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ABSTRACT. We study time-frequency localization operators of the form AZV%2,
where a is the symbol of the operator and ¢1, @2 are the analysis and synthesis
windows, respectively. It is shown in an earlier paper by the authors that
a sufficient condition for AL"'¥? € S,(L2(R9)), the Schatten class of order
p, is that a belongs to the modulation space MP’M(RQd) and the window
functions to the modulation space M'. Here we prove a partial converse: if
AZ1P2 € S, (L%(R?)) for every pair of window functions ¢1, p2 € S(R??) with
a uniform norm estimate, then the corresponding symbol a must belong to the
modulation space MP’OO(RQd). In this sense, modulation spaces are optimal
for the study of localization operators. The main ingredients in our proofs are
frame theory and Gabor frames. For p = oo and p = 2, we recapture earlier
results, which were obtained by different methods.

1. INTRODUCTION

Localization operators, as studied by Daubechies [4] in 1988, serve as a tool to
localize a signal simultaneously in time and frequency (or in phase space). Under
different names, such as Anti-Wick operators, Gabor multipliers, Toeplitz operators
or wave packets, they have become useful in PDE, in quantum mechanics and
quantization, or in signal analysis and optics, and therefore they have been studied
extensively. For a sample of diverse contributions and extended references, we refer
to 11, B, @, 5, [ @, [T, 12} 19, 20].

In [3], localization operators are studied as a part of time-frequency analysis.
Such an approach is suggested by the very definition of a localization operator by
means of the short-time Fourier transform. Using the function spaces that are
naturally associated to the short-time Fourier transform, the so-called modulation
spaces, we have obtained the sharpest sufficient conditions for boundedness and
Schatten class properties that are known so far [3]. For bounded operators and for
Hilbert-Schmidt operators we have also shown that conditions involving modulation
spaces are also necessary.

Received by the editors April 7, 2004 and, in revised form, July 12, 2004.

2000 Mathematics Subject Classification. Primary 35505, 47G30, 46E35, 47B10.

Key words and phrases. Localization operator, modulation space, short-time Fourier trans-
form, Schatten class operator.

The first author was supported in part by the national project MIUR “Analisi Armonica”
(coordination by G. Mauceri).

(©2005 American Mathematical Society

3573

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3574 ELENA CORDERO AND KARLHEINZ GROCHENIG

In this note we answer the following question: What can be said about the symbols
of operators A?1%2 in the Schatten class S,(L*(R?)), when p # 2 or p # c0o?

Our answer will demonstrate once more that modulation spaces are the appro-
priate symbol classes for the study of localization operators and that they are in a
sense optimal.

The technical innovation in this paper is the use of frame theory, in particular
Gabor frames, to study the Schatten class properties of localization operators.

Statement of results. The protagonists of time-frequency analysis are the time-
frequency shifts (or phase space translations) defined by

(1) M,T,f(t) = ¥ f(t — ), t,x,w e R,

For a fixed non-zero g € S(RY) (the Schwartz class), the short-time Fourier trans-
form (for short STFT) of f € S'(R?) (the space of tempered distributions), with
respect to the window g, is given by

(2) qu(.’IJ,LU) = <f, Mwng> = /]Rd f(t)me—Qﬂiwt dt

A time-frequency localization operator A?1¥2 with symbol a, analysis window func-
tion 1, and synthesis window function ¢ is defined formally by means of the STFT
as

(3) AL f = a(z,w) Vy, f(z,w) MyTyps dedw ,
R2d
whenever the vector-valued integral makes sense. If ¢1(t) = @a(t) = e then
A#1:92 hoils down to the classical Anti-Wick operator and the mapping a +— A¥1:¥2
is interpreted as a quantization rule [T} [I'7, [20].
In a weak sense, the definition of A?¥2 in (@) can be expressed by

(4) <Aa¢17@2f’g> = <an,1f, V</729> = <a’ V</71fV5029>’ fvg GS(Rd)'
Using (@) it is easy to see that if a € §’'(R??) and 1, p2 € S(RY), then A?1:¥2 is a
well-defined continuous operator from S(R%) to S’ (R9).

In [3] we have studied in detail the class of localization operators as a multilinear
mapping
(5) (a7 P1, 502) = A$17LP2 )

and derived norm estimates when a, @1 and 2 belong to certain modulation spaces.
Modulation space norms measure the time-frequency concentration (phase space
distribution) of functions and distributions on the time-frequency plane (on phase
space). The unweighted modulation spaces are defined as follows: Given a non-zero
window g € S(R?), 1 < p,q < oo, the modulation space MP1(R%) consists of all
tempered distributions f € &’(R?) such that V, f € LP9(R??) (mixed-norm spaces).
The norm on MP4 is given by

q/p
[ fllaea = [V fllea = (/Rd (/Rd Vo f(z,w)|P dx) dw)

If p = q, we write MP instead of MPP,

The space MP4(R%) is a Banach space whose definition is independent of the
choice of the window g. Different non-zero windows g € M* yield equivalent norms
on MP4. This property will be crucial in the sequel, because we will choose a

1/q
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NECESSARY SCHATTEN CLASS CONDITIONS 3575

suitable window g in estimates of the MP9-norm. Within the class of modulation
spaces, one finds several standard function spaces, for instance M2 = L%, M!
coincides with Feichtinger’s algebra So(R?), and using weighted versions, one also
finds certain Sobolev spaces and the Shubin classes among the modulation spaces [3,
10]. For more background and the general theory of modulation spaces we refer
to [0, [10].

