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ON THE CONSTRUCTION OF A CLASS OF BIDIMENSIONAL
NONSEPARABLE COMPACTLY SUPPORTED WAVELETS

YUN-ZHANG LI

(Communicated by David R. Larson)

Abstract. Chui and Wang discussed the construction of one-dimensional
compactly supported wavelets under a general framework, and constructed
one-dimensional compactly supported spline wavelets. In this paper, under a
mild condition, the construction of M = ( 1 1

1 −1 )-wavelets is obtained.

1. Introduction

Throughout this paper, M is always referred to as the matrix M = ( 1 1
1 −1 ). The

Fourier transform of f is defined by f̂(ξ) = 1
2π

∫
R2 dx f(x)e−ixξ for f ∈ L1(R2). A

real-valued measurable function f defined on R2 is said to be symmetric (antisym-
metric) about x0

2 ∈ R2 if f(·) = f(x0 − ·) (f(·) = −f(x0 − ·)) a.e. In recent years,
bidimensional nonseparable wavelets have been extensively studied since they offer
the hope of a more isotropic analysis ([1]–[9]).

A ladder of closed subspaces {Vj}j∈Z of L2(R2) is called a multiresolution anal-
ysis related to M (MRA) if the following conditions hold:

(1) Vj ⊂ Vj−1 for j ∈ Z;
(2)

⋂
j∈Z Vj = {0},

⋃
j∈Z Vj = L2(R2);

(3) f(·) ∈ Vj if and only if f(M j ·) ∈ V0 for j ∈ Z;
(4) there exists a function φ(·) in V0 such that the set {φ(·−k)}k∈Z2 is a Riesz

basis for V0.
Here φ(·) is also called a scaling function of the MRA. Since V0 ⊂ V−1, φ(·) has to
satisfy some M -refinement equation

(1.1) φ(·) =
√

2
∑

n∈Z2

hnφ(M · −n),

where {hn}j∈Z2 is called the mask, and

(1.2) H0(·) =
1√
2

∑
n∈Z2

hne−in·

is called the symbol of φ.
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We denote by Wj the orthogonal complement of Vj in Vj−1 for j ∈ Z. If we find
a ψ such that {ψ(· − k) : k ∈ Z2} is a Riesz basis for the orthogonal complement
W0 of V0 in V−1, then it is easy to check that {ψj,k(·) : j ∈ Z, k ∈ Z2} is a Riesz
basis for L2(R2), where fj,k(·) = 2−

j
2 f(M−j ·−k) for any function f defined on R2

and j ∈ Z, k ∈ Z2. In particular, when {φ(· − k) : k ∈ Z2} is an orthonormal basis
for V0, and

(1.3) ψ(·) =
√

2
∑

n∈Z2

(−1)n1+n2h(1,0)T −nφ(M · −j),

it is well known that {ψ(· − k) : k ∈ Z2} is an orthonormal basis for W0, and that
{ψj,k(·) : j ∈ Z, k ∈ Z2} is an orthonormal basis for L2(R2).

In one dimension, it is well known that, except for the Haar wavelet, there
exists no compactly supported, orthonormal, symmetric or antisymmetric, and real-
valued wavelet ([10, Theorem 8.1.4]). But it is not the case if orthogonality is
replaced by Riesz basis. Chui and Wang obtained an approach to the construction
of a compactly supported Riesz basis and constructed compactly supported spline
wavelets with symmetry or antisymmetry ([11]–[14]). Their approach depends on
the determination of zeros of polynomials, which is not easy in higher dimensions.
So it is a natural and interesting problem to construct a nonseparable compactly
supported Riesz basis in higher dimensions.

In this paper, under the hypothesis that some bivariate polynomial has no zeros,
we obtain a general construction of compactly supported M -wavelets, which inher-
its the symmetry of the corresponding scaling functions and satisfies the vanishing
moment condition originating in the symbols of the scaling functions. Some exam-
ples are also given to illustrate the general theory, and a conjecture of an infinite
family of examples is put forward. Our main results can be stated as follows.

