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ABSTRACT. Given a metrizable compact topological n-manifold X with bound-
ary and a metric d compatible with the topology of X, we prove that “most”
continuous functions f : X — X are non-sensitive at “most” points of X but
are sensitive at every point of an infinite set which is dense in the set of all
periodic points of f. We also establish some results concerning sets of periodic
points and non-wandering points.

1. INTRODUCTION

Throughout the present paper we fix an integer n > 1, a metrizable compact
topological n-manifold X with (or without) boundary [0], and a metric d which is
compatible with the topology of X. Moreover, C'(X) (resp. H(X)) denotes the set
of all continuous functions from X into X (resp. the set of all homeomorphisms from
X onto X) endowed with the supremum metric: d(f,g) = sup,cy d(f(z), g(x)).

If M is a Baire space, we say that “most elements of M” satisfy a certain property
P if the set of all z € M that do not satisfy property P is of the first category in
M. The terms “typical” and “generic” are often used instead of “most”.

Let us recall that a function f : X — X is said to be non-sensitive at a point
a € X if for every € > 0 there is a § > 0 such that for any choice of points
ag € B(a;9), a1 € B(f(ap);0), az € B(f(a1);9),..., we have that

d(am, f™(a)) < e for every m > 0.

The notion of non-sensitivity was first defined in [2] and was redefined in [4]. It is a
way to describe mathematically the idea of predictability: if f is non-sensitive at a,
then we can predict the future evolution of a in the discrete dynamical system (X, f)
forever as accurately as we want, provided we can compute the initial condition a
and the values of f precisely enough.

Although the notion of non-sensitivity is very strong, it occurs very often for
functions in the space H(X). Indeed, the following results were proved in [4]:

(A) Most functions in H(X) are non-sensitive at most points of X.
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(B) If n > 2 and B™ is the closed unit ball of R", then most functions in H(B")
are non-sensitive at every point of a full (Lebesgue) measure subset of B™.

The main goal of the present paper is to study the notion of non-sensitivity for
functions in the space C'(X). Our main result is Theorem 1, which implies the
following versions of (A) and (B) for the space C(X):

(C) Most functions in C(X) are non-sensitive at most points of X.
(D) If p is a finite positive Borel measure on X, then most functions in C'(X)
are non-sensitive p-almost everywhere on X.

We remark that (A) and (B) were proved in [4] by means of independent argu-
ments; in the present context we establish both (C) and (D) from a single more
general result. Moreover, (D) can be applied not only to the Lebesgue measure on
B™ but to any finite positive Borel measure on an arbitrary X.

We also consider the opposite direction, that is, the problem of existence of points
where the functions are sensitive. We prove that for most functions f € C(X), the
set of all points where f is sensitive is infinite and is dense in the set of all periodic
points of f (Theorem 16 and Corollary 17). The proof of this fact is based on a
certain result concerning periodic points (Theorem 5), which also has some other
interesting consequences (Corollaries 7, 8 and 9). Corollary 8 generalizes to an
arbitrary X results already established by Agronsky, Bruckner and Laczkovich [1]
and Simon [7] in the case X = [0,1] (Remark 10).

We also prove that if y is a finite positive Borel measure on X, then for most
functions f € C(X), the set Q¢ of all non-wandering points of f has y-measure zero
(Theorem 11). This was established in [I] in the case X = [0, 1] with u = Lebesgue
measure (Remark 14).

2. ON NON-SENSITIVITY

For each x € X and each r > 0, let
B(z;r) ={y € X;d(y,z) <r} and B*(z;r)={ye€ X;0<d(y,z) <r}.

Given A C X, we denote by A, Int A, Bd A and diam A the closure, the interior,
the boundary and the diameter of A in X, respectively. Moreover, for each § > 0,
N5(A) = U,ca B(a;0). Finally, we denote by Gx the set of all closed subsets A of
X such that Int A # @ and A has a fundamental system of neighborhoods which
are homeomorphic to B" (the closed unit ball of R™). Note that each point a € X
has a fundamental system of neighborhoods that belong to Gx.

