, u,v € R} of quantum Heisenberg manifolds. Morita equivalence classes are
described in terms of the parameters p, v and the rank of the free abelian
group Gy = 2puZ + 2vZ + Z associated to the C*-algebra Dy,

INTRODUCTION

Quantum Heisenberg manifolds {wa :c€Z,c>0, u,v € R} were constructed
by Rieffel in [Rf4] as a quantization deformation of certain homogeneous spaces
H/N,., H being the Heisenberg group.

It was shown in [ABI, 3.4] that Ko(D5,) = Z* & Z., which implies that D¢,
and D/i//v/ are not isomorphic unless ¢ = ¢’. Besides, Dy, and Dy, are isomorphic
when (2u,2v) and (2u/,2v") belong to the same orbit under the usual action of
GLy(Z) on T? ([AE, Theorem 2.2]; see also [Ab2] 3.3]). The range of traces on D,
was discussed in [Ab2], where it was shown that the range of the homomorphism
induced on Ko(Dy,,) by any tracial state on Df,, has range G, = Z + 2uZ + 2vZ.
As a consequence ([Ab2] 3.17]), the isomorphism condition stated above turns out
to be necessary when the rank of G, is either 1 or 3. Rieffel showed in [Rf4] that
Dy, is simple if and only if {1, u, v} is linearly independent over the field of rational
numbers (i.e rank G, = 3). It might be interesting to know whether in this case
the classification can be made by means of the results of Elliott and Gong ([EG]).

The quantum Heisenberg manifold Df,, was described in [AEE] as a crossed prod-
uct by a Hilbert C*-bimodule. In order to discuss Morita equivalence within this
family, we adapt to this setting some of the techniques employed in the analogous
discussion for non-commutative tori ([Rf3]) and Heisenberg C*-algebras ([Pa2]).
Thus we generalize in Section 1 Green’s result (discussed by Rieffel in [Rf2] Situ-
ation 10]) on the Morita equivalence of the crossed products Co(M/K) x H and
Co(M/H) x K, for free and proper commuting actions on a locally compact space
M. This result provides the main tool used to discuss Morita equivalence for quan-
tum Heisenberg manifolds (Section 2).
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3516 BEATRIZ ABADIE

1. MORITA EQUIVALENCE OF CROSSED PRODUCTS BY CERTAIN HILBERT
C*-BIMODULES OVER COMMUTATIVE C*-ALGEBRAS

For a Hilbert C*-bimodule X over a C*-algebra A, the crossed product Ax X was
introduced in [AEE] (see also [Pi]) as the universal C*-algebra for which there exist
a *-homomorphism ¢4 : A — Ax X and a continuous linear map ix : X — AxX
such that

ix(ax) =iala)ix(x), ia((z,y)r) = ix(®)ix(y)",

ix(va) =ix(z)iala), ia((z,y)r) = ix(¥)"ix(y).
The crossed product A x X carries a dual action § of S!, defined by 4, (i4(a)) =
iaa), 0,(ix(x)) = zix(z), fora € A, x € X and z € S*. Moreover, if a C*-algebra
B carries an action § of S! such that B is generated as a C*-algebra by the fixed
point subalgebra By = {b € B : §.(b) = b Vz € S'} and the first spectral subspace
By ={b€ B:6.(b) = 2zbV¥z € S'}, then B is isomorphic to By x By (where B;
has the obvious Hilbert C*-bimodule structure over By), via an isomorphism that
takes the action § into the dual action.

If X is an A-Hilbert C*-bimodule and o € Aut(A), we denote by X, the
Hilbert C*-bimodule over A obtained by leaving unchanged the left structure, and
by setting

z-x, a:=wa(a), (,y)z" =" ((z,9)r),
where the undecorated notation refers to the original right structure of X.

For a € Aut(A) and the usual A-Hilbert C*-bimodule structure on A, the

crossed product A x A, is easily checked to be the usual crossed product A %, Z.