Theorem 1.1. Assume that φ is a scaling function of an MRA {Vj}j∈Z satisfying
(1.1), its symbol H0 defined as in (1.2) is a Laurent polynomial, and W0 is the
orthogonal complement of V0 in V−1. Define

(1.4) gn = (−1)n1+n2〈φ−1,(1,0)T −n, φ〉

for n ∈ Z2, and

ψ(·) =
√

2
∑

n∈Z2

gnφ(M · −n).

Then
(1) ψ ∈ W0;
(2) ψ(· − n) : n ∈ Z2} is a Riesz basis for W0 if and only if

∑
n∈Z2

(∑
l∈Z2

(−1)l1+l2hlgMn+(1,0)T −l

)
e−inξ

has no zeros in [−π, π]2.

Remark 1.1. It is obvious that {gn} is finitely supported, and thus, ψ is com-
pactly supported. To know whether

∑
n∈Z2(

∑
l∈Z2(−1)l1+l2hlgMn+(1,0)T −l)e−inξ
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has zeros in [−π, π]2, it is enough to map the graph of∣∣∣∣∣ ∑
n∈Z2

( ∑
l∈Z2

(−1)l1+l2hlgMn+(1,0)T −l

)
e−inξ

∣∣∣∣∣
2

in [−π, π2], and it is easy with the help of Matlab.

Theorem 1.2. Under the hypothesis of Theorem 1.1, suppose φ is real-valued, and
hn ∈ R for n ∈ Z2. Then

(1) ψ is symmetric about x = ( 1
2 , 1

2 )T (x = (1, 0)T ) when φ is symmetric about
x = 0 (x = ( 1

2 , 1
2 )T );

(2) ψ is antisymmetric about x = ( 1
2 , 1)T (x = (1,−1

2 )T ) when φ is symmetric
about x = ( 1

2 , 0)T (x = (0, 1
2 )T ).

Remark 1.2. A compactly supported M -refinable function φ must be M2-refinable
(i.e. 2-refinable), and satisfy φ̂(ξ) �= 0 for a.e. ξ ∈ R2. Hence, it follows from [16,
Proposition 2.4.2.9] that, if φ is real-valued and symmetric about c

2 , then c ∈ Z2.
For any φ compactly supported, M -refinable, real-valued, and symmetric about
some c ∈ Z2, one may make a reasonable integer shift so that the shifted version
is symmetric about x = 0, or x = ( 1

2 , 1
2 )T , or x = ( 1

2 , 0)T , or x = (0, 1
2 )T , and

preserve other properties. So the hypothesis on φ is reasonable.

Conjecture. Let N ∈ N. Define φN (x1, x2) = φ̃N (x1 − x2)φ̃N (x2), where

φ̃2N (·) =
2N functions︷ ︸︸ ︷

χ[− 1
2 , 1

2 ] ∗ χ[− 1
2 , 1

2 ] · · · ∗ χ[− 1
2 , 1

2 ](·),

φ̃2N−1(·) =
2N−1 functions︷ ︸︸ ︷

χ[− 1
2 , 1

2 ] ∗ χ[− 1
2 , 1

2 ] · · · ∗ χ[− 1
2 , 1

2 ](·− 1
2 )

for N ∈ N. We conjecture that φN satisfies the hypothesis of Theorem 1.1, and
the corresponding ψN satisfies that {ψN (· − n) : n ∈ Z2} is a Riesz basis for W0.

2. Proofs of the theorems

Lemma 2.1. Under the hypothesis of Theorem 1.1, suppose

H0(ξ) =
[
1 − 1

2

(
sin2 ξ1

2
+ sin2 ξ2

2

)]N

L(ξ)

for some positive integer N and some Laurent polynomial L. Then∫
R2

dx xαψ(x) = 0

for |α| ≤ N−1, where |α| = α1+α2 for α = (α1, α2) ∈ Z2, α1, α2 ≥ 0, xα = xα1
1 xα2

2

for x ∈ R2.

