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ABSTRACT. In the present paper we provide sufficient conditions such that
a normalized pointwise convergent to zero sequence in C(K,X) with K a
compact space and X a Banach space has an unconditional subsequence.

As a consequence we obtain that any such sequence of functions (fy)n
with finite and uniformly bounded cardinality of their range admits an uncon-
ditional subsequence.

1. INTRODUCTION

The following theorem is due to H. Rosenthal [9], and its initial proof uses
transfinite induction.

Theorem 1.1 (H. Rosenthal). Let (f,,)nen be a sequence of non-zero characteristic
functions in C(K) with K a compact Hausdor{f space. If (fn)n converges pointwise
to zero, then it contains an unconditional basic subsequence.

Maurey-Rosenthal’s example [§] shows that there is a compact K and a pointwise
null sequence f,, € C(K), (fn)n has no unconditional basic subsequence. The range
of every f, is a countable set {0} U {ry : k € N} where {ry} is a strictly decreasing
null sequence. Setting in this case

fn(x)a if fn(x) =T1,.--,Tn,

xTr) =
gn(®) 0, otherwise,

we get that ||gn — full < 7ne1 — 0. Therefore also (g, ), has no unconditional basic
subsequence yielding that Theorem [[L1] cannot be extended in this case. So it is
natural to ask whether it can be extended in the case where the cardinality of the
range of f, is finite and uniformly bounded by some positive integer.

In this direction, we prove the following;:

Theorem 1.2. Let K be a Hausdorff compact space, let X be a Banach space
and let fr, : K — X, n € N, be a sequence of normalized pointwise null continuous
functions with the property that their range is of finite cardinality uniformly bounded
by some positive integer J. Then (fn)n has an unconditional subsequence.
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68 ALEXANDER D. ARVANITAKIS

In the case where X is finite dimensional, we obtain the following stronger result.

Theorem 1.3. Let K be a compact space and let f,, : K — R", m € N, be a
uniformly bounded sequence of continuous functions on K which is pointwise con-
vergent to zero. Assume moreover that there exists a sequence of positive numbers
€m converging to zero and a positive number p such that for every m € N and
x € K either || fm(2)]| < €m or ||fm(2)|| = u. Then (fm)m has an unconditional
basic subsequence.

To derive these we make use of a combinatorial theorem also proved in this paper
which states the following:

Theorem 1.4. Assume that I is a set, n a positive integer and for any i € I,
[P Gf? finite subsets of N, such that setting G* = |J;_, G}, the closure of the
family {G* : i € I} in the pointwise topology consists of finite subsets of N. Then
for any L € [N], there is N = {n1 <ng < ...} € [L] such that the following holds:
Giveni€1,qe N, ke {l,....,n} and A C GL N {n1,...,ng}, there is i’ € I
such that G}; N{ni,...,np}t = A and for all k' # k, Gi, N {n1,...,ny} C A

Here by [L] we denote the set of all infinite subsets of L.

The above theorem makes use of some ideas due to J. Elton [4] and it shares
similar arguments with the proofs of two results concerning restricted forms of un-
conditionality that occur in weakly null sequences. Namely J. Elton’s near uncon-
ditionality ([4]) and Argyros-Mercourakis-Tsarpalias convex unconditionality [2].
It extends an earlier result in [2] which was used for an alternative proof of the
above-mentioned Rosenthal’s Theorem. This proof also can be found in [IJ.

After submitting the present paper, two recent papers came to our attention:
The first one is due to I. Gasparis, E. Odell and B. Wahl, [6], where it is proved
among others, the case n = 1 of Theorem Some additional information is also
obtained about the norm of the space generated by the subsequence. The second,
due to J. Lopez-Abad and S. Todorcevic [7] (see also [1I]) also provides a proof for
the case n = 1 of Theorem [[.3]and also a proof for Theorem in the case X = R.
Both papers have a different approach to these problems than ours.

2. SOME COMBINATORIAL RESULTS

We make use of the following important principle of infinite combinatorics,
namely the infinite Ramsey theorem. For M an infinite subset of N, we denote
by [M] the set of all infinite subsets of M. We endow [N] with the topology of
pointwise convergence.

Theorem 2.1 ([3, 10, 5]). Let A be an analytic subset of [N]. For every L € [N]
there exists an M € [L] such that either [M] C A or else [M] C [L] \ A.

We pass now to the proof of Theorem [L.4]

Proof of Theorem[L4. For 1 < k < n let P, be the following property of L, =
{fl <ty < }

For alli € I and ¢ € Nif A C G}, N {l1,...,4,}, then there is i’ € I such that
Gin{b,.... 0.} = Aand for all K # k, GL, N {l1,...,0,} C A.

