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LORENTZ SPACE EXTENSION OF STRICHARTZ ESTIMATES

CHEONGHEE AHN AND YONGGEUN CHO

(Communicated by Christopher D. Sogge)

ABSTRACT. In this paper, Strichartz estimates for the solution of the Schro-
dinger evolution equation are considered on a mixed normed space with Lorentz
norm with respect to the time variable.

1. INTRODUCTION

We consider Strichartz estimates on the unitary group U(t) = e " on R"
(n > 3). As usual, Strichartz estimates on this group can be formulated on the
Lebesgue space as follows [10]:

NU@#) fllLarr < C|lfllz2,
/t Ut — $)F(s) ds
0

for any f € L? andFEL‘j/L’:/,provided%JrZ"—T = %,% 5z =7and 2 <q,q,n7 <

00. Such a pair (g,r) is called admissible. Here we denote by LYL" a Banach space

< C|Fl o g
LaLv

q
=

defined by the mixed spacetime norm |[ul|arr = (f;* ([fgn [u(z, t)|" dz) )%

The purpose of this paper is to extend the known Strichartz estimates on LIL"
to the one on the Lorentz space L% °L" with s € [2,q]. The Lorentz space L% is
defined by all measurable functions g satisfying

s [ 1 dt s
q,s — - ta *t s 5
oo = (2 [ ) <o

where g* is the decreasing rearrangement of g (see [I] and [20]). From the dispersion
of U(t) such that |U(t)f| - < Ct="1/2=Y/")||f||, . for any r € [2,00] and the fact
that t—(1/2=1/1) ¢ L2 for any r € [2, 2], one can easily show that for any
admissible pair (¢, r) with ¢ > 2,

NU&) flla2pr < Cllfll L2,

/tU(ts)F(s)ds
0

(1.1)
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For the details of the proof, see [I2]. But in the case when U(t) = e where
H = —-A+V, we cannot apply this argument to U(t) because in general it is hard
to obtain the dispersion (time decay) as above. Moreover, to deal with nonlinear
problems, we need many more admissible pairs (g, 7) than in the second inequality
of (LI)). To settle these situations, we use a boundedness of Lorentz space version
for a low diagonal operator, which is an integral version of the maximal operator for
filtration (see [4} [5]). The boundedness on Lebesgue space was studied by T. Tao
[21] and H. Smith and C. Sogge [19].

In Section 2, we prove the boundedness of a low diagonal operator on Lorentz
space. Exploiting this, in Section 3 we prove the Strichartz estimate on U(t) and
then as its consequence we treat the case when a nonlinear potential term or a
long-range linear potential V' is involved.

Throughout the paper we use the notation A < B and A ~ B to denote

|A|<CB and C7'B<|A|<CB respectively,

where C' is a generic constant varying line by line and depending only on n and
admissible pairs.

2. LOW DIAGONAL OPERATOR

Let A and B be Banach spaces and let T' be an integral operator L?>"(0, co;.A) —
L%3(0, 00; B) for some p,r, q, s with a kernel k(¢, s) such that

TF(t) = /000 k(t,s)F(s)ds.

Then the low diagonal operator T is defined by

t
TR(t) = / k(t, $)F(s) ds.
0
We have the following result.

Proposition 2.1. If1 <p<r <s<q< oo, then we have
(2.1) ITF|| a2 (0,008) S I1Fll Lo 7 (0,00:4)-

If p=7,q=sand p < ¢, then it is shown in [19] or [21] that 7" is bounded from
L?(0,00;A) to L(0,00; B) and its norm satisfies ||T]| < C||T||. One can find in
[4, 5] that a similar result on the maximal operator T*(f) = sup,, |[T(fxE&, )| (En C
E,+1) does hold for a known linear operator T bounded from LP:" to L% *.

To prove Proposition 2.1l we use the following lemma.