Proof. Since ψ ⊥ V0, we have

0 =
∑
l∈Z2

ψ̂(· + 2πl)φ̂(· + 2πl)

= H1(M−1·)F (M−1·) + H1(M−1 · +(π, π)T )F (M−1 · +(π, π)T ),
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where H1(·) = 1√
2

∑
n∈Z2 gne−in·, and F (·) = H0(·)

∑
l∈Z2 |φ̂(· + 2πl)|2. It follows

that H1(·)F (·) = −H1(· + (π, π)T )F (· + (π, π)T ), and consequently,
(2.1)∑

0≤l≤α

(
α
l

)
DlH1(0)Dα−lF (0) = −

∑
0≤l≤α

(
α
l

)
DlH1((π, π)T )Dα−lF ((π, π)T )

for |α| ≤ N − 1, where 0 ≤ l ≤ α means that 0 ≤ l1 ≤ α1, 0 ≤ l2 ≤ α2,

(α
l
) = (α1

l1
)(α2

l2
), and Dlf(x1, x2) = ∂lf(x1,x2)

∂x
l1
1 ∂x

l2
2

for l = (l1, l2), α = (α1, α2) ∈ Z2, l1,

l2, α1, α2 ≥ 0.
When |α| = 0, α = (0, 0). It follows from (2.1) that

H1(0)F (0) = −H1((π, π)T )F ((π, π)T ) = 0.

Since φ has stable integer shifts, which leads to that |H0(·)|2+ |H0(·+(π, π)T |2 �= 0,
and H0((π, π)T ) = 0, we have F (0) �= 0. Hence,

(2.2) H1(0) = 0.

When |α| = 1, α = (0, 1) or α = (1, 0). For α = (0, 1), it follows from (2.1) and
(2.2) that D(0,1)H1(0)F (0) = 0, which implies

(2.3) D(0,1)H1(0) = 0.

Analogously,

(2.4) D(1,0)H1(0) = 0.

Assuming DαH1(0) = 0 for |α| ≤ s < N − 1, then, for any α with |α| = s + 1 ≤
N − 1, it follows from (2.1) that

(2.5) DαH1(0)F (0) = −
∑

0≤l≤α

(
α
l

)
DlH1((π, π)T )Dα−1F ((π, π)T ) = 0.

Therefore,

(2.6) DαH1(0) = 0 for |α| ≤ N − 1.

Since ψ̂(ξ) = H1(M−1ξ)φ̂(M−1ξ), define

η = (η1, η2)T =
(

ξ1 + ξ2

2
,
ξ1 − ξ2

2

)T

, H2(ξ) = H1(M−1ξ), G(ξ) = φ(M−1ξ).

Then ψ̂(ξ) = H1(η)G(ξ) = H2(ξ)G(ξ). Hence,

(2.7) Dαψ̂(ξ) =
∑

0≤l≤α

(
α
l

)
DlH2(ξ)Dα−lG(ξ)

for |α| ≤ N − 1. It is easy to check that, for any l with |l| ≤ N − 1, DlH2(ξ) can
be represented as a linear combination of DsH1(η) with |s| = |l|. Since η = 0 for
ξ = 0, it follows from (2.6) that DlH2(0) = 0 for |l| ≤ N − 1. This together with
(2.7) yields that

(2.8) Dαψ̂(0) = 0

for |α| ≤ N − 1. Therefore,
∫

R
dx xαψ(x) = 0 for |α| ≤ N − 1. This proof is

completed. �
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Analogously, we have

Lemma 2.2. Under the hypothesis of Theorem 1.1, suppose

H0(ξ) =
(

1 + e−iξ1

2

)N

L(ξ)

for some positive integer N and some Laurent polynomial L. Then∫
R2

dx xα
1 ψ(x) = 0

for 0 ≤ α ≤ N − 1.

Remark 2.1. The hypothesis on H0 in Lemma 2.1 and Lemma 2.2 is reasonable,
which can be seen in [2].

Proof of Theorem 1.1. (1) We only need to prove that ψ ⊥ V0 since ψ ∈ V−1. It is
obvious that

〈ψ, φ(· − m)〉 =
∑

n∈Z2

(−1)n1+n2〈φ−1,(1,0)T −n, φ〉〈φ−1,n−Mm, φ〉.

Putting n − Mm = (1, 0)T − n′, we obtain that

〈ψ, φ(· − m)〉 = −〈ψ, φ(· − m)〉.