The following extension theorem will be used many times in the sequel:

If A is a closed subspace of a compact spaceY and Z is a topological
space which is homeomorphic to B", then every continuous function
¢: A— Z has a continuous extension ¢ :Y — Z.

Since Z is homeomorphic to the product space [0, 1]™, this result follows by applying
Tietze extension theorem to each component function of ¢ (regarded as a function
from A into [0, 1]™).

Theorem 1. Suppose that for each integer v > 1, it is given a finite collection C,
of pairwise disjoint sets of Gx with diameters < 1/r. Put Q, = U ee, A (r > 1).
Then, for most functions f € C(X), there is a sequence (ty)r>1 of positive integers
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such that ty, — oo as k — oo and f is non-sensitive at every point of the set

o0 o0

MU e

r=1k=r
Proof. Given a collection C of sets, we shall mean by a C-tree a pair (7, ¢), where
T is a finite rooted tree [5] and ¢ is a bijective correspondence between the set
V(T) of all vertices of T and a collection of pairwise disjoint sets in C. If (T, )
is a C-tree, we usually omit the correspondence ¢ and speak just of the C-tree T
moreover, we make no distinction between a vertex of T and its corresponding set
of C. f T is a C-tree and V4, V, € V(T'), we write “V; > V5” or “V5 < V4” to mean
that V7 and V5 are adjacent and that the unique path connecting V5 to the root of
T passes through V;. Two C-trees Ty and T5 are said to be disjoint if AN B = ()
whenever A € V(T1) and B € V(T3).

For each integer k > 1, let Oy be the set of all f € C(X) such that, for some

integer t > k, there are finitely many pairwise disjoint Gx-trees 11, ...,Ts so that:

(i) diam A < 1/k for all Ae V(Th)U... UV (Ty).
(ii) G, Cc V(T U...UV(Ts).
(i) If A, B € V(T;) and A > B, then f(B) C Int A.
(iv) If R; is the root of Ty, then there is an S; € V(T;) such that f(R;) C Int .S;.
Clearly, each Oy, is open in C(X). Let f € (N, Ok. For each k > 1, there are
an integer ¢, > k and pairwise disjoint Gx-trees T 1, ..., Tk s, so that (i) through
(iv) hold with ¢; in place of t and Ty 1,...,Tk s, in place of T1,...,Ts. For each
k> 1, let 0 < dr < 1/k be such that

f(Ns (B)) CInt A
whenever A, B € V(Tj;) and A > B (1 <4 < s;), and such that
f(Nsz (R;.m)) C Int S;.m,

where Ry ; and Sy, are related to Ty ; (1 < ¢ < s) as R; and S; are related to T;
in property (iv). So, if a € |J{4; A € V(T};) for some 1 < i < 55} and if we choose
ag € B(a;dk), a1 € B(f(ao);dx), az € B(f(a1);dk), ..., then

d(am, f™(a)) < 0p +1/k < 2/k for every m > 0.

This implies that f is non-sensitive at every point of ()72, Ure, Q-
It remains to show that each Oy, is dense in C(X). Fix k > 1, f € C(X) and
€>0. Let 0 < 0 < min{1/k, ¢/2} be such that

d(f(z), f(y)) < €/2 whenever d(z,y) <0 (z,y € X).

Choose a positive integer ¢ such that 1/t < §. We shall construct pairwise disjoint
Gx-trees T1,...,Ts satisfying the following properties:

(a) diam A < 6 for every A € V(Th)U... UV (Ts).
(b) G, CcV(T)U...UV(Ts).
(c) If A,BeV(T;) and A > B, then f(B)N A # (.
(d) If R; is the root of T;, then there is an S; € V(T;) such that at least one of
the following two properties hold:
(1) f(Ri)NS; #0.
(2) There is a C; C X homeomorphic to B" with diam C; < €/2, f(R;) C
Int C; and S; C Int C;.
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In order to explain how to construct the Gx-trees T1,...,Ts, we shall need a
variable B, which will denote the set of all elements of Gx that have already been
used in the construction up to the current step (at the beginning we have B = ().
We begin by choosing an A; € C; and by putting it as a vertex of T} (note that
now B = {A;}). Suppose that in a certain moment 7; consists of the vertices
Ay <Ay <--- < Aj. Welook at the set f(A;). There are three possibilities:

CASE 1: f(A;) N A# 0 for some A € B.