Definition 1.1. Given a proper action a of Z on a locally compact Hausdorff
space M and a unitary u € Cy(M), let X" denote the set of functions f € Cy(M)
satisfying f = wa(f), and such that the map = — |f(z)|, which is constant on
a-orbits, belongs to Cy(M/«). Then X** is a Hilbert C*-bimodule over Co(M /)
for pointwise multiplication on the left and the right, and inner products given by

<fvg>L :fga <fag>R:?g

Proposition 1.2. Let a and § be free and proper commuting actions of Z on a
locally compact Hausdorff space M, and let u be a unitary in Cp(M). Then the
C*-algebras Co(M/a) x X5 and Co(M/B) x X8 are Morita equivalent.

Proof. Let U : Z x Z — U(Cy(M)) be given by

1 if either n =0 or kK =0,
Un, k) = HiGSk,jGSn a'B(u),  for n,k >0,

HiGSk,jGSn a'B(u*), for either n or k < 0, and nk # 0,
where S; = {0,1,...1—1}if I >0 and S; = {-1,-2,...1} if | < 0. Straightforward
computations show that U(m + n,k) = U(m,k)3™(U(n,k)), and U(n,k +1) =
U(n, k)a*(U(n,l)).

Consider the proper actions v* and v® of Z on Cy(M) x5 Z and Co(M) x,, Z,
respectively, given by

2 (9)1(n) = U(n, k)a*[p(n)] and [y ()] (k) = U* (n, k) 5" [ (k)],
for ¢ € CC(Z,C()(M)) C Oo(M) X3 Z and v € OC(Z, Oo(M)) C O()(M) X L.
These two actions correspond, respectively, to vV and vﬁ’U* in [Abll Propo-

sitions 1.2 and 2.1]. By virtue of [AbIl Theorem 2.12], the generalized fixed-point
algebras, in the sense of [Rff, Definition 1.4], D and D? of Cy(M) x3 Z and
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MORITA EQUIVALENCE FOR QUANTUM HEISENBERG MANIFOLDS 3517

Co(M) x4 Z under the actions ¥* and 7, respectively, are Morita equivalent.
The result will then be proved once we show that D* = Co(M/a) x X" and
DP = Cy(M/B) x X5+,

Recall from [AbIl Proposition 2.1] that D® is defined to be the closed span in
M(Co(M) x Z) of the set {Pn(¢* 1) : ¢, 1) € Co(Z x M)}, where

Pa(¢)($7n) = Z[’Y?((b)](xvn)v
kezZ

for p € Co(Z x M) C Co(M) xgZ, x € M, and n € Z.

The C*-algebra D can also be described ([Abll, Proposition 2.8]) as the closure
in M(Co(M) x5 Z) of the x-subalgebra C* = {F € C.(Z,Cy(M)) : v*(F) = F
and 7, (supp F(n)) is precompact for all n € Z}, where 7, denotes the canonical
projection m, : M — M/a.

Now, since C* is contained in Cy,(M) xg Z, which is closed in M(Cy(M) x5 Z),
so is D®. Moreover, the C*-algebra D® is invariant under the dual action B of T
on Cb(M) X3 7

(B F)(n,2) = U(n, 1)(«)(B:(F)(n,a"x)
=U(n,1)(z)2"F(n,a 1z)
= z"F(n,x)

= (BZF)(n7 1‘),

for FeC¥ xe M ,n€Z,and z € T. Besides, supp (8.(F)(n)) = supp F(n) for
all n € Z, so 3.(F) € C* for all z € T.

We next show that the action ﬁ on D% is semi-saturated. That is, that, as a
C*-algebra, D is generated by the fixed-point subalgebra Dy and the first spectral
subspace Dy = {d € D*: 3.(d) = zd ¥z € T} for the restriction of the dual action
s.

Since the maps P; : D* — D; given by Pi(a) = [ 273,(a) dz are surjective
contractions, D; is the closure of P;(C%). Now, for ¢ = 0,1, C; = C* N F;, and
D, = D* N F;, where F, and F} are, respectively, the fixed-point subalgebra and
the first spectral subspace of Cy(M) % Z, which are known to be the §;-maps; that
is, F; = {F € C.(Z,Cy(M)) : supp F = {i}}.

