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ABSTRACT. We prove the following extended version of Simons’ inequality and
present its applications. Let S be a set and T" be a subset of S. Let C be a
subset of a Hausdorff topological vector space which is invariant under infinite
convex combinations. Let f : C' X S — R be a bounded function such that
the functions f(-,t) : C — R are convex for all t € T and f(Az, s) =
Af(z, s) whenever A > 0, z, Ax € C and s € S. Let (z5) be a sequence in C.
Assume that, for every z € C; = {Zf;l AnTn 0 A >0,30° A =1 }7
there exists t € T satisfying f(z, t) = sup,cg f(z, s). Then

inf sup f(z, s) < suplimsup f(zn, t).
z€C1 ses teT n

If —C; C C, then the set C7 in the above inequality can be replaced by
conv{z1,z2,...}.

1. INTRODUCTION AND THE MAIN RESULT

The remarkable inequality of Simons [S1, Lemma 2] (see also e.g. p. 49])
has important applications to real analysis and the geometry of Banach spaces (see

c.g. “E:H7 “E:H7 EHHMa “GIHa Ma M7 HHHZL M7 Ma “SIl]v m})

Theorem 1 (Simons’ inequality). Let S be a set and let T be a subset of S. Let
(x5,) be a bounded sequence in 1o (S), the Banach space of bounded real functions
on S. Assume that, for every

n=1

re(C) = i)\nxn: Anzo,i)\nzl ,
n=1

there exists t € T satisfying

(1) x(t) = ilelga:(s)

Then the following inequality holds:

(2) inf supz(s) < suplimsup z, (),
2€C0 s teT n
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3486 KERSTI KIVISOO AND EVE OJA

where Cy denotes the convex hull of the sequence (x,,), that is,

C():conv{xl,xg,...}:{ZAnxn : meN, )\n>0,Z)\n:1}.
n=1 n=1

Recently, Deville and Finet [DF] extended Theorem 1 by taking instead of I, (S)
a topological vector space and by introducing a function f : C; x S — R in
conditions (1) and (2).

Theorem 2 (see [DE]). Let S be a set and let C' be a subset of a Hausdorff
topological vector space which is invariant under infinite conver combinations. Let
f:C xS — R be a bounded function such that the functions f(-,s) : C — R,
s € S, are convexr and there exists a neighbourhood U of 0 such that

|f($,$)—f(y,s)\§pu($—y), xay6075657

where py is the Minkowski functional of U. Assume that, for every x € C, there
erists t € S satisfying
f(z, t) =sup f(z, s).
ses

Then, for every sequence (x,) in C, the following inequality holds:

inf sup f(z, s) < suplimsup f(z,, s).

z€C s¢5 s€ES  n

In the present article, inspired by Theorem 2, we shall prove the following exten-

sion of Theorem 1, where the continuity assumption on f(-, s), s € S, in Theorem
2 is replaced by a purely algebraic one. Moreover, like in Theorem 1, the subset

T is not necessarily equal to S (cf. Theorem 2), a fact that has been crucial in
applications of Simons’ inequality (see e.g. [AGI, [EG], [G1], [G2], |[GZ], [O3], [S1]).

Theorem 3. Let S be a set and let T' be a subset of S. Let C be a subset of a Haus-
dorff topological vector space which is invariant under infinite convex combinations.
Let f:C xS — R be a bounded function such that

(3) the functions f(-,t):C — R, t € T, are convex
and
(4) f(Az, s) = Af(x, s) whenever A >0, z, \x € C and s € S.