Hence, 〈ψ, φ(· − m)〉 = 0, and (1) follows.
Now we divide the argument into three steps to prove (2).
(i) {ψ(·−n) : n ∈ Z2} is a Riesz basis for W0 if and only if {φ(·−n), ψ(·−n) : n ∈

Z2} is a Riesz basis for V−1.
The “only if” part is obvious. In the following, we prove the “if” part. Suppose

{φ(· − n), ψ(· − n) : n ∈ Z2} is a Riesz basis for V−1. Then we only need to prove
that W0 = {

∑
n∈Z2 cnψ(· − n) : c ∈ l2(Z2)}, which is reduced to

W0 ⊂
{ ∑

n∈Z2

cnψ(· − n) : c ∈ l2(Z2)

}
since ψ ∈ W0, and W0 is invariant under integer shifts. Since W0 ⊂ V−1, for f ∈ W0,
we have f(·) =

∑
n∈Z2 cnψ(·−n)+

∑
n∈Z2 dnφ(·−n) for some c, d ∈ l2(Z2). Define

φ̃(·) by

ˆ̃φ(·) =
φ̂(·)

4π2
∑

k∈Z2 |φ̂(· + 2kπ)|2
.

It is easy to check that {φ̃(· − n) : n ∈ Z2} is the dual of {φ(· − n) : n ∈ Z2}. It
follows that 0 = 〈f, φ̃(· − m)〉 = dm for m ∈ Z2, and thus

f(·) =
∑

n∈Z2

cnψ(· − n) ∈
{ ∑

n∈Z2

cnψ(· − n) : c ∈ l2(Z2)

}
.

(ii) Define ψ̃(·) =
√

2
∑

n∈Z2(−1)n1+n2h(1,0)T −nφ(M · −n). Then {φ(· − n),
ψ̃(· − n) : n ∈ Z2} is a Riesz basis for V−1.

Define φ0(·) = φ(M ·), φ1(·) = φ(M · −(1, 0)T ). Since {φ(· − n) : n ∈ Z2}
is a Riesz basis for V0, {φ(M · −n) : n ∈ Z2} is a Riesz basis for V−1. Hence,
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{φ0(· − n), φ1(· − n) : n ∈ Z2} is a Riesz basis for V−1. It is easy to check that

φ(·) =
√

2
∑

n∈Z2

hMnφ0(· − n) +
√

2
∑

n∈Z2

hMn+(1,0)T φ1(· − n),

ψ̃(·) =
√

2
∑

n∈Z2

h(1,0)T −Mnφ0(· − n) −
√

2
∑

n∈Z2

h−Mnφ1(· − n).

det
( √

2
∑

n∈Z2 hMne−inξ
√

2
∑

n∈Zn hMn+1(1,0)T e−inξ
√

2
∑

n∈Z2 h(1,0)T −Mne−inξ −
√

2
∑

n∈Z2 h−Mne−inξ

)
= −2[|H0(M−1ξ)|2 + |H0(M−1ξ + (π, π)T )|2]

�= 0

for ξ ∈ R2, where the last inequality is due to the fact that {φ(· − n) : n ∈ Z2} is
a Riesz basis for V0. By [15, Theorem 4.3], {φ(· − n), ψ̃(· − n) : n ∈ Z2} is a Riesz
basis for V−1.

(iii) {φ(· − n), ψ(· − n) : n ∈ Z2} is a Riesz basis for V−1 if and only if∑
n∈Z2

(∑
l∈Z2

(−1)l1+l2hlgMn+(1,0)T −l

)
e−inξ �= 0

for ξ ∈ [−π, π]2.
Since {φ(· − n) : n ∈ Z2} is a Riesz basis for V0,∑

n∈Z2

( ∑
l∈Z2

hl+Mnhl

)
e−inξ = |H0(M−1ξ)|2 + |H0(M−1ξ + (π, π)T )|2 �= 0

for ξ ∈ R2. Define

A(ξ) =
∑

n∈Z2

(∑
l∈Z2 gl+Mnhl

)
e−inξ∑

n∈Z2

(∑
l∈Z2 hl+Mnhl

)
e−inξ

,

B(ξ) = −
∑

n∈Z2

(∑
l∈Z2(−1)l1+l2hlg(1,0)T −l+Mn

)
e−inξ∑

n∈Z2

(∑
l∈Z2 hl+Mnhl

)
e−inξ

,

H̃1(ξ) = −e−iξ1H0(ξ + (π, π)T ), H1(ξ) =
1√
2

∑
n∈Z2

gne−inξ.