We first prove that for a fixed £ € {1,...,n} and L € [N] there is N € [L]
satisfying property Pj. So, we fix k and prove the following claim.
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Claim. For any L € [N] and J C I we partition [L] into two disjoint sets A, and
B 1. as follows:

M ={m < my < ...} € Ay if and only if for all ¢ € N, if there exists
an i € J such that {ma,...,m,} C G%, then there exists an i’ € J such that
{ma,...,my} C G% and moreover m; ¢ \Jy,_, Gir.

We also set By, = [L] \ A.

We claim that there is an M € [L] such that [M] C A; L.

It is easy to check that if M = {mq < mo < ...} € By, then thereisa ¢ € N
such that any other set starting with mq,ma, ..., mq is also in B 1. Therefore B 1,
is open, so we can find an M = {m1 < my < ...} € [L] such that either [M] C A,
or [M] C B, 1. Next we argue that the second case is impossible, by showing that for
any p € N, there is an ¢ € I such that {m4,...,m,} C UZ/=1 G};,. This contradicts
the fact that {G* = J;,_, Gi, : i € I} is relatively compact in the finite subsets of
N. So fix such a p and note that for all ¢ € [1,p], the set {me, mpt1,Mpro,...}isin
[M]. Therefore, there exists a ¢(¢) > p and an i(¢) € J so that {mp1,...,mgu)} C
GZ(Z) and whenever for some i’ € J, {mp41,...,myp} C G};, we have that also
me € Up—y Gg,. Let q(¢,) be the greatest among ¢(1),...,¢(p). Then for all ¢,
{mpy1,...,mge)} C Gz(zr) and therefore {m1,...,m,} C Uy _; GZ(,ZT).

It follows therefore that for some M = {my <mg < ...} € [L], [M] C AjL.

Using the previous claim, we define inductively M7 D Ms D ... infinite subsets
of L and nqy = min My < no = min M5 < ..., as follows:

M is the appropriate set given by the claim such that [M;] C Ay r.

Assume we have defined M; D My D -+ D M, and n; = minM; < ng =
min My < .-+ < np = min M,,. Let F}, F, ..., For be an enumeration of the subsets
of {n1,...,n,} and for 1 < j < 27, let

Ip, = {iel:GN{ny,...,np} =F; and for all k' # k, G}, N {n1,...,n,} C Fj}.

Repeatedly using the previous claim, let M} € [M, \ {n,}] be such that [M}] C
Alp, M\ (n,}s My € [My] be such that [M]] C Appy s Mgp be such that
[Mgp] C AIFZP’Mgp—l. We set My = Mgp and 1,41 = min M, > n,. Observe
that since Mz} D Mﬁ D...,D Mgp = Mp41, we have that

(1) [Mp41] C AIFj,Mp for all 1 < j <27,

To prove that N = {n; < ng < ...} has property P, let i € I, ¢ € N and
A C Gin{ny,...,ng}. We find inductively on p < g, i, € I such that

(2) G n{ny,...,np} = An{ny,....,n,},
(3) for k' # k, G5 0 {ny,...,np} C AN{ny,...,n,}
4) and GZ" N{np+1,...,ng}t D AN{npy1,...,ng}.

Then i, is the required index in I, demonstrating that N indeed has property
P..

To start with, set ¢g = 4. Then (@) is the only non-void condition and is satisfied
by our hypothesis that A C G}, N {n1,...,nq}. Assume we have defined i, so that
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70 ALEXANDER D. ARVANITAKIS

@), @) and (@) are fulfilled, and p < q. Consider two cases:

If npy1 € A, then by @) npy1 € G;", thus setting i,4+1 = ip, (@), @) and @) are
also fulfilled for p + 1. }

As a second case, let npy1 & A. Set Fy = G;f N{n1,...,np} and let

Q={npt1tU{neN:nec An{nyt1,...,ng} or n >max AN {n,t1,...,n4}}

be the infinite subset of N beginning with {ny41} U (AN {npt1,...,n4}). Since
by @) [Mp+1] C Arp v, and Q € [Myy1], we get that there is an i,y1 € Ip,
such that G»*" D AN {np41,...,ng} = AN{npy2,...,ng} (which demonstrates
@) for p + 1), but now n,1 € Up_, Gi2'. Since moreover i1 € I, and Fy =
G n {n1,...,np}, we get that Gy n{ny,...,n,} = An{nq,...,n,} and for
K #k, G 0 {ng,...,n,} C An{ny,...,n,}. This immediately implies () and
@) for p+ 1, since n,41 does not belong to any of the sets G{"*,..., G2 or A.
So, for afixed k € {1,...,n} and L € [N] there is Lj, € [L] satisfying property P.
Note that in this case, if L’ € [Ly], then L’ also satisfies property Pj. This is true
since if L' = {ékl,ékz, .. } with £k < k9 < ..., and AC G;c N {ékl,ékz,. .. ,ékq},
for some i and ¢, then also A C GL N {{q,... U, } and we may apply property
Py, for Ly to find the appropriate index i’. Using this observation we successively
find Ly € [L], Ly € [L1],..., Ly, € [Lp_1] such that Lj satisfies property P.
Then M = L, satisfies property P, for any k which is exactly what we wanted to
prove. (I

