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ABSTRACT. For a torsion-free abelian group A, we investigate the problem
of determining when End(A) is maximal as a ring in the near-ring of all 0-
preserving functions on A. We introduce the concept of quasi-End(A)-locally
cyclic groups and determine several properties of these abelian groups.

1. INTRODUCTION

Let A be an abelian group and let My(A) = {f: A — A: f(0) = 0} denote the
near-ring of zero-preserving functions on A. It is well known that My(A) is a simple
near-ring [7] for any group A, not necessarily abelian. On the other hand, My(A)
does contain subrings, for example End(A), the ring of all endomorphisms of A. In
[6] the problem of finding the subrings of My(A) containing End(A) was initiated.
As a result, it was found that every torsion group A has the property that End(A)
is maximal as a ring in My(A4).

To facilitate the investigation mentioned above, the class of End(A)-locally cyclic
(E-lc) groups was introduced and it was shown that an E-lc group has the property
that End(A) is a maximal subring of My(A). Several properties of E-lc groups were
found and several classes of E-lc groups were identified. In particular, every torsion
group is E-lc.

In this paper we turn our attention to torsion-free groups and later to torsion-free
groups of finite rank, i.e. tffr groups. It turns out that for torsion-free groups, a
more general condition suffices. We introduce this concept, called quasi-Elc, or qElc
for short, and show that whenever A is qElc, then End(A) is a maximal subring of
My(A). We obtain several properties of qElc groups and give some examples. In
particular, we show that the class of qElc groups properly contains the class of all
E-lc groups.

In Section 3 we use some work of Arnold [I] to completely characterize the qElc
groups of rank 2. In Section 4 we again consider the general case and consider the
case of tffr strongly indecomposable groups. We find some sufficient conditions for
such groups to be qElc.
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Convention 1. Throughout this paper all groups are abelian and the adjective
“abelian” is often omitted. We use Z,Z,,, Q to denote the additive group (or ring)
of integers, integers modulo n, and the rational numbers respectively. Moreover,
N is the set of positive integers. For undefined notation and concepts regarding
abelian groups we refer to [3].

2. BASIC CONCEPTS

If A is a torsion-free abelian group, we write QA for Q®,A. Note that A is an
End(A)-module by setting ¢ - a = ¢(a) for all ¢ € End(A) and a € A. The same
holds for QA and QEnd(A). We are now ready for our first definition.

Definition 1. A torsion-free group A is qElc if and only if for all elements a,b € A
there exists some ¢ € A such that a,b € (QEnd(A)) - c.

Of course, any E-lc group is qElc. Recall that two torsion-free groups A, B
are quasi-equal if there is a non-zero natural number n such that nA C B C A.
Moreover, A, B are quasi-isomorphic if A, B are isomorphic to two quasi-equal
groups. We now collect some basic properties of qElc groups, which show that
the notion of qElc groups fits nicely into the theory of the category of torsion-free
abelian groups with quasi-homomorphisms.

Lemma 1. Let A, B be torsion-free abelian groups. Then the following hold:

(1) If A is quasi-isomorphic to B and A is qElc, then B is gElc.

(2) The following are equivalent:

(2.1) A is qFlec.

(2.2) Any finite subset of A is contained in a cyclic QEnd(A)-submodule of QA,
i.e. QA is a locally cyclic QEnd(A)-module.

(2.3) For any a,b € A there are o, 8 € End(A) and somen € N,c € A such that
ac) =na and B(c) = nb.

(3) If A is tffr, then A is qElc if and only if QA is a cyclic QEnd(A)-module.

(4) Any direct sum of qElc groups is again qElc.

(5) If A is tffr and qElc, then rank(End(A)) > rank(A).

Proof. We will prove (2) first. Assume (2.1) holds. Let a; € A for all 1 <4 < n.
By the induction hypothesis, there is some ¢; € A such that a; € (QEnd(A)) - 1
for all 1 < i < n — 1. Since A is gElc, there is some ¢; € A such that c¢1,a, €
(QEnd(A)) - ca. This shows that a; € (QEnd(A)) - co for all 1 < i < n, ie. (2.2)
holds. To prove that (2.2) implies (2.3), assume that a,b € (QEnd(A)) - ¢. Then
there exist rational numbers ¢; = Z—, 1 = 1,2, such that, for some «a, 8 € End(A),
we have that a = (q1)(¢) and b = (¢28)(c). Note that ninsa = (z1n2a)(c) and
ningb = (29n10)(c). We infer that (2.3) holds because zinoa, zon18 € End(A). It
is trivial that (2.3) implies (2.1). This finishes the proof of (2). To show (1), we
may assume that there is some natural number n such that nA C B C A. This
implies that QA = QB as well as QEnd(A4) = QEnd(B). Thus QA is a locally
cyclic QEnd(A)-module if and only if QB is a locally cyclic QEnd(B)-module.
Item (3) follows immediately from (2), since QA is a finite-dimensional Q-vector
space. (4) follows easily from the definitions just like the corresponding result for
E-lc groups in [6]. To show (5), assume that A is tffr and qElc. By (3), there is
some ¢ € A such that QA = QEnd(A) - ¢ is an epimorphic image of QEnd(A) and
thus rank(End(A)) > rank(A). O
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Now we are ready to show that End(A) is a maximal subring of My(A) for qElc
groups A.