It is easy to check that

H1(M−1ξ) = A(ξ)H0(M−1ξ) + B(ξ)H̃1(M−1ξ).

Multiplying with φ̂(M−1ξ), we obtain that

ψ̂(ξ) = A(ξ)φ̂(ξ) + B(ξ) ˆ̃ψ(ξ),

where ψ̃ is defined as in (ii). By (ii), it follows from [15, Theorem 4.3] that {φ(·−n),
ψ(· − n) : n ∈ Z2} is a Riesz basis for V−1 if and only if B(ξ) �= 0 for ξ ∈ R2, and
equivalently, ∑

n∈Z2

(∑
l∈Z2

(−1)lhlgMn+(1,0)T −l

)
e−inξ �= 0

for ξ ∈ [−π, π]2. Hence, (iii) holds.
(iii) together with (i) yields (2). The proof is completed. �
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Proof of Theorem 1.2. We only prove (1) under the condition that φ is symmetric
about x = 0, and the other parts can be proved analogously. Suppose φ is symmetric
about x = 0. Then 〈φ−1,(1,0)T −n, φ〉 = 〈φ−1,n−(1,0)T , φ〉 for n ∈ Z2. It follows that
gn = g(2,0)T −n for n ∈ Z2, which is equivalent to H1(ξ) = e−i2ξ1H1(−ξ), where
H1(·) = 1√

2

∑
n∈Z2 gne−in. So we have ψ̂(−ξ) = ei(ξ1+ξ2)ψ̂(ξ), which implies that

ψ is symmetric about x = ( 1
2 , 1

2 )T . �

Example 2.1. Let

φ(x) =

{
(1 − |x1 − x2|)(1 − |x2|) for |x1 − x2| ≤ 1, |x2| ≤ 1,

0 otherwise,

Vj = span{φj,k : k ∈ Z} for j ∈ Z.

Then
(1) {Vj}j∈Z2 is an MRA related to M with φ being a corresponding scaling

function.
(2) Let W0 be the orthogonal complement of V0 in V−1. Define

ψ(·) =: − 1
72

φ(M · −(−2,−1)T ) +
1
12

φ(M · −(−1,−1)T ) − 1
36

φ(M · −(0,−1)T )

+
5
36

φ(M · −(1,−1)T ) − 1
72

φ(M · −(2,−1)T ) − 1
18

φ(M · −(−1, 0)T )

+
1
3
φ(M ·) − 1

3
φ(M · −(1, 0)T ) +

1
3
φ(M · −(2, 0)T )

− 1
18

φ(M · −(3, 0)T ) − 1
72

φ(M · −(0, 1)T ) +
1
12

φ(M · −(1, 1)T )

− 5
36

φ(M · −(2, 1)T ) +
5
36

φ(M · −(3, 1)T ) − 1
72

φ(M · −(4, 1)T ).

Then {ψ(·−n) : n ∈ Z2} is a Riesz basis for W0, ψ is symmetric about x = ( 1
2 , 1

2 )T ,
and ∫

R2
dx ψ(x) =

∫
R2

dx x1ψ(x) = 0.

Proof. (1) It is easy to check that φ̂(·) = H0(M−1·)φ̂(M−1), where

(2.9) H0(ξ) =
1
2

+
1
4
eiξ1 +

1
4
e−iξ1 for ξ ∈ R2.

So φ is M -refinable, and thus M2 = 2I-refinable. It follows that

(2.10)
⋃
j∈Z

Vj =
⋃
j∈Z

V2j and
⋂
j∈Z

Vj =
⋂
j∈Z

V2j .

