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ABSTRACT. A sampling expansion for vector-valued functions having values in
a Banach space, together with an inversion formula, is derived. The proof uses
the concept of framing models of Banach spaces that generalizes the notion
of frames in Hilbert spaces. Two examples illustrating the results are given,
one involving functions having values in LP[—7,7],1 < p < 2, and the second
involving functions having values in LP(R) for 1 < p < co.

1. INTRODUCTION
The Whittaker-Shannon-Kotel’'nikov (WSK) sampling theorem states that if a
function f is band-limited to [—o, 0], i.e., it is representable as

(L1) o= [ gy dr (teR),

for some function g € L?(—0,0), then f can be reconstructed from its samples,
f(km /o), that are taken at the equally spaced nodes k7 /o on the time axis R. The
construction formula is

B > km\ sin (ot — k)
(1.2) f(t) —k_z_:oof<7> (ot —Fem) (t eR),

the series being absolutely and uniformly convergent on R. See, e.g., [I7) p. 16].
Because the series in Equation ([Z2)) can be put in the form

t
(1.3 Z F00 Gy

where t;, = k7 /o and

(1.4) G(t) = sinot = ot ﬁ (1 - g) :

we shall say that the sampling series is a Lagrange-type interpolation series.
One of the generalizations of the WSK theorem, due to Kramer [I1], states that
if there exist a function K(x,t) continuous in ¢ such that K(z,t) € L*(I) as a
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3598 DEGUANG HAN AND AHMED I. ZAYED
function in z for every real number ¢t and a sequence of real numbers {t, },cz such

that {K(x,t,)}nez is a complete orthogonal family in L?(I) for some finite interval
I = [a,b], then for any function of the form

b R
(1.5) £(#) = / Fa)R (2,t) dz = (F, K) |

with F € L2(I), we have f(t) =>0" _ f(t,)S;(t), where

_ JPR (2, )K (2, t,)dx

1.6 Sx(t
(16) () [P K (2, t,)|2dz

It is easy to see that the WSK Theorem is a special case of the Kramer Theorem
because if we take I = [—0,0], K(z,t) = ¢!, and t,, = ZX, then {e’tnx}oof is a
n=—oo
complete orthogonal set in L?(I), and in addition

sino(t —t,) .
Sh(t) = ————= =sinc(o(t — t,)/m).
(1) =2 (ot~ ta) /)
Kramer [I1] noted that the kernel function K(x,t) and the sampling points
{tn}nez may be found from certain boundary-value problems. More precisely, let
L be the differential operator defined by

mn

d d
L=po(a) g+ +Par(@) = +Pula), T €L,

where pg(x) is a complex-valued function with n — k continuous derivatives, k =
0,1,--- ,n,on I = (a,b), and po(x) # 0 for any = € (a,b), with —oco < a < b < c0.
The adjoint operator L* is defined as

. " n _ . dn—l
L*g=(-1) dx—n(pog)‘i‘(—l) 1W

Let U;(y) =0, j =1,---,n, be boundary conditions of the form

(P19) + - +Dng-

Us() = > (s V(@) + Biay™ 1), G=1,2,-n,
k=1

and consider the boundary-value problem [I3] p. 82]

(1.7) Ly = —ty, zel,

Kramer observed that if the boundary-value problem (1) and (L) is regular,
self-adjoint, and possesses a function ¢(x, t) that generates the eigenfunctions of the
problem {¢,(z)}, when the eigenvalue parameter ¢ is replaced by the eigenvalues
{tn}, Le., ¢(x,t,) = ¢dn(z), then one can take the sampling points to be {t,}
and the kernel function K(z,t) to be ¢(x,t). Any boundary-value problem having
that property is said to have the Kramer property. Examples of boundary-value
problems having the Kramer property can be found in [17].

It should be emphasized that not every regular, self-adjoint boundary-value prob-
lem has the Kramer property. It can be shown that the boundary-value problem:
Yy’ = —\y, 0 < z < 7, with periodic boundary conditions y(0) = y(7), ¥’ (0) = /()
does not have the Kramer property.
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On the other hand, Kramer’s sampling expansion is known to exist for some
non-self-adjoint boundary-value problems and even for some self-adjoint problems
that do not have the Kramer property. One technique to use for those problems is
the Green’s function method introduced by A. Zayed in [16]. Under the assumption
that the Green’s function of the problem, G(x,&, \), has only simple poles at the
eigenvalues and the boundary conditions are strongly regular (see [I]), we have

- _
G(m757 )\) _ Z @]}(\x)ib];é-)7

j=t Y

uniformly for z,£ € I, where A\, and ¢,, are the eigenvalues and eigenfunctions of
the problem, and 1, are the eigenfunctions of the adjoint problem. It is known
that {¢,} and {¢,,} are biorthogonal bases for L?(I).