Our main result about modulation spaces and localization operators can be for-
mulated as follows.

Theorem 1. Let 1 < p < o0.
(a) The mapping (a, 1, p2) — AP1%2 is bounded from MP->(R?*?) x M'(R?) x
MY(RY) into S,(L*(R?)) with a norm estimate

AT %215, < Bllallarl[1llar |2l ar

for a suitable constant B > 0.
(b) Conversely, assume that A?v%2 € S,(L?(R%)) for all windows 1, ps € M*
and that there exists a constant B > 0 depending only on the symbol a such that

(6) 1AL ||s, < Bllerllan lallan,  Veor, 02 € SRY).
Then a € MP*°,

While it seems hopeless to find a characterization for A£1%2 € S, with a fized
pair of windows ¢1, @9, our main result shows that the condition a € MP*> is
optimal for a natural class of windows. Part (a) was already proved in [3] and was
shown to include the known conditions in [2] [8, 20]. Part (b) was known only for
the cases p = 2 and p = oo [3]. By developing a new method, we are able to fill
this gap and prove statement (b) for all values of p.

Notation. We define t? = t-t, for t € R?, and xy = x -y is the scalar product on R%.
When using the duality (f,g) for f in the Schwartz class S(RY) and g € S'(R%) a
tempered distribution, the bracket is always understood to extend the inner product

(f.9) = [ f(t)g(t)dt on L*(RY).

Throughout the paper, we shall use the notation A < B to indicate A < ¢B for
a suitable constant ¢ > 0, whereas A < B if A < ¢B and B < kA, for suitable
c, k> 0.

2. SOME TIME-FREQUENCY ANALYSIS

We collect a few facts about the STFT and Gabor frames needed in the sequel.
First some properties of the STFT.

Lemma 1. Write z = (21, 22) € R* ( = ((1,(2) € R?L. For 1,05 € S(R?Y) and
f,9 € S8'(RY) we have

T(zl,zz)(vtp1fvtng)(wi) = Vgal(MZszlf)(xaw) VW(MZQTZlg)(:C,w),
M(C1,Cz) (V<P1f V<P2g) (:L‘, w) = Vtm f(:L‘, w) V(Mg1 T7<2<P2)(MCIT*C29) (:L‘, w)v
MCTZ(VAM fvtp2g) = Vtm (M22T21 f)‘/(Mngfgtpz)(MC1T*C2MZQTZ19) .

These formulas are obtained by a minimal modification of formulas (25), (26),
and (27) in [3].
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The STFT of the d-dimensional Gaussian () := o~ i given by [0 Lemma
1.5.2] as
(7) VLFQD(I'v CU) = 27d/2677rixw67%(m2+w2).

Gaussians are particularly suited as windows to measure modulation space norms
because of the following discrete version of the modulation space norm.

Theorem 2. If ®(z,w) = e @ +") and af < 1, then F € MP9(R2) if and only
if
a/p\ V1

(8) ||<F7 MﬂnTOékq)>7L,k€Z2d”ll”‘?(Z“) = Z Z |<Fa MﬁnTak(pHp
n€Z?d \ kez2d

is finite. Moreover, || F'||proa X ||(F, MgnTar®)y pezzd |l v.a(zady -

Remark. Theorem [l contains more than meets the eye and is, in fact, a sum-
mary of some fundamental results of Gabor analysis. If p = ¢ = 2, then the
norm equivalence [|F'|l2 =< |[(F, Mg, Tor®), kez2a|l2 expresses that the collection
{Mp, Tor® : k,n € Z??} is a Gabor frame for L*(R??). This is the case if and only
if o8 < 1 by a deep result of Seip and Wallstén [15], [16]. They proved it in dimension
d = 1, but by a tensor product argument the result carries over to higher dimen-
sions. By [7] or [10, Corollary 12.2.6] the Gabor frame {Mg,Tor® : k,n € Z%¢}
then extends to a Banach frame for the modulation spaces MP4(R??) (and also
weighted modulation spaces). In particular, the norm equivalence (8) holds.
The norm equivalence (§) is the main tool in the proof of Theorem [

3. NECESSARY SCHATTEN CLASS CONDITIONS FOR LOCALIZATION OPERATORS

We can now prove part (b) of Theorem [[I Recall that a bounded (in fact,
compact) operator L on a Hilbert space H belongs to the Schatten class S,(H)
if the sequence {)\, : n € N} of eigenvalues of (L*L)'/?, the so-called singular
values, belongs to £P. The norm on S, is given by [|L||s, = |||, (see the standard
references [I8| [I7]). Equivalently, we may express the norm on S,(H) by

IZIG, = sup Y [I1Ze; 5
j

where the supremum is taken over all orthonormal bases {e; : j € J} of H. As a
straightforward consequence we obtain the inequality

1/p
> [(Lej,e5) <|Lls,
JE€ET
for every orthonormal basis {e; : j € J}.
This last inequality extends easily to frames as was already observed in [I4].