In this case we stop the construction of T; (for the time being). So, A; is the
root Ry of T} and S; may be any set of B such that f(R;) NSy # 0.

CASE 2: f(A;)NA=0 for every A € B and f(A;) N A #( for some A € C, — B.

Let Aj11 € C; — B be such that f(A;) N Aj4q1 # 0. We put Aj1; as a vertex of
T adjacent to A; and satisfying A; < Aj41.

CASE 3: f(A;)NA=0 for every A e C,UB.

Choose an A1 € Gx disjoint from each element of C;UB such that diam A;; <
0/7 and f(A;) N Ajp1 # 0. We put Ajiq as a vertex of 77 adjacent to A; and
satisfying Aj < Aj_;,_l.

If Case 1 never happens, the construction can go on forever. In this case we will
stop the construction of T3 as soon as we obtain an A,, for which thereisa C C X
homeomorphic to B" with diam C < €/2, f(4,,) C Int C and A, C Int C for some
1 <k <m(so A will be the root R; of 71 and S; may be Ag). We claim that
we will obtain such an A,, in a finite number of steps. Indeed, suppose that this is
not the case and consider the infinite chain 4; < Ay < A3 < ---. For each j > 1,
choose an z; € A;. Let a € X be a cluster point of the sequence (z;);>1 and let
C be a neighborhood of a which is homeomorphic to B™ and has diameter < ¢/2.
Since C; is finite, there must exist a p > 1 such that A; ¢ C; for all j > p, and so

diam A; < Ll for all j > p.
j—

Hence, we can choose a k > 1 large enough so that Ay C Int C. Since f(A;)NA;j41 #
() for every j, we can also choose an m > k large enough so that f(A,,) C IntC.
This contradicts our assumption and proves our claim.

Now, suppose that we have already constructed T7,...,7;_1. If B D C;, we are
done. If this is not the case, we choose an A} € C; — B and put it as a vertex of T;.
If in a certain moment 7; consists of the vertices A} < A5 < --- < A, we then look
at f(A}). Cases 2 and 3 are treated as before. However, Case 1 should be divided
in two possibilities:

CASE la: f(A}) N A# 0 for some A € V(T3).

We stop the construction of T; (for the time being). So, A’ is the root R; of T;
and S; may be any set of V(T;) such that f(R;) N.S; # 0.
CASE 1b: f(A}) N A = 0 for every A € V(T;) and f(A) N A # 0 for some
AeB-V(Ty).

Let A € B—V(T;) be such that f(AY) NA # (. Then A is a vertex of a previous

tree; say A € V(T;,), where 1 < iy < i. In this case we will have no tree T; for the
time being. We will just enlarge T;, by putting the chain A} < A5 <--- < A} asa
new branch of it, satisfying the relation A;» < A.
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If Cases 1a and 1b never happen, we will stop the construction of T; when we
obtain an A}, for which there is a C’ C X homeomorphic to B™ with diam C’ < €/2,
f(AL,) C Int C” and Aj, C Int C” for some 1 < k < m (so A}, will be the root R; of
T; and S; may be Aj).

It is immediate to check that the Gx-trees T4, ..., T, so constructed have all the
desired properties.

Let I = {i € {1,...,s}; f(Ri)NS; # 0} and J = {1,...,s} —I. For each
AeV(Ty)U...UV(Ty), choose a neighborhood V4 of A which is homeomorphic to
B™ and has diameter < §. By choosing the V4’s small enough, we may also assume
that the family {Va}aev(n)u..uv(r,) is pairwise disjoint and that

f(Vg,) CInt C; for every i € J.

For each B € V(T;) — {R;} (1 <i < s), let Ag be the unique element of V(T3)
such that B < Ap, choose an ap € f(B) N Ap and let bg € B be such that
f(bg) = ap. Let o5 : Vg — Vi be a continuous function such that pg(B) = {bg}
and pp(z) =z for all € Bd Vg, and define

g(x) = f(pp(x)) forall z € Vp.