Note that

C*NFy={fbo: f €Co(M):my(supp f) is precompact and f = a(f)}

can be identified with C.(M /) via f8q — f, where fom, = f, and that this map
extends to a *-isomorphism between Dy and Cy(M /).
Now, D; is a Hilbert C*-bimodule over Dy for

(la) (féo) * (g61) = (fg)d1 and (gé1) * (fdo) = (gB(f))d1,
(1b) (fo1,901)r = (fo1) * (961)" = (fg)do,
(1c) (f61,961)r = (£61)" * (961) = (B~ "(f9))do.

Note that D; is full on the left (and on the right, by a similar argument) as
a Hilbert C*-bimodule over Cy(M /). For (D, D;)r, the closed linear span in
Co(M/a) =2 Dqy of the set {{ fd1,901)r : fd1,961 € D1} is a closed ideal of
Co(M/a). Therefore, unless (D1, D1)r, = Co(M/a), there exists g € M such
that f(zo) =0 for all fo; € D;.
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3518 BEATRIZ ABADIE

Now, given xg € M, we can choose ([Rf2, Situation 10]) a neighborhood U of z
such that UNa*(U) =0 for k # 0. Let g € C.(M)* be such that supp g C U and
g(zo) = 1.

Then

[Pa((9"/280)" * (9"/%61))] ()
= (Pa(g61))(z,n) = (D U(L k)(2)g(a"(2)))d1(n),

k
) Pa((gl/zéo)* * (91/251)) € Dy and equals 1 at (xg,1).

In order to prove that C* C C*(Dg, D), it suffices to show that fé € C*(Dg, D1)
for fé, € C, k € Z. Since C* is closed under involution, we may assume that
k > 0. We show this fact, which clearly holds for £ = 0 and k£ = 1, by induction on
k.

If fér € C* and € > 0, since 7, (supp f) is precompact in M/, and Dy is full
over Co(M /), we can find ¢;,%; € D1,i=1,...,p, such that

| Z(@ * b7 ) x fo1 — fé1][pe = || Z<¢i,¢i>Lf — flleyony < e

Now, since ¢; and ¢ * f belong to C*(Dy,Dy) for i = 1,...,p, so does f.
This shows that D* = C*(Dy, D) and, consequently, by [AEE] Theorem 3.1], that
DY = DQ X D]_.

It only remains to note now that Do x Dy = Co(M/a) x X 3. As noted above,
Dy is isomorphic to Cp(M/a). On the other hand, the map fd; — f takes C*NF)
to X5, By keeping track of the formulae in (1a)-(1c), one easily checks that the
map is an isometry, so it extends to an isometry from D; to Xg’“, which is onto
because its image contains the dense set

Xo" ={f € X5"": the map x + |f(z)| is compactly supported on M/a}.
(Note that Xg"* is dense in X3, because, if {e)} is an approximate identity for
Ce(M/a), then ey f converges to f for all f € X5,

This shows that D* is isomorphic to Co(M/a) x X5™. Analogously, D? is
isomorphic to Co(M/B) x X2, O

2. MORITA EQUIVALENCE FOR QUANTUM HEISENBERG MANIFOLDS

In [AEE] (see also [AEL 2]) the quantum Heisenberg manifold Df,, was shown
to be the crossed product of C(T?), the C*-algebra of continuous functions on the

torus, by the Hilbert C*-bimodule Mg, where ay,(z,y) = (¥ +2p,y + 2v), and

M ={feCyRxT): flz+1y)=e>"f(z,y)}

is the Hilbert C*-bimodule obtained by letting C(T?) act by pointwise product,
and by defining the inner products (f, ¢)r = g, (f,9)r = fg.