Let (z,,) be a sequence in C. Assume that, for every

[ee] (oo}
xeClz{Z)\nxn: Anzo,ZAn:1},
n=1 n=1
there exists t € T satisfying

f(z, t) =sup f(z, ).

seS
Then the following inequality holds:
(5) inf sup f(zx, s) < suplimsup f(x,, t).
€01 s¢8 teT n

If, moreover, —C7 C C, then the set Cy in (5) can be replaced by conv{z1,
o, ... }
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EXTENSION OF SIMONS’ INEQUALITY 3487

Remark 1. Let (z,) be a bounded sequence in a Banach space and let C' be the
closed absolutely convex hull of (z,). It is straightforward to verify that C is
invariant under infinite convex combinations. Therefore Theorem 1 immediately
follows from Theorem 3 if one sets

flz,s) =x(s), ze€C, ses.

The beautiful technical proof of Theorem 2 due to Deville and Finet [DF] uses
ideas inherent in the original proof of Theorem 1 (see [S1] or [HHZ, pp. 49-51]
or [G2]). In [O1] (see [FHHMPZ, pp. 80-81]), the second-named author found a
simple direct proof of Theorem 1 that, unfortunately, does not work for Theorem
2. In contrast, Theorem 3 can and will be proved (in Section 2) relying on ideas of
the proof of Theorem 1 in [OT].

The main application on a pointwise convergent sequence of vector-valued func-
tions deduced from Theorem 2 in [DF] (see Corollary 2 in Section 3 below) is also
immediate from our Theorem 3, thus providing an easier proof for this result.

2. PROOF OF THEOREM 3

The proof of Theorem 3 will be given as a consequence of some elementary
lemmas. Let us recall that S is a set, T is a subset of S, and C is a subset of a
Hausdorff topological vector space. The set C' is assumed to be invariant under
infinite convex combinations, meaning that

i A Zy €C
n=1

for every sequence (z,,) in C and for every sequence of non-negative numbers (\,)
such that >°°° ' A\, = 1. In particular, C is a convex set. We also have a bounded
function f : C x S — R satisfying conditions (3) and (4).
We now fix some more notation. Let
C= U aC.

a>1

We extend f from C x S to C x S defining
flaz, s) = af(x,s), a>1l,zeC,seS.

Clearly, the function

f:CxS8—R
is well-defined (by (4)), bounded on every subset aC x S, where o > 1, and
(6) fAz, 8) =Af(z,8), A>1,z€C,s€eS.

Lemma 1. If 21, 20 € C, then 21 + 22 € C and
flzi14+ 20, ) < f(z1, 6) + f(20, t), teT,
meaning that the functions f(-,t) :C — R, t € T, are subadditive.
Proof. If z1, 2z € C, then 21 = ax and 2o = By with o, 8 > 1 and z, y € C. Hence
yi=a+B>1, A= % €(0,1), and B = (1 — ).
Thus Az + (1 — ANy € C, and so
z1+ 2z =7y +(1—-Ny) eC.
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3488 KERSTI KIVISOO AND EVE OJA

Since the functions f(-, t), t € T, are convex on C,

flzr 420, t) = fl(y(Az+ (1= Ny), )
YAz + (1= Ny, 1)
YAf(z, ) +9(1 = AN f(y, t)
af(z, t)+Bf(y, t)

f(z1, 1) + f(z2, 1).

VAN

Let (zy) = (2,)52, be a sequence in C. Below, we use the notation

Ck:{i)\nxn: A,Lzo,i)\nzl}, k e N.
n==k

n=k

Clearly C > C1 D Cy D ...
Lemma 2. Ify e Cy, k€N, andt € T, then
f(y, t) <sup f(ay, 1).
n>k

Proof. Let
(o) oo
n=~k n==k

If there exists an [ € N such that Zil:k An = 1, then the claim is immediate
from the convexity of f(-,t): C — R (assumption (3)).