For each i € I, choose an a; € f(R;) NS; and let b; € R; be such that f(b;) = a;.
Let ; : Vg, — Vg, be a continuous function such that ¢;(R;) = {b;} and ¢;(x) =
for all z € Bd Vg,, and define

g(z) = f(pi(z)) forall x € Vg,.

For each ¢ € J, choose an a; € S;, define
g(x)=a; forx € R; and g(z)= f(z) for z € Bd Vg,
and extend g to map Vg, continuously into Cj. Finally, put

g(z) = f(z) forallze X —| {VasAe V(T1)U...UV(T.)}.

Then g € C(X), d(g, f) < €/2, g(B) = {ag} C Ap for every B € V(T;) — {R;} and
g(R;) = {a;} € S; (1 <i<s). Now, let ¢ € C(X) be such that d(¢,idx) < €/2
(where idx is the identity mapping of X), ¢(ap) € Int Ap for every B € V(T;) —
{R;} and ¢(a;) € It S; (1 <i<s). Put h=1vogec C(X). Then d(h,g) < €/2
(hence d(h, f) < €) and properties (iii) and (iv) hold with A in place of f (and so
h € Of). This completes the proof. O

Corollary 2. Most functions in C(X) are non-sensitive at most points of X.

Proof. Let z1, 29, 23, ... be a sequence of distinct elements of X which is dense in
X. For each r > 1, let A, 1,..., A, be pairwise disjoint elements of Gx with
diamA,; < 1/r and z; € Int A, ; for each 1 < ¢ < r. Consider the sets C, =
{4;1,...,A4,,} for r > 1, and apply Theorem 1.

Corollary 3. If u is a finite positive Borel measure on X, then most functions in
C(X) are non-sensitive p-almost everywhere on X.

Proof. We shall see in Lemma 4 below that for each integer » > 1 there is a finite
collection C, of pairwise disjoint sets of Gx such that u(X —UJsce, 4) < 1/r and
diam A < 1/r for every A € C.. Now, it is enough to apply Theorem 1.
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Lemma 4. Suppose 1 is a finite positive Borel measure on X. For every § > 0,
there are pairwise disjoint sets By, ..., Bs € Gx such that p(X —(B1U...UBg)) < ¢
and diam B; < 6 for every 1 <i < s.

Proof. Put D = {x € R";||z|| < 1} and H = {(z1,...,2,) € R";2, > 0}. By a
box in R™ we mean a set of the form

{(z1,...,2n) ER™a; <xy < a;+efor 1 <i<n},

where (a1,...,a,) € R® and € > 0. A closed box in R" is the closure of a box in R".

Since X is compact, there are sets Vi,...,Vy, ..., V; C X such that:

(1) For 1 < j < ¢, there is a homeomorphism ¢; : V; — B™ with ¢;(Int V) =
D.

(2) For £ < j < t, there is a homeomorphism v; : V; — B™ N H with
;(IntV;) = DN H.

(3) The sets ;' (3B"),...,¢, ' (3B"), %5 (3B" N H),...,.¢; '(3B" N H)
cover X.

For each 1 < j </ (resp. £ < j <), choose r; € [1/2,1] such that the boundary
of the set A; = 1/1;1(er") (resp. A; = w;l(er” N H)) has p-measure zero.

Fix n > 0. Write ¢ (Int A1) as a countable union of disjoint boxes Cy ; (i € N*)
of diameter < 7. Put By,; = ¢, '(C1;) (i € N*); then Int A; = (J5°, By ;. Now,
write 19((Int A3) — A1) as a countable union of disjoint boxes Ca; (i € N*) of
diameter < 1. Put By, = ¢5'(Ca;) (i € N*); then (Int Ag) — A; = |3, Ba.
Now, consider ¥3((Int As) — (A1 U A2)) and continue this process. Since each ¢; is
a uniform homeomorphism, by choosing 7 small enough we have that each B;; has
diameter < 4. Since X — U;Zl Uiz, Bji € BdA; U...UBdA,;, we may choose a
finite number By, ;,,...,Bj, i, of the B;; so that

,u(X — (le,il u...u Bjsﬂ;s)) < 0.