Now fix £ and let

Q¢ (z,A) == P(N)G(x, &, A), A eC,

where P is an entire function whose zeros are all simple and located exactly at the
eigenvalues of the problem. The function ®¢,(x, A) is an entire function in A since
the simple poles of G(x, &y, A), i.e., the eigenvalues of (7)) and (L), are cancelled
by the simple zeros of P()). The following theorem was proved in [I]; see also [I6].
Let f € L*(I) and F()\) be defined by

b
(1.9) PO = / F)®e, (1, \)dz.

Then F()) is an entire function of order 1/n (where n is the order of the differential
operator) and type not exceeding b — a that admits the sampling representation

PO

GawP

(1.10) F\) = iF()\k)

k=1

The sampling series (ILI0]) , which is a Lagrange-type interpolation series, converges
uniformly on compact sets of the complex plane and absolutely on C. One can then
utilize (I0) to derive an inversion formula for (TI]) in the form

o0
(1.11) flz) = / F(N)k(z, N)dA,

— 00
for some function k(z,\). An extension of these results to Hilbert spaces using
frames has been obtained in [15].

The aim of this article is two-fold: 1) to extend ([9) to Banach spaces, 2) to
derive an analogue of the sampling series (ILI0)) and the inversion formula (IIT)) in
a Banach space setting. In order to do that, a notion of frames in Banach spaces
is needed.

There are a number of generalizations of frames to Banach spaces. Chief among
them are atomic decomposition, Banach frames with respect to sequence spaces,
and framing models. Which one to use to derive an analogue of (I.I0) and (LIT])
was not obvious from the outset. It turns out that framing models are the most
suitable for our work. The derivation of the inversion formula uses the sampling
theorem, Bochner integrals, and some related inequalities, which fortunately all
seem to work nicely with framing models.
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3600 DEGUANG HAN AND AHMED I. ZAYED

In Section 2 we introduce the notation and preliminary material needed in the
sequel. The sampling theorem is given in Section 3, followed by two examples. The
first example deals with functions having values in LP[—7,7],1 < p < 2, and the
second deals with functions having values in LP(R) for 1 < p < oo. To the best
of our knowledge, these examples are new and do not follow easily from the case
p = 2. The inversion formula is derived in Section 4.

2. PRELIMINARIES

Let {\,} —, be a sequence of complex numbers, none of which is zero, with the
point at infinity as its only limit point. Let us assume that A\, # A\, if m # n, and
let us order them so that |A1] < |[Ag] < ---. Assume that there exists an integer p
such that >°°7 | 1/|A,[PT! converges. Set

2 P

G(U;P):(1—U)exp(u+%+-~-+%>7 p =1, and G(u;0) = (1 — u).

Then
(2.1) P = nle (i)

is an entire function in A of order 7, with p < 7 < p + 1, that vanishes exactly at
the points A = \,, and at no other point. We may include zero as one of the terms
of the sequence and replace P(X) by Py(A\) = AP(A).

Now we introduce the concept of frames in Banach spaces. Generalizing frames
in Hilbert spaces to Banach spaces, C. Grochenig gave the following definition of
atomic decompositions:

Definition 1. Let X be a Banach space and let Xy be an associated Banach space
of scalar-valued sequences indexed by N. Let (y;) be a sequence of elements from
X* and (z;) a sequence of elements of X. If (a) ((x,y;)) € Xg4, for each z € X,
(b) the norms ||z||x and ||({z,y;))|x, are equivalent, and (c) x = > 5= (z,y;)z;,
for each x € X, then ((y;), (x;)) is an atomic decomposition of X with respect
to Xg4. If the norm equivalence is given by Allz||x < ||({z,y:))|lx, < B|z| x, then
A, B are a choice of atomic bounds for ((z;), (v;)).