Let us assume that Z;:k An, < 1foralll € N. For e € (0, 1/2), choose I € N so
that

l
)\::Z)\n>1—e.
n=k

Since y € C C C and 1/(1 — A) > 1, we have, by (6),
1 y
50 = (5 1) = fla )
where l
z = ﬁnz_k)\—/\nxn € %C’CC
(notice that A/(1 —X) > (1 —¢)/e > 1) and

o0

An
Zg = E 1_)\In€C’CC.
n=I[+1

Using Lemma 1, (6), and (3), and denoting

M = sup | f(z, t) |,
zeC

we get that
f(z1+22,1) <

ny t) + M.
1—A21§2f(x )+
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EXTENSION OF SIMONS’ INEQUALITY 3489

Hence
Fly: 1) < Asup flan, 1) + (1 =AM
< mcfsup flan, ) (1= €) sup f(a 6} 4+
n>k n>k
and the claim follows since € € (0, 1/ 2) is arbitrary. g

Lemma 3. Let k € N. If piy, >0, >0°_, fiy, = 1, and 2z,,, € Cy, then

Y= Z,umszCk.

m=Fk

Proof. Notice that y € C since z,,, € C),, C C. Let

0o )
Zn = AnmTns Aum 20, Y Ay =
n=m n=m
Denote
Anm = PmAnm, ™M >k, n>m;
then

o oo
Y= Z Z Apm Ty -

m=kn=m
Let (b;)$2, be any rearrangement of the elements of the matrix (anm,) as a se-
quence. Since

we also have

In particular,

(7) Z Z Apm = 1.

Let us now denote
Unm = QnmTn, M >k, n>m,

and let (v;)72; be any rearrangement of the elements of the matrix (unm,) as a
sequence. Since v; = b; Ty(;) with Zf; b; =1, b; > 0, and ;) € C, the series
> oo, v; converges in C. This implies that the series > -, Ur(iy converges for every
permutation 7 of the natural numbers. It is well known and can be easily verified
that then the sum of Y .o, Ur(;) does not depend on the permutation 7. (In fact,
if two rearrangements of the series gave different sums = and y, then one could
combine these two rearrangements to obtain a rearrangement of the series such
that a subsequence of its partial sums would converge to x and another to y.)
Denote this uniquely determined sum by «. In particular, by (7), we have that

o0 n
I:Z ZanmanCk.

n=k m==k
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3490 KERSTI KIVISOO AND EVE OJA

Therefore it suffices to prove that y = x.

Recall that
Y= tnm.

m=kn=m
Let U be any closed neighbourhood of 0 and let V be a neighbourhood of 0 satisfying
VY —V CU. Choose M; > k so that

M oo
ZZunmnyV

m=kn=m

whenever M > M;. Next choose My > Mj so that

My 00
Z Z Upm € V.

m=kn=Ms+1
We continue in an obvious manner to obtain a sequence of indices k < M; < My <
M3 < ... so that
Mj fe's)
Z Z Unm €V, JEN,
m=k TL:Mj+1+1
and therefore
M; Mji4 M; oo M; oo
DD um =y = DD em—y= D, D, tnm
m=k n=m m=k n=m m=kn=M;1+1
(8) e V-vcu, jeN
We can choose inductively a rearrangement (v;) of the matrix () so that
Mj Mjiq N
(9) > D unm = v JEN,
m=k n=m =1
for some sequence N; < Ny < ... of integers. Indeed, we start by picking the
elements wuy, with m € {k, ..., My} and n € {m, ..., My}. Next we add the
elements wpy, with m € {My +1, ..., My} and n € {m, ..., M3}, and also those
with (m, n) € {k, ..., M1} x {My+1, ..., M3}. We continue in an obvious way.

Since
N;
lim E v, =@,
Jj—o0 “
=1

we get from (8) and (9) that © —y € U. This means that x — y is contained in all
neighbourhoods of 0. Hence z = y as desired. (]

Remark 2. Lemma 3 holds in the stronger form with z,, € Cy (instead of z,, € C),).
(In fact, an obvious modification of the above proof (look at n > k instead of n > m)
shows that y = x, where x is the uniquely determined sum of the rearrangements
(as in the above proof). Let z = > > > aym2y. Then z = x, by the same
proof. Hence y = z. Since clearly z € Ci, we have y € C} as desired.) This
form of Lemma 3 extends a result by Galan and Simons [GS, Lemma 2] from
real sequentially complete Hausdorff locally convex spaces to general Hausdorff
topological vector spaces.
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EXTENSION OF SIMONS’ INEQUALITY 3491