Since each C} ; is the union of an increasing sequence of closed boxes, we may choose
for each 1 < k < s a closed box Cj, C Cj, 4, so that

(X = (5 (C) U U (C)) < 0,

Hence, the sets B; = wj_ll(Cl), ..., Bs= 7/11_31(05) have all the desired properties.

3. SOME RESULTS ON PERIODIC POINTS

In the sequel, i(X) denotes the interior of the manifold X and Bx denotes the set
of all closed subsets of ¢(X) which are homeomorphic to B™. Note that each point
x € i(X) has a fundamental system of neighborhoods that belong to Bx. Given
feC(X)and z € X, Orb(f,z) = {, f(z), f?(x),...} is the orbit of z under f
and Fy = {y € X; f(y) = y} is the set of all fixed points of f.

Theorem 5. For most functions f € C(X), the set of all periodic points of f is
non-empty and the following property holds:

(P) For each integer m > 1, each x € Fym and each neighborhood N, of x in
X, there is a V € Bx such that V C N, — {z}, the sets V, f(V),..., fm= 1 (V) are
pasrwise disjoint and f™(V) C Int V.
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In order to prove this theorem we shall need the following

Lemma 6. Suppose f € C(X), p € X is a periodic point of f with period k, and
m is a multiple of k. Then, for every o > 0, there is a function g € C(X) such
that:
(i) d(g, f) < e
(i) g(z) = f(z) f v € X — [B*(ps) UB*(f(p)i@) U...UB*(f*~(p);)].
(iii) g has a periodic point with period m in i(X) N B*(p; ).

Proof. Choose neighborhoods Vy,V, ..., Vi of p, f(p), ..., f*(p), respectively, which
are homeomorphic to B™, so that V, C Vi, Vi,...,V, are pairwise disjoint, V; C
B(fi(p);a/2) for 1 <i < k, and f(V;) C V41 for 0 < i < k — 1. Choose distinct
pPoInts Yo, - -+ s Ym—1, 21, - - - , 2m € 1(X) so that

Yis Yitkor Yit2ks - - > Yir(m—k) € Int(Vi) = {f*(p)} (0<i<k-—1),
Ziy Zigks Zid2ks - - Zig(m—k) € It(V;) — {filp)} (1<i<k-1) and
Zky 22Ky - - > 2m € Int(Vp) — {p}.
For each 0 < i < k — 1, define
h(yi) = zit1, W(Yitk) = zitk+1s - BYit (m—1)) = Zit(m—k)+1

and h(z) = f(z) if z € (BAV;) U {f*(p)}, and then extend h continuously to map
V; into Vi1, Put h(z) = f(z) for x € X — (Vb U...UVi_1). Then h € C(X),
h(z) = f(x)ifx € [X —(VpU...UV;_1)]UOrb(f,p), h(V;) C Viyi for 0 <i < k-1,
and h(y;) = zj41 for 0 < j <m — 1. Now, let ¢ € C(X) be such that ¥(z,) = o,
P(zj) =yjfor 1 <j<m-—1,¢\V;) C Vifor 0 <i<k—1, and ¢(z) = z if
x€[X—(VoU...UVr_1)]UOrb(f,p). Let g=hot € C(X). Then g(V;) C Vis1
(0<i<k—1)and g(z) = f(z)ifx € [X — (Vo U...UVi_1)]UOrb(f,p), and so
(i) and (ii) hold. Moreover, z,, is a periodic point of g with period m and z;,, lies
in 4(X) N B*(p; ). This completes the proof.

Proof of Theorem 5. Let O be the set of all f € C(X) for which there area V' € Bx
and an integer s > 1 such that f*(V) C Int V. For each integer m > 1 and each
integer k > 1, let Oy, be the set of all f € C(X) such that either Fym = 0
or the following property is satisfied: there are finitely many pairwise disjoint sets
Vi,..., V. € Bx such that Vj, f(V}), ..., f™~1(V;) are pairwise disjoint (1 < j < r),
f™(V;) CIntV; (1 <j <r)and each 2 € Fym has a neighborhood with diameter
< 1/k which contains at least two distinct V}’s.