Remark 2.1. The C*-algebras Dy, and Dy,,, are isomorphic when the projections
of (2u,2v) and (2u/,2v') on the torus are in the same orbit under the usual action
of GL2(Z) (JAE| Theorem 2.2], see also [Ab2, Remark 3.3]).

Proposition 2.2. Let p # 0. Then wa and D% , are Morita equivalent.

dp2p
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Proof. We follow the lines of [Rf3] 1.1] and apply Proposition to the following
setting: « and (3 consist of translation on R x T by (i, 0) and (1, 2v), respectively,
and u € Cy(R x T) is given by u(z,y) = e(—cy), where T is viewed as R/Z and, for
a real number h, e(h) = 2™

Then, by Proposition [L.2, C((R x T)/a) x X5 and C((R x T)/B) = XPu" are
Morita equivalent, where

1
X*" ={FeC,RxT): F(z— Z,y) =e(cy)F(z,y)} and
XA = {FeCyRXT): F(z—1,y—2v) = e(—cy)F(z,y)}
={FeCyRXT): Flx+1,y+2v) =e(c(y + 2v))F(x,y)}.
Let H, : C(T?) — C((R x T)/a) and Hp : C(T?) — C((R x T)/B) be the
isomorphisms given by
(Ha9)(2,y) = ¢(2uz,y), (Hpo)(x,y) = d(z,2ve —y),

and, for (p/,v') = (ﬁ, ﬁ), set

, X Bu
« « 9

Jo : MDC(W — Xg’u and Jg : M§

w v’

(Jaf),y) = f2pz,y), (Jof)(z,y) = e(cz(z + 1)v)f(z,2ve —y).
Note that

(o) - i,m = FCuz —1,9) = e(ey) (Ja ) (@)

and
(Jaf)x+1,y+2v)

e(c(z+1)(xz+2)v)f(x+1,2vx — y)
e(c(z+ 1)(x + 2)v)e(—c2vz — y)) f(x, 2ve — y)
e(e(y + 2v))(Jpf)(z,y),

so the definitions make sense.
For i = «, 3, it is easily checked that J; is a bijection and that, for ¢ € C(T?),
f,g€ M
Ji(¢- f) = Hi(®) - Ji(f). Ji(f - 8) = Ji(f) - Hi(d),
(Jif, Jig)r = Hi({f,9)r), (Jif, Jig)r = Hi({f, 9)R)-
This shows that DS, = C(T?) x Mg, and Dy, = C(T?) x Mg, ,,, are isomorphic,

respectively, to C((R x T)/a) x X" and C((R x T)/B) XPu"and they are,
consequently, Morita equivalent to each other. (I

Corollary 2.3. Let un € Q, and let A = (‘Z Z) € GLy(Z). If

2 b 2
o zont and 2V = Y ,
2cp+d 2cu+d
then the quantum Heisenberg manifolds Dy, and Dy, are Morita equivalent.

Proof. Tt suffices to check the statement for A; = ((1) 1) and Ay = ((1) é), since
A; and Ay generate GL2(Z) ([Ku, Appendix B]), and (i, v) — (¢/,v’) defines an
action of GLy(Z) on (R \ Q) x R. For A = A; we get isomorphic C*-algebras by
Remark 21 For A = As, we get (u/,v)) = (ﬁ, ﬁ), and the result follows from
Proposition O
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3520 BEATRIZ ABADIE

Proposition 2.4. Let {1,u,v} be linearly independent over Q, and let A =
a b c
<d e f> € GLs(z). If
g h 1
, 2ap+2bv+c , 2dp+2ev+ f
2 = ——— and 2V = ————~—,
29p + 2hv + 4 29p + 2hv + 4

then the quantum Heisenberg manifolds Dy, and Dy, are Morita equivalent.

Proof. As in the proof of Theorem 1.7 in [Pa2], A = A; A3 A3, where

A B C G 0 H K L 0
A= D B F |, Al0 10 |, 4= M N 0],
0 0 1 I 0 J 0 0 1

and A; € GL3(Z), for i = 1,2, 3.