Proof of Theorem 3. Denote
o(z) =sup f(z, s), z€C,
ses
and notice that o(z) € R because if z = ax with & > 1 and = € C, then o(z) =
ao(z) and the function f is bounded on C' x S. We also notice that, by (6),
o(Az)=Xo(2), A>1,z€eC.
To establish inequality (5), that is,

inf o(z) <suplimsup f(z,, t) =: or,
zeCy teT n

it clearly suffices to prove that, for any ¢ > 0, there exist v € C1, Y, € Cyp1 With
m € N, and ¢t € T satisfying

(10) o(v) —e< f(ym: t), meN.
Indeed, by Lemma 2, we would then have

inf —e < —

nf olx)—e < o(w)—e

= lim sup f(zn,1t)
m pn>m-1

= limsup f(@m, t) < or,
m

yielding the desired inequality because € > 0 is arbitrary.

Let € > 0. Developing the idea of the proof of Simons’ inequality in [OT], we
shall define v € Cy and y,,, € Cy, 41, m € N, by using some inductively constructed
sequences (vg)72, and (2x)7>;. Their construction will be based on the simple
observation that

inf o(z)eR, k=0,1,...
ze2kC

(since f is bounded on the sets 2% C' x 9).
We start by taking vg = 0. Using the fact that

inf o(z) €eR
zeCq
(because Cy C C), we choose z; € C; so that

< inf
o(z1) < Jnf o(z) +

N

Once z, € Ck, k € N, has been chosen, we put

k
Zn

Vg = 2—n

n=1

Then, for all z € C, in particular, for all z € Ck41, we have

k
z 1 1

n=1

(because C' is convex) and therefore

inf o(2" eR.
zElé'lk+1 U( vkt Z)
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3492 KERSTI KIVISOO AND EVE OJA

This enables us to choose 241 € Ck41 so that

k . k €
(11) (2% + 2p41) < Zelgf+1 o(2Fv, + 2) + SHFT
Write
ad z
we= ., 2 k=01,
n=k+1
and
o0
— — Zn
V=Y = 2_”
n=1

Since z, € Cp, n € N, we have, by Lemma 3, that v € C; and y, € Cry1, k € N,
as needed, and by assumption, we have a t € T satisfying f(v, t) = o(v).
To verify condition (10), we first observe that
2k, + Zhp1 = 2k, + 2F+L (Vg1 — V) = ok+1 Vg1 — v, k=0,1,...,
and
%o +yp =250, k=0,1,....
Therefore, by (11),

€ €
o (28 — 2Fu) < o(2F0) + ST = 2k g (v) + g k=01

Now, using the subadditivity of f(-,¢) :C — R (see Lemma 1), we can infer that

m—1

f@Mu,, t) = f( Z (2’”1 Vi1 — kak), t>
k=0
m—1 m—1
< Z o (2" vy — 2My) < Z 28 g (v) + ¢
k=0 k=0

= (2" =-1)o(w)+e=f(2mv, t)—o(v) +e€
= f(QmUm + Ym, t) - 0'(’()) te
< f@"m, t) + f(Ym, t) —o(v) +¢, meN.

This means that (10) holds and thus completes the proof of the main assertion of
Theorem 3.
For the moreover part, let us assume that —C; C C' and show that

op = mlencf*o o(x) = mlencfl o(zx) =: o1,

where Cy = conv{xy, x5 ...}, or equivalently, since Cy C C1, that
oo < 0.
We shall use the observation that

o(x) =sup f(z, t)
teT

for every x € C4, which is clear from the assumption.