Clearly, the sets O, Oy, are open, and for each f € O N (ﬂmk O i) the set
of all periodic points of f is non-empty (by Brouwer’s fixed point theorem) and
property (P) holds. We have to show that the sets O and O, j, are dense in C(X).
Fix f € C(X) and € > 0.

Choose a € X. Let b € X be a cluster point of the sequence (f*(a)),>1 and let
W be a neighborhood of b in X which is homeomorphic to B". Let £; > 1 be an
integer such that f“ (a) € Int W and let 5 > £; be the smallest integer such that
f%(a) € Int W. Choose a point y € i(X)NInt W and let ¢,7) € C(X) be such that

¢z)=zand Y(z) =z if v € X —Int W,
(W) C W, (W) CW, é(y) = f(a) and $(f*(a)) = y.
Put g=1vo fo¢ e C(X). Then, y is a periodic point of g with period s = £ — {;.
Moreover, by choosing W small enough, we have d(g, f) < €¢/2. Now, let U € Bx be
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a neighborhood of y such that the sets U, g(U),...,g* 1(U) are pairwise disjoint.
Let V € Bx be a neighborhood of y contained in Int U and let ¢ € C'(X) be such
that p(z) =z if v € X — U, ¢(U) C U and (V) = {y}. Let h = goyp €
C(X). Then, h*(V) C Int V. Moreover, by choosing U small enough, we also have
d(h,g) < €/2. This proves that O is dense in C'(X).

We shall now show that O, is dense in C(X). If Fym = 0, then f lies in
O k- So, assume Fgm # (). Choose finitely many open balls Uy,...,U; in X of
radii < ﬁ that meet F'ym so that Fpm C Uy U...UU;. For each 1 < j <, choose
an z; € Fym NU;. Without loss of generality we may assume that xi,...,z; are
distinct. Let k; be the period of z; (1 < j <t). Fix n > 0. Let 0 < oy < 1 be such
that B(x1; 1) C U; and the balls

B(.’L'l, Ck]), B(f(xl)a al)a ey B(fklil(xl); al)
are pairwise disjoint and do not meet the set Orb(f,z;) for every j such that
Orb(f,z;) # Orb(f,z1). By applying Lemma 6, we see that there is a g1 € C(X)
such that d(¢1, f) < aq <7,

g1(z) = f(x) for every x € Orb(f,z1)U...UOrb(f,z:),

and g; has a periodic point a; € i(X)NB*(x1; 1) C i(X)NU; with period m. Note
that a; ¢ Orb(f,z1)U...UOrb(f,z:). Choose 0 < ag < 7 such that B(x1;as) C Uy
and the balls

B(z1;05), B(gi(21); 02), -, B(gi" ™ (21); a2)
are pairwise disjoint and do not meet Orb(gi,a1) or Orb(gi, ;) for every j such
that Orb(g1, ;) # Orb(g1, z1). It follows from Lemma 6 that there is a go € C(X)
such that ci(gg,gl) < ag <1,

g2(x) = g1(x) for every x € Orb(gy,a1) U Orb(g,21) U...UOrb(g1, ),

and gs has a periodic point by € {(X)NB*(x1; a2) C i(X)NU; with period m. Note
that by ¢ Orb(g1,a1) UOrb(gr,21)U...UOrb(g1,x¢). Now, consider x5 instead of
x1 and continue this process. We will finally obtain a function g (= go;) which has
periodic points aj,b; € i(X) N U; with period m (1 < j <t) so that the sets

Orb(g7 a1)7 Orb(ga bl)a e Orb(g7 at)7 Orb(ga bt)

are pairwise disjoint. Moreover, by choosing 1 > 0 small enough, we can also
guarantee that d(g, f) < €/2 (since d(g, f) < 2tn) and Fgm C Uy U...UU,.