Theorem 1. Let A be a torsion-free group such that A is qElc. Then End(A) is a
mazimal subring of My(A).

Proof. Let R be a subring of My(A) containing End(A). From [6] we know that
R C Mz(A) = {f € My(A): f(na) =nf(a) for all n € Z,a € A}. To show that
R =FEnd(A),let p € Rand a,b € A. By Lemma 1(2.3) there exist c€ A,0 # n € Z,
a, 8 € End(A) such that a(c) = na and 8(c) = nb. Since «, 8 € End(A) C R, we
have that po (a+ ) =poa+ po . We infer

np(a+b) =p(na +nb) = p(a(c) + B(e)) = (po (a+ B))(c)
—(poa+poB)(e)=plalc) + p(B(c)) =p(na) + p(nb) =n(p(a) + p(b)).

Since A is torsion-free, we may cancel n and we infer p(a + b) = p(a) + p(b), which
shows that p € End(A) and thus R = End(A). O

While End(A) is a maximal subring for any torsion group A (cf. [6]), this is no
longer true for torsion-free groups A of rank at least 2. Note that subgroups of Q
are actually E-lc since Q is a locally cyclic group.

Theorem 2. Let A be a torsion-free group of rank at least 2. If End(A) is (iso-
morphic to) a subring of Q, then End(A) is not a mazimal subring of My(A) and
A is not qElc.

Proof. For any 0 # a € A, let (a), denote the pure subgroup of A generated by
aand R = {f € Mz(A): f({a),) C (a), forall a € A}. It is clear that R is closed
under addition and composition, and the identity is in R. Thus R is a subnear-ring
of My(A). To show that R is also a ring, let a, 3,7 € R and a € A. Then there
exist 7, s € Q such that 8(a) = ra and y(a) = sa. Since any integral multiple of an
element in R is also in R, we may take 7, s to be integers. Then

(ao (B+7))(a) = a(B(a) +v(a)) = a((r + s)a) = (r + s)a(a)
— ra(a) + sa(a) = a(ra) + a(sa) = a(8(a)) + a(1(a) = (a0 B+ ao7)(a),
which shows that R is left distributive and therefore a ring. Since the rank of A is

at least 2, it is not hard to show that R # End(A). Clearly, End(A) C Q is also
contained in R. This shows that End(A) is not a maximal subring of My(4). O

We remark that the absolutely anisotropic groups of rank at least 2 in [4] and
[5] are examples of groups satisfying the conditions of Theorem 2. In this case, the
ring R in the proof of Theorem 2 is Mz(A) and End(A) G Mz(A).

We also note that, from the above theorem, that if A is qElc, then End(A) ; Q.
In Example 3 we will give an example of a group A with End(A) G Q such that A
is not gqElc. Thus the converse of Theorem 2 does not hold.

We will now present an example of a tffr group G such that G is qElc, but not
E-lc.

Example 1 (see [2| page 158]). Let p,p1,p2,ps be distinct prime integers, and
let X; be the subring of Q generated by i, 1=1,2,3. Let X = @?:1 X; and let
G=X+ ]%(1,0, NZ+ %(0, 1,1)Z. Then GNQX,; = X; and, using types, one finds
that each X, hence X, is fully invariant in G. Further, G/X is a 2-dimensional
vector space over Z,, the field with p elements. By way of contradiction, assume
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that G is E-lc. Let {b1 + X,bs + X} be a basis of the Z,-vector space G/X.
Then there exist ¢ € G, 1,92 € End(G) such that ¢;(c) = b;, i = 1,2. Since
X is fully invariant in G, the ¢; induce endomorphisms ; of G/X such that
Yi(c+ X) = b; + X, and we have that G/X is a cyclic End(G)-module. This is
a contradiction, since some routine computations show that End(G) induces only
scalar multiplications on G/X. Thus G is not E-le. On the other hand, G is quasi-
equal to X, which is, by Lemma 1(4), a qElc group. Therefore, by Lemma 1 (4),
we have that G is qElc.

Using any group A from Example 1, we have that End(A) is a maximal subring
of My(A), but A is not E-lc. This shows that the converse of [6, Theorem I1.2] does
not hold. It is still open if the converse of our Theorem 1 holds.