Since the map (u,v) — (1/,v’) defines an action of GL3(Z) on the set {(u,v) €
R? : {1, u,v} is linearly independent over Q}, it suffices to check the statement for
Ay i=1,2,3.

For A = Ay and A = Ay the C*-algebras Dy, and Dy,,, are isomorphic by

Remark 2Tl Thus it suffices to show the result for A = A,. The map (CI; Ij) —

G 0 H
((I) (1) 3) is a group homomorphism from GL3(Z) into GL3(Z), and GL2(Z) is

generated by <(1) 1) and ((1) (1)), which implies that we only need to prove the

1 0 1 0 0 1
statement for A; = (0 1 0) and As = <0 1 0). For A; we get 2u/ = 2u + 1,
0 0 1 1 0 0

2v' = 2v, so Df,, and D¢, are isomorphic by Remark 211 Proposition takes
care of the case A = A,, since then we have (u/,v') = (t, %)- O

Notation 2.5. We denote by G, the subgroup of R generated by {1,2pu,2v}. It
was shown in [Ab2, Theorem 3.16] that the homomorphism induced on Ko(Dy,)
by any tracial state on Dj,, has range G .

Remark 2.6. If rank G, = 2, then there exist an irrational number v and integers
p,q €Z, p#0, (p,q) =1, such that D, and D% , are isomorphic.
2q

s

Proof. We proceed as in [Pall, Proposition 1.5]. Let pg = 2u, v = 2v. Since the
group generated by {1, o, 0} has rank 2, either pg or vy is irrational. We may
assume that vq is irrational, because, by Remark 2.1] Dy, and Dy, are isomorphic.
Besides, there exist M, N, P € Z, with N # 0 such that M + Nug + Pvy = 0, so
we have py = %Vo + 2 with (k,l) = 1. If k = 0, then po € Q, and we are done.

n’

Otherwise take a,b € Z such that ak + bl = 1, so that (;l ’Z) € GLy(Z), and set

-1 k
o) = (15 ) e
Then L l
m —Im
/J/IOZ—Z(TVQ"‘E)‘F]CVQ: T EQ
and

k m 1
V(/):Cl(TVO—FE)—'—bVO:?VQ—'—TgQ.
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We now take v’ = v4/2 and p/q = pp, in lowest terms. By Remark 211 Df, and
D¢, are isomorphic. O
2q°?
Proposition 2.7. Let p and q be non-zero integers such that (p,q) = 1, and let
v € R. Then D% , is Morita equivalent to Dg .
2¢°

Proof. By Remark 21l we may assume that p and g are positive. By applying
Proposition 22 to (1, v) = (¢/2,v), we get that Df , = Dy, , is Morita equivalent
to D* ©oe thus proving the proposition for p = 1. For p > 1, let ro = ¢, 1 = p,

and, 1f ’I"Z+1 # 1, define r; 5 by r; = mip17ri41 + 742, where 0 < r;4o < 141, and
miy1 € 7.

Actually, 7,12 > 0; otherwise 7;41 divides 7;, and it follows that r; ;1 divides r;
for all 7 <. In particular, r;;; divides both p and ¢, which contradicts the fact
that r,41 # 1. Now, since r;11 < r;, there is an index ¢y for which r;, = 1.

On the other hand, it follows from Proposition that, for any real number
k, D is Morita equivalent to D%,_, »_,, which in turn is isomorphic to

Zry_1° 2r; R
C
DT'i+1 Ti—1
ot
Thus D% |, = D%,  is Morita equivalent to D¢, ,, for any j < 4p. In
2q° Irg T 10T 1
particular, for j = ip, we have that D%  is Morita equivalent to D¢ va
20” Tig=1 Tip—1

which, as shown above, is Morita equivalent to D -

Theorem 2.8. Two quantum Heisenberg manifolds Dy, DZ//V/ are Morita equiv-
alent if and only if c = ¢’ and there exists a positive Teal number v such that

Z+2uZ + 2L = r(Z + 2u'Z + 2V'7).
In particular, the rank of the free abelian group G, = Z + 2uZ + 2v7Z is the same
for Morita equivalent quantum Heisenberg manifolds, and:

(1) If rank G, = 1 = rank G, then D5, is Morita equivalent to D5, .. In
particular, Dy, is Morita equivalent to the commutative Heisenberg mani-
fold D .