Now, choose neighborhoods 71, ..., Z;, Wy, ..., W; € Bx of a1,...,as,b1,...,0b,
respectively, so that Z; C U;, W; C U; (1 < j <t) and the sets

9'(Z;), g(W;) (1<j<t,0<i<m—1)
are pairwise disjoint. Let Z1,..., Z],W{,..., W/ € Bx be neighborhoods of a4, ...,
at, b1, ..., by, respectively, such that Z; C Int Z; and W] C Int W; (1 < j <t). Let
¥ € C(X) be such that
V()=zxifxeX—(Z;U...UZUW U...UW),

U(Z;) C Zj, W(W;) C Wy, ¥(Z)) = {a;} and O(W)) = {b;} (1<j<t).
Put h = go ¥ € C(X). Then, ZJ’-,h(ZJ’-),...,hm_l(ZJ’-) are pairwise disjoint and
h™(Z5) C Int Z; (1 < j <t). The same properties also hold with W} in place of Z7.
Moreover, by choosing 71, ..., Z;, W1, ..., W, small enough we can also guarantee
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that ci(h,g) < €/2 and Fpm C U1 U...UU;. Hence, h € Oy, , and ci(h, f) < e, which
completes the proof of Theorem 5.

By combining Theorem 5 with Brouwer’s fixed point theorem we obtain the
following results.

Corollary 7. For most functions f € C(X), the set of all periodic points of f is
non-empty and has no isolated points.

Corollary 8. For most functions f € C(X), the set of all periodic points of f with
period m is dense in the set of all periodic points of f with period q whenever m is
a multiple of q.

Corollary 9. Suppose X has the fived point property. Then, for most functions
f € C(X), Fpm is a perfect set, and the set of all periodic points of f with period m
is dense in Fym (m > 1). In particular, most functions in C(X) have uncountably
many periodic points with period m, for each m > 1.

Remark 10. a) Agronsky, Bruckner and Laczkovich [I] proved that for most func-
tions f € C([0,1]), any neighborhood of a periodic point of f contains periodic
points of f of arbitrarily large periods. Soon after Simon [7] strengthened this re-
sult by obtaining Corollary 8 in the case X = [0,1]. In [I] it was also proved that
Fym is a perfect set for most functions f € C([0,1]).

b) For X = B™ with n > 2, Corollary 9 was obtained by the author in [3].

Recall that a point € X is said to be a non-wandering point of a function
f € O(X) if, for every neighborhood U of z, f*(U)NU # () for infinitely many
integers k > 1. We denote by (¢ the set of all non-wandering points of f.

Theorem 11. If i is a finite positive Borel measure on X, then for most functions
feC(X), u(y) = 0.
Proof. Let Z = {x € X;u({z}) > 0}. Since u is a finite measure, the set Z is
countable, and so X — Z is dense in X.
For each k > 1, let Oy be the set of all functions f € C(X) such that there are
finitely many pairwise disjoint Gx-trees T1,...,Ts with the following properties:
(i) If A, B € V(T}) and A > B, then f(B) C Int A.
(ii) If R; is the root of T;, then there is an S; € V(T;) such that f(R;) C Int S;.
(iii) Let R; = A;1 > A2 > --- > Ait, = S; be the chain of successive elements
of V(T;) connecting R; to S;. If

Y = U{A;A eV(T;) —{Ai1,..., Ay, } for some 1 < i <s} and

S

Yo = [ Jl(Air, = F(Ain)) U (Ai,—1 = F2(Ai1)) U U (Aig — £1(Ain)],
i=1
then p(X — (Y1 UY2)) < 1/k.

Since p is regular, each Oy is open in C(X). It is also clear that u(Qf) = 0
for every f € MNp—; Ok. Let us show that each O is dense in C(X). Fix k > 1,
f€C(X)and e > 0. Let 0 < ¢ < min{1/k,¢/2} be such that d(f(z), f(y)) < €/2
whenever d(z,y) < § (z,y € X). By Lemma 4, there are pairwise disjoint sets
Bi,..., B, € Gx such that

WX —(B1U...UB,)) <1/k and diamB; < for every 1 <i <r.
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By arguing as in the proof of Theorem 1 (with C; = {By, ..., B,}), we can construct
pairwise disjoint Gx-trees T1,...,Ts and a function h € C(X) so that d(h, f) <e
{B1,...,B,} C V(T1) U...UV(Ts) and (i) and (ii) hold with A in place of f.
Moreover, by the way the function h is constructed in the proof of Theorem 1, we
also have that for each A € V(T1) U ... UV (Ts), the set h(A) consists of exactly
one point, which we may suppose in X — Z (since X — Z is dense in X), and so
wu(h(A)) = 0. Thus, (iii) also holds with h in place of f, which completes the proof.