Then applying [17, Corollary 4.14] and [17, Theorem 4.5], we have⋂
j∈Z

Vj = {0} and
⋃
j∈Z

Vj = L2(R2).
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By simple computation, we obtain that∑
l∈Z2

|φ̂(ξ + 2πl)|2

=
1

4π2

[∑
k∈Z

(
2

ξ1 + 2πk
sin

ξ1 + 2πk

2

)4
][∑

k∈Z

(
2

ξ1 + ξ2 + 2πk
sin

ξ1 + ξ2 + 2πk

2

)4
]

> 0

for ξ ∈ R2. Since φ is compactly supported,
∑

l∈Z2 |φ̂(· + 2πl)|2 is continuous.
Hence, A≤

∑
l∈Z2 |φ̂(·+2πl)|2≤B for some 0<A<B<∞, and thus {φ(·−n) : n ∈

Z2} is a Riesz basis for V0. Note that φ is M -refinable. This together with (2.10)
yields that {Vj}j∈Z2 is an MRA related to M .

(2) Let gn be defined as in Theorem 1.1 for n ∈ Z2. It is easy to check that∣∣∣∣∣ ∑
n∈Z2

(∑
l∈Z2

(−1)l1+l2hlgMn+(1,0)T −l

)
e−inξ

∣∣∣∣∣
2

=
1
16

(
1 +

1
6

cos ξ1 +
1
4

cos ξ2 +
7
9

cos(ξ1 + ξ2) +
1
4

cos(2ξ1 + ξ2)
)2

+
1
16

(
1
18

sin ξ1 +
1
18

sin ξ2 +
1
18

sin(ξ1 + ξ2)
)2

,

which is nonzero in [−π, π]2 by some estimation. Therefore, by Theorem 1.1,
Lemma 2.2, and Theorem 1.2, {ψ(· − n) : n ∈ Z2} is a Riesz basis for W0, ψ is
symmetric about x = ( 1

2 , 1
2 )T , and∫
R2

dx ψ(x) =
∫

R2
dx x1ψ(x) = 0.

The proof is completed. �

Example 2.2. Let

φ(x) =:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

( (x1−x2)
2

2 +x1−x2+ 1
2 )(x2

2
2 +x2+ 1

2 ) −1≤x1−x2≤0, −1≤x2≤0,

( (x1−x2)
2

2 +x1−x2+ 1
2 )(−x2

2+x2+ 1
2 ) −1≤x1−x2≤0, 0≤x2≤1,

( (x1−x2)
2

2 +x1−x2+ 1
2 )(x2

2
2 −2x2+2) −1≤x1−x2≤0, 1≤x2≤2,

(−(x1−x2)2+x1−x2+ 1
2 )(x2

2
2 +x2+ 1

2 ) 0≤x1−x2≤1, −1≤x2≤0,

(−(x1−x2)2+x1−x2+ 1
2 )(−x2

2+x2+ 1
2 ) 0≤x1−x2≤1, 0≤x2≤1,

(−(x1−x2)2+x1−x2+ 1
2 )(x2

2
2 −2x2+2) 0≤x1−x2≤1, 1≤x2≤2,

( (x1−x2)
2

2 −2(x1−x2)+2)(x2
2
2 +x2+ 1

2 ) 1≤x1−x2≤2, −1≤x2≤0,

( (x1−x2)
2

2 −2(x1−x2)+2)(−x2
2+x2+ 1

2 ) 1≤x1−x2≤2, 0≤x2≤1,

( (x1−x2)
2

2 −2(x1−x2)+2)(x2
2
2 −2x2+2) 1≤x1 − x2≤2, 1≤x2≤2,

0 otherwise,

Vj = span{φj,k : k ∈ Z} for j ∈ Z, W0 be the orthogonal complementary subspace
of V0 in V−1, and ψ be defined as in Theorem 1.1. Then, by similar arguments to
those of Example 2.1, we can show that {Vj}j∈Z2 is an MRA related to M , that
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{ψ(· − n) : n ∈ Z2} is a Riesz basis for W0, ψ is antisymmetric about x = (1, 1
2 )T ,

and ∫
R

dxψ(x) =
∫

R

dx x1ψ(x) =
∫

R

dx x2
1ψ(x) = 0.
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