The idea of general frames actually appeared in 1985 in the work of Frazier
and Jawerth [10], where wavelet atomic decompositions were constructed for Besov
spaces and were called ¢-transforms. After Grochenig formalized atomic decompo-
sitions, there followed a flurry of activity in this area. Feichtinger [6] and Feichtinger
and Grochenig [7, 8] developed a general theory for a large class of function spaces;
see also [4 [5]. For a more general setting, Grochenig [9] gave the following defini-
tion.

Definition 2. Let X be a Banach space and let Xy be an associated Banach space
of scalar-valued sequences indexed by N. Let (y;) be a sequence of elements from
X*and S: Xy — X be given. If:

(a) ({(x,y;)) € Xg, for each x € X,

(b) the norms ||z||x and ||({z,v:))||x, are equivalent,

(c) S is bounded and linear, and S((z,y;)) = =, for each z € X,
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then ((y;),S) is a Banach frame for X with respect to X;. The mapping S is
the reconstruction operator. If the norm equivalence is given by

Allzl[x < (G, 9:)llx, < Bllllx,
then A, B are a choice of frame bounds for ((y;),5).

It was pointed out in [2] that there is a natural relationship between these two
definitions. Namely, a Banach frame is an atomic decomposition if and only if the
unit vectors form a basis for the space Xy. Moreover, Banach frames are quite
general and in fact, every Banach space has a Banach frame. Unconditional con-
vergence plays an essential role in Banach space theory. Taking the consideration
of the unconditionality, Casazza, Han and Larson in [2] gave three natural formu-
lations of frames for a Banach space and proved that all three definitions give the
same frames. The following is the one we will use in this paper.

Definition 3. A framing model is a Banach space Z with a fixed unconditional
basis (e,) for Z. Let {y,} be a sequence in X* and S : Z — X be a bounded oper-
ator. The pair ({y,}, S) is called a frame modeled on (Z, (e;);cz) if the following
hold:

(i) >z, yn)en € Z,Vz € X, where the convergence is unconditional.

(i) The norms ||z|| and ||}, (z, yn)en|| are equivalent.

(ili) SO, (@ yn)en) = z,Vo € X.

We point out that, unlike Hilbert space frames for which the reconstruction
operator S always exists, for Banach space frames this is not the case. That is why
the existence of a reconstruction operator is required in the different definitions of
Banach frames. In fact, it can be proven that the existence of such a reconstruction
operator is equivalent to the property that the space {d, (z,yn)en : © € X} is
complemented in Z; see [3]. The following lemma, whose proof can be found in
many standard textbooks on Banach spaces, will be needed in the proof of the
main theorems.

Lemma 2.1. Suppose that {x,} is an unconditional basis for a Banach space X.
For any sequence {ay} with |a,| < c, for all n, there exists M > 0 such that

17 ancaall < M| Y entl
n n

whenever Y, cnxy exists.

3. THE SAMPLING EXPANSION

Let ({yn},S) be a frame modeled on (Z, {e, }) and let P(\) be as in ([Z7]). Define
Ly as follows: For A # A1, Ao, ..., set
P
Lyz = S(Zn: m<xayn>en)vvx € X,
while for A = A, Ly, z = P'(\p){z,yx)Sex, Vo € X, For each z € X, define
F:C — X by F(\) = Lyz. Now we state and prove the main theorem of this
section.

Theorem 3.1. (1) For each fited A € C, Ly is a bounded linear operator on X.
(2) If K is a compact subset of C, then the set {Ly : A € K} is uniformly
bounded.
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(3) F(X) is a continuous vector-valued function that is completely determined
by its values {F(\,)} and can be reconstructed from these values according to the
formula

(3.1) FO = ¥ =g FOW)

where the convergence is unconditional.

Proof. (i) We prove (1) and (2) together, but first we show that Lyz is well-defined.
Let us denote the sequence {A,} by A. For any fixed A # A1, Ag, ..., let dy =
dist(A,A) > 0. Then there exists M, > 0 so that

P(X) P(X)
1< |
A=

Since by assumption ) (x,yn)e, converges unconditionally in Z, it follows from

Lemma 2] that ) PR (x,yn)en € Z. Thus Lyz is well-defined.

=xa)
Let K be a compact subset of C and Ag = {)\11, igs ,)\iq} be the set of all

A;’s that lie inside K. Denote the distance between K and A — Ax by d. Then for
any A € K and \; € A — Ak, we have

=M, < 0.