Let
yzz)\nxna )\nZOaZAn:L
n=1

n=1
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EXTENSION OF SIMONS’ INEQUALITY 3493

be any element of C; \ Cy and let € € (0, 1/2). Fix I € N so that

l
)\::Z/\n>1—e.
n=1

As in the proof of Lemma 2, we can write

Y A
Tox 1At
for some xg € Cy and z € Cy. Since
1i)\x0=%+(—z), xo, y, (—2) € C CC, %, ﬁ > 1,
by Lemma 1,
A 1
o f o 1) < o 0+ M

for every t € T, where M = sup{| f(z, t) |: = € C,t € T}. Hence,
Af(zo, t) < fly, t) + eM < o(y) + €M
for every t € T, implying
Aog < Ao(zg) < o(y) + eM.
Therefore
min{(1 — €)oo, oo} < o(y) + eM.

This implies, since € € (0, 1/2) is arbitrary, that o9 < o(y) whenever y € C; \ Cp.
Since o¢ < o(y) also for all y € Cp, we conclude that o9 < o1 as needed. O

3. APPLICATIONS

It is straightforward to verify that if C' is a bounded closed convex subset of a
Banach space, then C' is invariant under infinite convex combinations and Theorem
3 applies.

We shall first apply Theorem 3 to study pointwise convergence of bounded se-
quences in Banach spaces.

Corollary 1. Let (z,) be a bounded sequence in a Banach space and let C denote
its closed absolutely convex hull. Suppose that S, T, and f satisfy the conditions of
Theorem 3. Ifsup,cg f(z, s) >0 for allz € C and lim,, f(x,, t) =0 forallt €T,
then there exists a sequence (yy) of convex combinations of (x,) such that

limsup f(yn, s) = 0.
noses
Proof. Since —C7; C C (the notation for Cy is as in Theorem 3), we get from
Theorem 3 that

0 < inf sup f(z, s) <suplim f(z,, t) =0,
z€Co 55 teT ™

where Cy = conv{zy, 3, ...}. Therefore the desired sequence (y,,) C Cp exists. O
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3494 KERSTI KIVISOO AND EVE OJA

Corollary 2. Let S be a compact topological space and X a Banach space. Let
(¢n) be a bounded sequence in the Banach space C(S, X) of continuous functions
p0: 8 — X. Let T C S be such that, for every ¢ € C(S, X), there exists t € T
satisfying

lell = lle@®)lx-
If the sequence (py) converges to zero pointwise on T, then there exists a sequence

(¥n) of convexr combinations of (¢n) which is uniformly convergent to zero on S
(that is, ||n] — 0).

Proof. The result immediately follows from Corollary 1 if one recalls that

loll = sup le(s)llx, « € C(S, X),

and sets
fp, s) = lles)llx, »€C,s€S.
O

Remark 3. The particular case of Corollary 2 with T = .S was deduced from The-
orem 2 in [DE) Proposition]. The particular case of Corollary 2 with X = R is
immediate from [S1l, Corollary 9].

Let S be a convex subset of a linear space. Recall that a point ¢t of S is an
extreme point of S if t = %(51 + s2) and s1, so € S imply that t = s; = s2. Recall
also that a function ¢ from S to a linear space is affine if p(As; + (1 — N)s2) =
Ap(s1) + (1 — N)p(s2) for all 51, s5 € S and all X € (0, 1).

Corollary 3. Let S be a compact convex subset of a Hausdorff locally convex topo-
logical vector space and let T be the set of extreme points of S. Let X be a Banach
space. If a bounded sequence of affine functions (v,) C C(S, X) converges to zero
pointwise on T, then there exists a sequence () of conver combinations of (¢y)
which is uniformly convergent to zero on S.