Lemma 2.2 (Lemma 2.1 in []). Let I, J be disjoint measurable subsets in a
measure space X and let f, g be measurable functions on X. Then for any pair
(¢q,s) with 1 < s < g < 00, we have

(2.2) Ifxr +9xillpes <N fxrllzas +llgxsllzes,

and for any pair (p,r) with 1 < p <r, we also have

(2.3) Ilfxr +gxallpe. > 1fxilpe. - + lgx sl -
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Proof of PropositionZIl For simplicity we denote |F|rs.(0,00.4) by [ F|lLz "
Without loss of generality, we may assume that ||F|| r#w = 1. Then using Lemma
22l we can find mutually disjoint subsets B! of [0, 00) such that

(1) Up_y Bl = [0,00) and |[x gy Flly, » <27 for all k1,
(2) B! lies entirely to the left of B! if k < 4.

For the existence of such sets, see [4] and [6]. From the diagonal decomposition as
in the proof of Lemma 4.2 in [6], one can easily deduce that

X+ (t = 8) [ F(s) [ all F(2)] 4

Yo > xs s, ) | IFG)ILAlF®)]]a.

I=1 k=1, k odd

Recall TF(t fo s)ds and, substituting the above identity into T(F),
we have

Z Z XBk+1 / k(t,s)F XB’()d
I=1 k=1,ko
2

Z XBi+1 (T (xpL F)(1).
Lko

Since the sets Bl 41 are mutually disjoint, we deduce from Lemma that

ITFpg- < Z ||ZXBk+1 O F)llg <

’

where Y is the sum over odd k.
k

Now fix [ and note that ¢ > s and B,lﬂ_|r1 are disjoint. By (22]) in Lemma 22, we
have the following;:

I ZXBk+1 (Fxpy)llzg - < ZHXBk+1 (Fxpy) 7y

< zk:(”THL‘}"—»LQB"")S”FXB}CHSLQ’

The last term in the above inequality is bounded by

/

STl ng )2 E Py
k

Since p < r and for each [, B! are disjoint, from the inequality [23), we deduce
li
that Zk: HFXB}C HTLQ » < ||F||E§‘ » = 1, which implies the proposition. O
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3. STRICHARTZ ESTIMATE

We first consider the solution u(t) = U(t) f = e~*A f to the initial value problem

(3.1) {iat“(x’t) — Au(z,t) =0, (z,t)eR" xR,

u(z,0) = f(z),
and we have the following.

Theorem 3.1. For any admissible pair (q,7),(q,7) and s with 2 < s < ¢, we have
t
[vte-9peas|  siF|
0

(32) ’
LasLr

2n .
L@ 2L¥AL2Lnie?

Proof. For the proof of 3:2), let k(t,s) = U(t—s), A= L™ or L#%2 B=L" and
TF = [;° k(t,s)F(s)ds. Then since ¢ <2 < s < ¢, in view of Proposition T} we
have only to show that

/OOU(t—s)F(s)ds
0

To show this, observe from (L)) and L%* C L% 2 for all s > 2 (see [20]) that

S F] n
La:sLr

2 .
Ld 27 AL2L 7tz 2

2
<

~

2
La:sLr ‘

/0 T Ut = 5)F(s) ds

| veore e

(3.3) ‘ L2

_ /O °°/;°< U(=s)F(s), U(=7)F(r)) dsdr.

Then from the endpoint result of T. Tao and M. Keel [I0], the right-hand side

of B3) is bounded by || F ||22 an_,- The remaining part of the theorem can be
L2Ln+2

obtained by the duality of Lorentz space (L% %) = L9 and the second part of

@) O

Remark 3.2. The estimate ([B2]) cannot be derived directly by an interpolation
between estimates in (ZI]), because the complex (even real) interpolation of two
Banach spaces with mixed norms requires a strong constraint among exponents in
the norm. For instance, see [13], 8] [11].

9°

Remark 3.3. The method in the proof of Theorem [BI] can be applied directly to
the wave equation and the Klein-Gordon equation. Moreover, we can apply it to
the unitary group U(t) = e *P"(a > 0,a # 1), where D* = (—A)3. In fact,
using Littlewood-Paley theory and the Van der Corput lemma, we can easily see
the following dispersive estimates:

2

U@ flle- St =)

U@ fllr S 2O

o for a>2,

2
o for 0=2(1-)2-a)0<a<2a#l,

where W% is the fractional Sobolev space. The first inequality can be seen in
[16]. Hence combining these and Proposition [2Z] we obtain similar results to (I])
and ([B2) with pairs (¢,7) such that % + & = 5= with ¢ > 2if 2 < a < n and