PO | 1 1
su < —sup |P == ||P|| .
sup [ {250 < 3 sup [POV] = 5 1P
Set
P(A)

hz()\):m, i:’i17i2,"'7iq.

Clearly, h; is analytic except possibly at A = \;, but since P has a zero at A =
Ai, h; is actually entire. Therefore, maxyex |hi(A\)| = [|hi| g is finite. Set C' =
max { |||l || i, ||K} ;and C(K) = max {C, || P|| x /0} . Thus, we have shown

that there exists C'(K) > 0 such that supycx \%\ < C(K) for all k.
Thus, by Lemma 2.7], it follows that for all A € K, there exists M > 0 such that

A
(3.2 152 g el < M1 el
Also by (ii) of Definition Bl there exists a positive constant N such that
(3.3) 1> (@, yn)enl| < N||z]|,Vz € X,
Then from [B2) and (B.3]) we have
PO

.4 L = - 7

(3.4) ] = IS i3y e smlen)
P

. < N N\ n n
(35) <ISIHIS (g smbenl
(3.6) < M|IS|[ 1Y (@, yn)enll < MN||S]| ||2]|-

n

So ||La|| < ||S||MN for any A € K, i.e., ||Ly|| is uniformly bounded on K.
(ii) To prove that F(\) is continuous, we show that G(\) = P(}\)F()\) is contin-
uous and since P(\) is entire, it will follow that F' is continuous. Let A ¢ A, and
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dy be the distance from A to {A}. Then, for any p € C such that |\ — pu| < dy/2,
we have

1
) ¥
|A'_'AnHﬁ‘_'An‘<_ A

Hence, by Lemma 2] again, there is a constant M > 0 so that

H ; ()‘ - )‘n)l(u - )\n) <w,yn)en\| < MH Z(l‘, y”>e””

n

for all v such that | — A| < dx/2. Therefore, once more from ([B2) and B3) we

have
16 = Gl = =1 ISCE (55 @ e
< M= pl [1SI] 11D (@, yn)enl|
(3.7) < MN|X = pl |ISI] [|2]],

which implies that lim, .y G(u) = G(X). Moreover, for X = \;, we clearly have
lim,,_.», F(p) = P'(A\i){x,yx)Sex = F(A\x). From this and the continuity of F'(\),
Equation (BJ]) follows. O

We close this section by two examples demonstrating the main result.

Example 3.1. Let X = LP[—n, x| for 1 < p < 2. Then X* = L—n, ] where
1/p+1/q = 1. It is known [12] that if {\,} is a sequence of real numbers so that
A —n| < (p—1)/2p for all n, then {e**»* : n € Z} is an unconditional basis for
LP[—m, w]. Thus, there is a sequence {h,, : n € Z} C Li—x, x| such that

F= (f hn)e™,
neZ
for any f € LP[—m, 7], where the convergence is unconditional. Now let
Z ={{cn}: Z cne™t converges unconditionally in LP[—7, 7]},
n

equipped with the norm ||{c, }|| = || 32, cne®**||. Then {e,} will be an uncon-
ditional Riesz basis for Z, where e,(m) = 9. Thus S : Z — LP[—m, 7| de-
fined by S({c,}) =3, cne? ! is a bounded operator such that S(}°, (f, hn)en) =
S (f hnyernt = f for all f € LP[—m, ). Therefore Theorem 2.1 applies and we

have: if
ZP)\ s hay ZP,\ ) s

P()
F(\) = ; WF(AH,

then

where the series converges in LP[—m, 7].

Example 3.2. Let W : [0,00) — RT be a radially decreasing function, i.e.,
W is decreasing, with W(0) < oo, and belongs to L'(R*). We say that W is
an L'-majorant of a function g defined on R if |g(z)] < W(|z|). Let ¢ be an
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3604 DEGUANG HAN AND AHMED I. ZAYED

orthonormal wavelet such that ¢ and 1’ have a common radial decreasing L'-
majorant W satisfying [;~ sW(s)ds < oo. Then it is known [14] that the sys-
tem of wavelets {%,k(@ =20/2p(2x — k), j, k€ Z} is an unconditional basis for
LP(R), 1 < p < 0.