Proof. Put f(p, s) = ||¢(s)||x for all affine functions ¢ € C(S, X) and all s € S.
The claim is immediate from Corollary 1 and Bauer’s maximum principle: if g :
S — R is a continuous convex function (we take g(s) = ||¢(s)|| x for affine functions
v € C(S, X)), then there exists t € T such that g(t) = sup{g(s) : s € S}. O

We conclude with a corollary of Theorem 3 that can be efficiently applied in sit-
uations encountered for instance in key results of [L, Theorem 4.2] or [O3, Lemma
2.1]. Let L(X, Y') denote the Banach space of bounded linear operators from a Ba-
nach space X to a Banach space Y. Recall that the functionals z®@y* € (L(X, Y))*,
where z € X and y* € Y*, are defined by (z ® y*)(A) = y*(4x), A€ L(X, Y).

Corollary 4. Let X and Y be Banach spaces and let (A,) be a bounded sequence
in L(X,Y). If

limsup Reg(4,) < A,
for some A > 0 and for all functionals g contained in the weak* closure of the subset
{zey*: ze X,y e Y™ |zl = lly*|| =1} of (L(X, Y))*, then there exists a
sequence (By,) of convex combinations of (Ay) such that

lim || B, | < A

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



EXTENSION OF SIMONS’ INEQUALITY 3495

Proof. For applying Theorem 3, let C' denote the closed absolutely convex hull of
(A,) in L(X, Y). Further, let S be the closed unit ball of (L(X, Y))* and let T be
the weak™® closure of {z ®@y*: z € X, y* € Y™, ||z|| = |ly*|| =1}. Note that T C S
and, by Alaoglu’s theorem, T' is weak® compact.

Define f: C xS — R by

f(A,g9) =Reg(4), AcCCL(X,Y) geScC(LX,Y))"
Then conditions (3) and (4) are clearly satisfied. Moreover, for any A € C (in fact,
for any A € L(X, Y)), using the weak* compactness of T, we have

sugf(A, 9) = |[Al=sup{Re(z@y*)(4): z€ X, y" €Y,
ge

=|ly*|l=1}= A, g).
lzll = lly™| =1} = max f(4, g)

Since —C; C C (the notation for C} is as in Theorem 3), we get from Theorem
3 that

inf || A|l < supli Reg(A,) < A
ot [ ||_21€15 fm sup eg(An) <A,

where Cy = conv{4;, As, ...}. To obtain the desired sequence, choose (B,,) C Cy
so that
li [ B | = inf [|A]|.
n A€Co

O

Remark 4. The particular case of Corollary 4 with A = 0 follows from the general-
ization of Rainwater’s theorem due to Simons [S1l, Corollary 11].

ACKNOWLEDGEMENTS

We thank Catherine Finet and Robert Deville for kindly providing us with the
preliminary version of [DF]. We also thank the referee for helpful suggestions that
improved the exposition.

REFERENCES

[AG] M. D. Acosta, M. R. GALAN, New characterizations of the reflexivity in terms
of the set of norm attaining functionals, Canad. Math. Bull. 41 (1998), 279-289.
MR1637649|/(99]:46015)

[DF] R. DEVILLE, C. FINET, An extension of Simons’ inequality and applications, Rev.
Mat. Univ. Complut. 14 (2001), 95-104. MR1851724//(2002g:46014)
[FG] M. FABIAN, G. GODEFROY, The dual of every Asplund space admits a projectional

resolution of the identity, Studia Math. 91 (1988), 141-151. MR0985081/(90b:46032)
[FHHMPZ] M. FaBiaN, P. HaBALA, P. HAJEK, V. MONTESINOS SANTALUCIA, J. PELANT, V.
Z1ZLER, Functional Analysis and Infinite-Dimensional Geometry, Canad. Math.
Soc. Books in Mathematics, 8, Springer-Verlag, New York, 2001. MR1831176

(2002f:46001)

[GS] M. R. GALAN, S. SIMONS, A new minimaz theorem and a perturbed James’s theorem,
Bull. Austral. Math. Soc. 66 (2002), 43-56. MR 1922606 |(2003m:46109)

[G1] G. GODEFROY, Boundaries of a convex set and interpolation sets, Math. Ann. 277
(1987), 173-184. MR0886417| (88£:46037)