Let us denote by m,, the n-dimensional Lebesgue measure.
Corollary 12. For most functions f € C(X), Q¢ is nowhere dense in X.

Proof. Let (Oy)r>1 be a countable basis for the topology of X consisting of sets
Oy, for which there is a homeomorphism hy : O — B™ with

hi(i(X) N O) = {z € R [Jzf| <1}

For each k > 1 and each Borel set S of X, define uy(S) = m,(hi(S N Oy)). By
Theorem 11, for most functions f € C(X), ur(Q2f) = 0, and so, Q5 A Op. This
proves that Int Q; = () for most functions f € C(X), as desired.

Corollary 13. For most functions f € C(B™), m, () = 0.
Remark 14. The case n =1 of Corollary 13 was obtained in [1].

Remark 15. Recall that a point z € X is said to be a chain recurrent point of a
function f € C(X) if, for every € > 0, there is a finite sequence xg,x1, ...,z with
kE>1, z0 =ap =z, and d(f(z;), xi41) < € for 0 < ¢ < k. We denote by CR(f)
the set of all chain recurrent points of f. Clearly, CR(f) D Qf. The proof of
Theorem 11 actually establishes the following result: If p is a finite positive Borel
measure on X, then for most functions f € C(X), u(CR(f)) =0.

4. A FURTHER RESULT ON NON-SENSITIVITY

Theorem 16. For most functions f € C(X), the set of all points where f is
sensitive is dense in the set of all periodic points of f.

Proof. Let f € C(X) be a function such that property (P) of Theorem 5 holds.

Suppose z is a periodic point of f and let N be a neighborhood of z in X. Let m
be the period of x and put g = f™. By property (P), there is a V € Bx such that
V C N and g(V) C Int V. Consider the two sets A =V NQ, and B = ;—, ¢*(V).
Clearly, A and B are non-empty closed subsets of Int V.. Moreover, B is connected.
We claim that A is not connected, and so A # B. Indeed, let z € Int(V)) N F,. By
property (P), there is a W € By such that W C (Int V') — {2z} and g(W) C Int W.
Hence, the sets (X —W)N A and (Int W) N A form a separation of A, which proves
our claim. Let us prove that A C B. Suppose that this is not the case and let
y € A—B. Then y ¢ g*(V) for a certain ¢t > 1. Let v > 0 be such that B(y;y) C V
and the distance between y and ¢*(V) is greater than +. Since y € €, there is an
s > t such that B(y;v) N g*(B(y;7)) # 0. Since ¢*(B(y;7)) C ¢'(V), we have a
contradiction. Now, choose b € B — A and define

F=vn) U (o).

r=1k>r
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Then g(F) C F, F # () (since b € B) and b ¢ F (since b ¢ §,). Let € > 0 be
the distance between b and F. Choose an a € F and a § > 0. Thereisa k > 1
such that the intersection B(a;8) N (g%)~1({b}) is non-empty. If ag belongs to this
intersection, then d(ag,a) < & and d(g*(ao), g*(a)) = d(b, g*(a)) > e. This shows
that the family {¢°; s > 1} is not equicontinuous at a. Therefore, {f%;s > 1} is not
equicontinuous at a and, in particular, f is sensitive at a.

By combining Corollary 7 with Theorem 16, we obtain the following
Corollary 17. Most functions in C(X) are sensitive at infinitely many points of X .

Remark 18. All the results presented in the present paper remain valid if instead
of C(X) we consider the space CO(X) of all continuous functions from X onto X
endowed with the supremum metric. The proofs are essentially the same. We have
just to observe that all small pertubations needed in the proofs can be made by
means of continuous onto maps (which follows easily from the extension theorem
stated at the beginning of Section 2).
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