Let X = LP(R) for 1 < p < co. Then X* = L%(R), where 1/p+ 1/¢ = 1. The
set {1 x(z)} is also an unconditional basis for L(R). Therefore, we have

f@)= > (frbja)tjn(@)
7,kEZ

for any f € LP(R), where the convergence is unconditional.
Now let us map Z X Z one-to-one into Z and set

Z ={{cji}: Z ¢;.k¥;k(x) converges unconditionally in LP(R)}
3.k
and equip it with the norm [|{c;x}| = |[22; ¢jx¥jkll- It follows that {e,} is

an unconditional Riesz basis for Z. Thus S : Z — LP(R) defined by S{c; i} =
Zj,k ¢j k¥jk is a bounded operator such that

SO fmren) =Y (i) tin = f
Jk Jk
for all f € LP(R). Therefore, by Theorem B.I]it follows that if

FO) =S Z};P(a)g;\%,ﬁen 7

where n is that unique integer that corresponds to the pair (j, k), then

P()
F(\) = ; WF(M%

where the series converges in LP(R).

4. INVERSION FORMULA

Now we derive an inversion formula for the vector-valued function F'(\) using
Bochner integrals.

Theorem 4.1. Let Z = (P, 1 < p < 2, and let {\,}nez be a sequence of real
numbers having oo as its only limit points and no finite limit point such that

-1
sup |\, —n| < C < (p—)7
neL 2p

for somep, 1 <p<2. Let

PO = 0= [T = 50 - ),
with
(4.1) /OO‘/\_(/\)\) p§D<oo, vn.
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Then if
FO) = S(X iy (emen), € X,
we have '
T = ]\}gnoo h FANKn(A)dA
where h

N
By, (A 1 (7 o,
Ex(y) =) P,((Ak)) and Bk()\):%/ MRt =Nt gy
k=—N .

Proof. From Theorem 18, p. 48 and Lemma 16.2, p. 57 in [12] , we infer that there
exists a sequence of functions {h, (z)} C LI(—n,m), where 1/p+1/q = 1 such that

PO /” 3

Y = R (t) e dt.
PESWIZEWEN S

It is easy to see that By(A) is in LP(R) for all 1 < p < oo, from which it easily

follows that

< P(N)Bk(N) /” Ant
L d)\ = hy,(t)e ' dt = 6, k.
[ e *

The integral on the left-hand side converges absolutely, in view of Holder’s inequal-
ity, because P(A)/(A=Ag) € LP(R) for 1 < p < 2 and Bg(A) € L4(R) for 1 < ¢ < oo,
in particular for 2 < ¢ < oo. Thus,

oo 0o 00 N
/_ F(/\)KN(A)dA:/_ Z%- 3 Bi(\)

—0

M

N POw) Wy P (An)
N N
Pl(>\n)<$7yn>
= Z — 8¢, = Z (@, yn)Sen.
n=—N Pl(/\n) n=—N
Hence, by the continuity of S it follows that
oo N
dm f FOKy()dx = Jim S(EN@c, Yn)en) = .

The proof will be complete if we can justify interchanging the integration and the
infinite summation above.

Because By € L1(R), so is Ky; therefore, by the Lebesgue dominated conver-
gence theorem, it suffices to show that [*_[|F(A)||P d\ < co. But first, we need to
show that for all y € X* with ||y|| = 1,

1/q
sup <Z<Sen,y>q> < 00.

lyll=1 \"%
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Let e, be the standard basis for {P. Then for any n = (n,) € [P, we have n =
> nMnen. Now for any y € X*, we have S*y € Z* = 9. However, (n,S*y) =
(Sn,y) = O, mSen,y) = >, Mm(Sen,y) holds for all I” sequence (7,,). Therefore
((Sen,y)) must be an [9-sequence which determines the bounded linear functional

S*y.
But since ||S*y|| = (32, |(Sen, y)|9)/9 and S* is a bounded linear operator, we
have
(4.2) sup [|S*yll = sup (D [(Seq, )9/ < (|57 < oo
llyll=1 lyll=1 =,
Now since [[F'(A)[| = supj, =1 {F'(A),y)|, for all y € X* with [|y[| = 1, it follows
that

IFO = s |5 25 ) (Sl

IEMI]

IA

1 1
Z PO /p /q
~ A— A,

1/p

llyll=1
By using Holder’s inequality and (£2)), we obtain
P
(2, yn) [P HSIHIP1 > [(Sen, )|
Y= n
P(A) b P *
;})\_)\n‘ (@, yn)| 1S,

which, in view of (41), yields

| 1EP <D (Sl ) 171 < o
This completes the proof. (I
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