[G2] G. GODEFROY, Some applications of Simons’ inequality, Serdica Math. J. 26 (2000),
59-78. MR1767034(2002c:46026)

(GZ] G. GODEFROY, V. ZIZLER, Roughness properties of norms on non-Asplund spaces,
Michigan Math. J. 38 (1991), 461-466. MR1116501|/(93e:46018)

[HHZ] P. HABALA, P. HAJEK, V. ZIZLER, Introduction to Banach Spaces, I, Charles Univer-

sity, Prague, 1996.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=1637649
http://www.ams.org/mathscinet-getitem?mr=1637649
http://www.ams.org/mathscinet-getitem?mr=1851724
http://www.ams.org/mathscinet-getitem?mr=1851724
http://www.ams.org/mathscinet-getitem?mr=0985081
http://www.ams.org/mathscinet-getitem?mr=0985081
http://www.ams.org/mathscinet-getitem?mr=1831176
http://www.ams.org/mathscinet-getitem?mr=1831176
http://www.ams.org/mathscinet-getitem?mr=1922606
http://www.ams.org/mathscinet-getitem?mr=1922606
http://www.ams.org/mathscinet-getitem?mr=0886417
http://www.ams.org/mathscinet-getitem?mr=0886417
http://www.ams.org/mathscinet-getitem?mr=1767034
http://www.ams.org/mathscinet-getitem?mr=1767034
http://www.ams.org/mathscinet-getitem?mr=1116501
http://www.ams.org/mathscinet-getitem?mr=1116501

3496 KERSTI KIVISOO AND EVE OJA

[L] A. Livma, Property (wM*) and the unconditional metric compact approzimation prop-
erty, Studia Math. 113 (1995), 249-263. MR1330210|/(96¢:46019)

[01] E. Osa, A proof of the Simons inequality, Acta Comment. Univ. Tartuensis Math. 2
(1998), 27-28. MR1714730//(2000k:26030)

[02] E. Oja, Géométrie des espaces de Banach ayant des approzimations de l’identité con-
tractantes, C. R. Acad. Sci. Paris, 328 (1999), 1167-1170. MR1701379|(2000d:46020)

[03] E. O1aA, Geometry of Banach spaces having shrinking approximations of the identity,
Trans. Amer. Math. Soc. 352 (2000), 2801-2823. MR1675226(2000j:46034)

[S1] S. SIMONS, A convergence theorem with boundary, Pacific J. Math. 40 (1972), 703—
708. MR0312193||(47:755)

[S2] S. SIMONS, An eigenvector proof of Fatou’s lemma for continuous functions, Math.

Intelligencer 17 (1995), 67-70. MR1347898 (96e:26003)

FAcULTY OF MATHEMATICS AND COMPUTER SCIENCE, TARTU UNIVERSITY, J. Livi 2, EE-50409
TARTU, ESTONIA
E-mail address: kersti.kivisoo@mail.ee

FAcuLTY OF MATHEMATICS AND COMPUTER SCIENCE, TARTU UNIVERSITY, J. Liivi 2, EE-50409
TARTU, ESTONIA
E-mail address: eveoja@math.ut.ee

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=1330210
http://www.ams.org/mathscinet-getitem?mr=1330210
http://www.ams.org/mathscinet-getitem?mr=1714730
http://www.ams.org/mathscinet-getitem?mr=1714730
http://www.ams.org/mathscinet-getitem?mr=1701379
http://www.ams.org/mathscinet-getitem?mr=1701379
http://www.ams.org/mathscinet-getitem?mr=1675226
http://www.ams.org/mathscinet-getitem?mr=1675226
http://www.ams.org/mathscinet-getitem?mr=0312193
http://www.ams.org/mathscinet-getitem?mr=0312193
http://www.ams.org/mathscinet-getitem?mr=1347898
http://www.ams.org/mathscinet-getitem?mr=1347898

	1. Introduction and the main result
	2. Proof of Theorem 3
	3. Applications
	Acknowledgements
	References