Lemma 3. Let {b;}jecs be a frame for H. If L € S,(H), for 1 <p < oo, then
1/p

(9) D ILb ol | S ILls,

JjET
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Proof. We prove the claim for p = 1 and p = co and then use interpolation.

According to the spectral theorem for compact (non-self-adjoint) operators [13|
Thm. VI.17] for L € S,(H) there exist two orthonormal sets {ey : k € N} and
{fx : k € N}, such that

Lf=Y Mlfoex)fr,
k=1
where the \;’s are the singular values of L.
Case p = 1. Since {b;} is a frame, we have 3, [(f,b;)|* < D||f[|3, for all f € H,
and we can estimate as follows:

S UL b = DD Aelbyen)(frr b))

JjeJ Jj€J keN

< Y Ay en)| [(fr b))

keN  jeJg

/ /
S Sl en?) " (1o s0l)
keN JjeT JjeT

D ZMH%H I ficll

keN

= DY M=D|Ls,
keN

IN

IN

Case p = oo. If L is compact or bounded on H, then

sup [(Lb;, b;)| < sup [ Lllop [1b;ll72 < DI Lo -

ied JjeT
Using complex interpolation between S; and the bounded (or compact) operators
on H, the estimate follows for all p € [1, o0]. O
Corollary 2. Let {b;};c be a frame for H. If T is a bounded operator on H and
L e S,(H), 1 <p< oo, then we have

1/p
(10) Do KLb To) P ) SIS, [T llop-
JET
Proof. We have (Lb;,Tb;) = (T*Lbj;,b;). Since S, is an operator ideal, we have
IT*Lils, < IT*llop [Llls, = ITllop IL]ls, and so we may apply Lemma B to T*L.
O

Remark. For the above estimates we have only used that {b,} is a Bessel sequence.

Proof of Theorem[Il The idea is to compute the MP*°-norm of the symbol a of
the operator A¥"¥2 by using a Gabor frame. We choose the Gaussian window
O(r,w) =271 e=™(@+9") and 0 < a, 3 < 1. Then the set {MpnTor @}y nezea is a
Gabor frame, and we can estimate the M?>°(R??)-norm of a by (§) of Theorem
in the form

(11) lall are.oe g2y = [1{@s MgnTak @) kezztller o zae)-

Therefore, we focus our attention on the Gabor coefficients in ([IIJ). Using (@), we
can write ® as

(12) O(z,w) = 9=d o=@’ +w?) _ Vop(z,w) Vop(z,w).
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Next, with & = (ki,k2),n = (ny,n2) € Z?>? and Lemma [I, we write the time-
frequency shifts of ® as the product of two STFTs on R¢:
MgnTor®(@,w) = M(gn, pna) Lok, ,aks) (Ve V) (2, w)
= Vv(MBnl T—Bn2 99) (Mﬁnl T*B”Z Mak2 Takl SO) (.’If, w)VSD (MakQ Talﬁ (10) (.’If, Ld)

Now we substitute this formula into the weak definition of localization operators in
(@) and we obtain the following decisive relation between the Gabor coefficients of
the symbol a and the localization operator A%1%2:

M, T
(13)  {a, MpaTor®) = <Af ’ ’ 2W(Mak2Tak190)a Mpn, T—gn, Mak, Tak, )
Consequently, the MP*°-norm of a can be recast as

lallarr.== [[{a; MpnTak ®)n kez2alloro (z1)

1/p
= sup Z ‘<a7MﬁnTakq>>|p
n€Z?d \ yczea
1/p
1M ny1T—pn
= Sup Z ‘<Af o o ZLF(MakQTaleO%Mﬁan—ﬁngMakgTakﬁOHp )
n1n2 €LY\ i ega

where n = (ny,n2), k = (k1, k2) € Z??. Since p € S(R?), the occurring localization
operators Af’MB”IT_B”W are all in S,(L?(R%)) and by hypothesis they satisfy the
uniform estimate

(14)

sup sup [l ar [ Mpn, T—gno el = Nl »

©,(Mgn,T—gny®)
| Aa s, S
(n1,m2)€22d (n1,m2)€224

where we have used the fact that time-frequency shifts are isometries on M1 [10,
Theorem 11.3.5].

Furthermore, for fixed n = (ny,ns) € Z2?, the right-hand side of (3] has exactly
the form discussed in Corollary Since a < 1, the set {Muog,Tak, @ : k1,k2 €
Z%} is a (Gabor) frame for L?(R?). Choosing this frame and T' = Mg, T_g,, in
Corollary 2l we obtain the desired estimate

7M n T7 n
”a‘HJW”'OC = sup ||<"4g e zw(Mak2Tak1¢)vMﬂan—ﬁnzMabTakl90>k17k2||5"

ni,n2
1M n T7 n
< sup AT s, S lelRp
ni,n2
Thus we have shown that a € MP*°(R??), and the proof is finished. O
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