2
q>%‘lifa>n,and%+2—"rz%if0<a<2. In the case when a < 2, the mixed

norm L2L" should be replaced by the Sobolev norm LW 7.
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As an application of Theorem B, we can derive Strichartz estimates of the
solution to the nonlinear problem with H!-critical nonlinearity:

{i@tu —Au+u["Pu=0 in (z,t) € R,

(3.4) u(0)=f€ H' in R™

Corollary 3.4. If the initial data is sufficiently small, then there exists a unique
2n

solution u € L9%(0, 00; W )NL2(0, 00; W 7=2)NC([0, 00); HY) for any admissible

pair (q,r) with ¢ > 2 and 2 < s < q.

Proof of CorollaryB.4l Since the existence of a unique H'-solution is well known

(for details see [3]), it suffices to prove that u € L%*(0,00; W1 7). From Duhamel’s
principle, we deduce

u(z,t) = U(t)f—i/t Ut — 5)(|u| 77 u) ds.
0
Using (L)) and (B2), we have

4
| Dullpa. s+ S D fllz2 + [ D(Jul*2u)|| a2

We can always find an admissible pair (go,79) with rg < n and 2 < sp < qo, and
(g,7) and 1 < § < 2 such that
4

4 4

CO = SR S = PR S =

q q0 q0 r ) To S S0 S0
where 7§ = n’i—’“roo Thus from Leibnitz’ rule [7, 9], Holder’s inequality on Lorentz
space [12] [I5] and Sobolev embedding [I], we deduce that

nt2
[1Dul|Lao: so Lo S ND Sl L2 + 1 Dull Lag' o0 Lo

Since ||f||g: is small, we have || Dul|pe.sorro S ||Df]|z2. Finally, since we can
choose (g, 7) arbitrarily to be admissible, for any admissible pair (g,r) and s with
q>2and 2 < s < ¢, we have

n+2

n+2 n+2
[1Dullpa sr S IDflL2 + [1Dull a0 pro S 1D FllL2 + 1D FI L2
In a similar way, we can also derive from the smallness of || f|| g1,

lullasze S fllz2-
O

Another consequence of Theorem [B.I]is a Strichartz estimate on Lorentz space
for the Schrodinger operator H = —A + V' with potential V' satisfying

(1) Ve CYR™\{0}), supgn [2]*|V(2)| < oo,
2
(2) the operator —A/ + |x|?V + @ is positive on every sphere,

~ 2
(3) the operator —A’ + |22V + @ is positive on every sphere,

where A’ is the spherical Laplacian and V = —,.(rV (z)). Under the above assump-
tion, the operator H becomes a positive, unique self-adjoint extension of —A + V'
and is defined as a form sum (see [2, [I7]). Recently, N. Burq, F. Planchon, J. G.
Stalker and A. S. Tahvildar-Zadeh [2] showed that if u is a unique solution of the
equation

(3.5) tug + Hu=0, u(0)=f
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with V satisfying (1)-(3), then for any admissible pair (g, r),
(3.6) el ullpzre + ullpane S 11 fllze
holds. The Lorentz space version is the following:

Corollary 3.5. Ifu is a unique solution of (B3), then for any admissible pair (q,r)
and 2 < s < q, it follows that

lullza s e SN f1 22
Proof of CorollaryB3l The solution u can be written as u(x,t) = U(t)f —
zfot U(t — s)(Vu) ds, where U(t) = e~#2. From () and ([B:2), we deduce that
ooz S 1712+ Vel 2o, o
Now by ([B:6) and Holder’s inequality on Lorentz space, we have

Veull , 2n o= ll2lVIel ™ ull o 2n o S 2Vilze s llle] ™ ull2re S 1 fllze.
L2Ln+ L2Ln+

O

Remark 3.6. One can apply the low diagonal operator argument to the Schrodinger
operator with finite rank, short-range perturbation or time dependent potential, and
easily obtain a result similar to Corollary For the Lebesgue space estimate, see
[14] for finite rank perturbation, and [18] for short-range perturbation and for time
dependent potential, respectively.
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