3. RANK 2 GROUPS

In this section we will use the results above and Arnold’s work [I] to com-
pletely determine which torsion-free groups of rank 2 are qElc. Such a group G is
either almost completely decomposable, i.e. G is quasi-equal to a completely de-
composable group, or strongly indecomposable, i.e. QEnd(G) has only the trivial
idempotents. Recall that any rank 1 group A C Q is locally cyclic and thus A is
E-lc and gElc. By Lemma 1(4) we have that completely decomposable groups are
qElc and Lemma 1(1) implies that any almost completely decomposable group is
qElc. Therefore, we may now assume that G is strongly indecomposable. Arnold
[1 Theorem 3.3] states that these groups G fall into four distinct classes according
to the size of the type set of G. For two of these classes one has that End(G) is
a subring of Q and G is not qElc by Theorem 2. A third class of rank-2 groups

G has QEnd(G) =~ { { 5 2 ] cx,y € Q} and we see that the 2-dimensional Q-

vectorspace QG is a cyclic QEnd(G)-module with generator [ 1

by Lemma 1(3). In the fourth and last case, QEnd(G) is a quadratic number field,
i.e. a field F such that dimg(F) < 2. Of course, if dimg(F') = 1, then End(G)
is a subring of Q and thus G is not qElc, as seen above. On the other hand, if
dimg(F) = 2, then QG is a cyclic QEnd(G)-module and thus G is qElc. We con-
clude that either G is qElc or End(G) is a subring of Q. Theorem 2 tells us that
in the latter case, End(G) is not a maximal subring of My(G).

We summarize the above discussion in the following theorem.

and thus qElc

Theorem 3. Let G be a torsion-free group of rank 2. Then the following are
equivalent:

(1) G is gElc.

(2) QEnd(Q) is not isomorphic to Q.

(3) dimg(QEnd(G)) > rank(G) = 2.

(4) End(G) is a mazimal subring of My(G).

When G is strongly indecomposable, then the inequality in (3) becomes an equal-
ity.

Corollary 1. Let G be a torsion-free group of rank 2. Then End(G) is a maximal
subring of Mo(Q) if and only if dimg(QEnd(G)) > 1.
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4. GENERAL RESULTS

In this section we let A be any torsion-free group of finite rank (tffr) and deter-
mine some general conditions under which A is qEle. Recall [, Corollary 7.9] that
A is quasi-isomorphic to a direct sum of strongly indecomposable groups.

Theorem 4. Let A be a tffr group. If A is quasi-isomorphic to a (finite) direct
sum of strongly indecomposable tffr qFElc groups, then A is qElc. The converse of
this statement does not hold.

Proof. If A is quasi-isomorphic to a direct sum of qElc groups, then A is qElc by
Lemma 1(4) and (1). On the other hand, pick a tffr group B of rank at least 2 such
that QEnd(B) = Q. Then B is not gqElc by Theorem 2. Let A =7Z @® B. Then A
is E-le by [6l, Theorem III.3]. This shows that the class of qElc groups is not closed
under (quasi-) summands. O

We now focus our attention on strongly indecomposable groups. The next result
can be found in [IJ.

Theorem 5 ([I, Corollary 7.8]). If A is a tffr group, then A is strongly indecom-
posable if and only if QEnd(A) is a local ring.

Now from Wedderburn’s Principal Theorem, QEnd(A) = D + J(QEnd(A)),
where D is a division ring and the Jacobson radical J = J(QEnd(A)) is nilpotent.
Suppose J(QEnd(A)) = {0}. If A is qElc, we know from Lemma 1(3) that QA is
a cyclic QEnd(A)-module. Hence there is some ¢ € A such that QA = De. Since
D is a division ring, we get that dimg(D) = rank(A). We include this in our next
result.

Theorem 6. Let A be a strongly indecomposable tffr group such that QEnd(A) = D
is a division ring, i.e. J = {0}. Then the following are equivalent:

(1) A is qElc.

(2) rank(End(A)) = dimg(D) = dimg(QA) = rank(A).

(3) dimp(QA) = 1.

(4) Dz = Dy for all 0 # z,y € QA.

(5) Dax N Dy # {0} for all 0 # x,y € QA.

Proof. In the remarks prior to the theorem we have established that (1) implies
(2). Since dimg(D) = dimgp(QA), D and QA are isomorphic Q-spaces and since
both are D-spaces, we get that dimp(QA) = 1. In this case, for any 0 # z,y € QA,
Dz = Dy = QA, so we have that (3) implies (4). Trivially, (4) implies (5), and
it remains to be shown that (5) implies (1). To this end, let x,y be any non-zero
elements of QA and let 0 # ¢ € Dx N Dy. Thus there exist di,ds € D with
¢ = dyx = dgy. Since D is a division ring, x = dl_lc and y = dz_lc, which shows
that A is qElc. O

In particular, under the above hypothesis, A is qElc if and only if rank(End(A))
= rank(A). The following example shows that this is not true in general.