(2) If rank Gy =2 = rank Gy, let {o, 2} and {o/, 5—;} be bases of G, and
G, respectively, where a and o' are irrational numbers and p,p’,q,q €
Z, (p,q) = (p'q’) = 1. Then Dy, , and Dy, ,, are Morita equivalent if and
only if there exists (‘CI d) € GLx(Z) such that

, , agd' +b
o = ——.
cqal +d
In particular, D‘;%’V is Morita equivalent to D ,,,.

(3) If rank Gy = 3 = rank Gy, then Dy, and Dy, are Morita equivalent
;> € GL3(Z) such that

9

a b
if and only if there exists (d e
g h

9,/ — 2ap + 2bv + ¢ and 2 — 2dp + 2ev + f
© 2gu+2hv +i C 2gp+2hv 4+

Proof. Tt was shown in [AbI} 3.4] that Ko(D¢,) = Z* @ Z, which implies that D,
and DZ/,V, are not Morita equivalent for ¢ # ¢'.
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Besides ([Ab2, Theorem 3.16]), all tracial states on Df,, induce the same homo-
morphism on KO(DW) whose range is the group G, = 2uZ + 2vZ + Z. Since
(IRfIl 2.2]) there is a bijection between finite traces of Morita equivalent unital
C*-algebras, we must have G, = rG, for some positive real number r when
Dy, and Dy, are Morita equivalent. An immediate consequence of this fact is
that the rank of G, is invariant under Morita equivalence.

If rank G, = 1, then, by [Ab2] Remark 3.5], Dy, is isomorphic to D0 L

some non-zero integer p, so Dj,, is isomorphic to D¢ 2o by Remark 211 Now by

for

Proposition 27 D¢ o 1s Morita equivalent D ,.
2p’ ’

If rank G, = 2 = rank G,y and G, = rG,,, for some positive r, let {«, g}
and {¢/, f;—:} be bases of G, and G,s,/, respectively, where «, o/ are irrational num-
bers, and p, p’, ¢, ¢’ are integers, with (p,q) = (p',¢') = 1. Since Z C G, (Gpv') we
have that p (p') = +1 and, by Remark[ZT] we may assume p = p’ = 1. Then we have
that aZ+1/qZ = r(« ’Z—i—l/q'Z), which implies that aqZ+7Z = (rq/q" ) (/' Z+ 7).
A standard argument shows that

ag'o’ +b a b
a= ot d for some ( ¢ d > € GLy(Z).

Therefore D4a , and DS/, , are Morita equivalent by Corollary 2.3

)

On the other hand, by Remark 2.6, Df,, and Dy, ,, are isomorphic, respectively,
to DS n and D¢, 5 for some irrational numbers B and " and integers m, m’, n,n’
271./ )

such that (m,n) = (m/,n’) = 1. Therefore {26, 1} and {26', 1} are bases of G,
and G/, respectively, and it follows from the argument above that Dy, and
Dy, 4o are Morita equivalent. It only remains to note now that, by Pr0p0s1t10n
2.7 and Remark 2.1} Dy 5, and Dy, 5 o are Morita equivalent to Dy, and Dj
respectively.

Finally, if rank G, = 3 = rank G,y and G, = rG,s, for some positive r,

wv'

a b ¢

then let A = (d ¢ f> € GL3(Z) be the transpose of the matrix that changes
g %

coordinates between the bases {2ry/, 2rv/, v} and {2u,2v,1} of G,,,. Then

,  2ap+2bv+c , 2dp+2ev+ f
= — al V = —m—m—m—m—m/7/m/
291+ 2hv + 14 2gp + 2hv + 4’

which implies, by Proposition 4] that Dy, and D¢, are Morita equivalent. [
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