Example 2. Let A be tffr of rank n with QEnd(A) = Q (see [3| page 128, Exercise
8]). Let m be an integer with m > n and B = A™. Then QEnd(B) ~ Mat,xm(Q),
the ring of all m x m-matrices over Q. Let {ay,...,a,} C A be a basis of QA over Q.
Then the m-tuple (a1, as, ...,an,0,...,0) € B generates QB as a QEnd(B)-module.
Therefore B is qElc, but rank(B) = mn < m? = rank(End(B)).
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We next present some additional conditions which allow us to conclude that a
strongly indecomposable torsion-free group is qElc. From the proof of Theorem
6 we note that if Dz N Dy # {0} for all 0 # z,y € QA, then independent of
J = {0}, we get that A is gElc. Thus we wish to determine conditions under
which Dz N Dy # {0}. We know dimg(Dz) = dimg(Dy) = dimg(D). Moreover,
dimg(Dz + Dy) < dimg(QA) = n. Thus n > dimg(Dz + Dy) = dimg(Dz) +
dimg(Dy) — dimg(Dz N Dy) = 2dimg(D) — dimg(Dz N Dy). Therefore

dimg(Dz N Dy) > 2dimg(D) — n.
Hence if dimg(D) > %, then we have dimg(Dx N Dy) > 0.

Theorem 7. Let A be strongly indecomposable with QEnd(A) = D + J. If
2 - dimg(D) > rank(A), then A is ¢Elc.

We will see in the next theorem that the converse need not be true.

We continue with A strongly indecomposable and QEnd(A) = D + J, with
J # {0}. We know that A is qElc if and only if there exists some ¢ € QA such that
QA = (QEnd(A))-¢ = Dc+Je. Moreover, DenJe = {0}: If y € DenJe = JeNeD,
then y = dc = jc for some d € D and j € J. If y # 0, then ¢ = d~'jc and so
(1 —d 'j)c = 0. But 1 — d~'j is invertible since J is nilpotent and we get ¢ = 0,
a contradiction. Thus we have that A is qElc if and only if there is some ¢ € QA
such that rank(A) = dimg(Dc) + dimg(Je¢). In particular, suppose we consider,
instead of J being as small as possible, that D be as small as possible, i.e. D = Q.
We have established the following result.

Theorem 8. Let A be a strongly indecomposable group with QEnd(A) = Q +
J,J # {0}. Then A is gElc if and only if there exists some ¢ € QA such that
dimg(Jc) = rank(A) — 1.

It would be interesting to determine when the conditions of the above theorem are
satisfied. One situation is the following: Suppose there exist ji, ..., jn—1 € J — {0}
and ¢ € QA such that j1(c),...,jn—1(c) € J(¢) = J - ¢ are Q-linearly independent
elements of J(c). Since, as we have seen, J(c) # QA, so we have dimg(J(c)) =n—1
where rank(A) = n.

Suppose that rank(A) = p is a prime and again let A be tffr strongly inde-
composable with QEnd(A) = D + J. If dimg(D) = ¢ and dimp(QA) = ¢, then
p=ftandsol=1orf{=p If¢{=1and J={0}, then A is not qEle. If £ =1
and J # {0}, then Theorem 8 applies. If £ = p, then dimp(QA) = 1, so for each
0 # ¢ € QA we have that Dc = QA. This in turn implies J = {0}, and Theorem 6
applies. Thus one knows when strongly indecomposable groups of prime rank are
qElc.

We conclude with a class of examples which show that the conditions of Theorem
8 may or may not hold.

Example 3. From [§], if R is a ring with free additive group of rank n, then
there exists a torsion-free group A of rank n such that End(A) = R. In fact Ais a
subgroup of QR and strongly indecomposable if QR has only the trivial idempotents
0,1. We take R to be the subring of Mat,xn,(Z) of all lower triangular matrices
with the same entry along the main diagonal. Then R = Z&N with N nilpotent
and QEnd(A) = QR = Q®QN = Q@ J. For ease of exposition of our examples, we
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a 0 0
taken =3. If Ry = b a 0 | :a,bceZy, then rank(R;) = rank(A) =3
c 0 a
0 00
and QEnd(A) = Q @ J with J = x 0 0 | :z,y€Qp. From this we see,
y 0 0
1
forc= | 0 |, that dimg(Jc) =2 = rank(A) — 1 and it follows that A is gqElc.
0
a 0 0
On the other hand, if Ry = 0 a 0| :a,bc€Z),thenagainrank(A)=
b ¢ a
0 0 0
3 and QEnd(A) = Q+ J with J = 0 0 0 |:z,yeQ,.Here, dimg(Je) =
z y 0

1 # rank(A) — 1 for any ¢ € Q?, so A is not qElc.
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