Using stronger hypothesis about the compactness of G%, ..., G% i € I, we obtain
the following result:

Corollary 2.2. Assume that I is a set, n a positive integer and {(GL)7_, i € I}
a compact family of ({0,1})". Then for any L € |N], there is N € [L] such that
the following holds:

Giveni € I, k = 1,...,n and A C Gi N N, then there is i' € I such that
G}: NN =A and Gg, NN C A whenever k' # k.

In particular, if for every i, Gi,Gb, ... Gt are pairwise disjoint and for some
i and k, A C Gi, then there is i’ € I such that G "N = A and Gi, "N = §
whenever k' # k.

Proof. In this case, G* = J;_, Gi is also a compact family of the finite subsets of
N. To see this, choose a sequence G, m € N, out of G* : i € I and find M € [N]
such that for any k =1,...,n, {chm :m € M} is convergent to some G%. Then it
is easy to check that {G"m},,cn converges to G = |J;_, GL.

Therefore, by Theorem 1] we can find N = {ny < ng < ...} € [L] such that
giveni € I, g € N, k € {1,...,n} and A C G, N {n4,...,n,}, there is i, € I
such that G;q N{ny,...,ng} = A and for all k' # k, G:‘, N{ni,...,ng} C A. Now
choosing M € [N] such that {(G}%)k=1,....n }gem is convergent to some (G{C,)kle,_“’n,
it is easy to check that Gi NN = A and for all k¥’ # k, GI, NN C A. O

Remark 2.1. Using the notation of the above corollary, it is not clear to us even for
n = 2, whether there exists an N € [L] such that the following holds:

Giveni € I and Ay C GENN, Ay C GENN, thereis i’ € I such that A; = GiNN
and Ay = G5N N.
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3. SEQUENCES WITH AN UNCONDITIONAL BASIC SUBSEQUENCE

From Theorem [[.4] we obtain a proof of Theorem [[.3] as follows.

Proof of Theorem[L3l Let M > 0 be such that (f,,)m is uniformly bounded by M.
By passing if necessary to a subsequence of { f,, : m € N}, we may assume that for
all m € N, ¢, < p. Consider the sequence g,, : K — R" with

gm(z) = {fm(x), i | fo ()] > g,

0, otherwise.

Since €, < p, we have that g,, is continuous for all m € N and moreover || f,,, —
gml|| < €m — 0. Therefore it suffices to find an unconditional basic subsequence for

{gm ymen.

For any m € N and 1 < k < n, let g be the k-coordinate function of g,,. i.e.
gm(z) = (g1, (x),..., g% (x)). Next for x € K and 1 < k < n we define the following
subsets of N :

Gii={meN:gy(x)>p},  Gi_1={meN:g,(r) < —pl}
Also let G* = {m € N : ||gm ()] > p}. Considering the supremum norm on R", we
have that G* = {J,__, ; Ui—1 G-

It is easy to see that since (g, ), are continuous and pointwise null, {G* : x € K}
is a compact family of finite subsets of N.

By Theorem [[4] there is N = {n; < ng < ...} € [N] such that for all ¢ € N,
re K, k=1,...,ni=-1,1Tand A C G} ;N {ni,...,ng} there is 2’ € K such
that Gi,z N{n1,...,ne} = A and for all other combinations (k’,3") # (k, 1), Gi:i, N
{n1,...,nq} C A. Using this, we next prove that g, ,gn,,... is an unconditional
basic sequence. So let ¢ € N, ap,,...,a,, € Rand A C {ny,...,ng}. We try to

estimate the norm of ZmeA Gm9m in terms of the norm of Zgzl Ay G-
For some x € K, we have that || > 4 amgm| = || D,,c4 @m9m(x)|| and since

1D e @mgm(z)]| = sup{| >, ca amgt (z)] : k=1,...,n}, forsome k= 1,...,n

[ ZmEA amGmll = | ZmEA amgﬁz(x”'
Let

Ay ={mecA:a,>0,gr@) >0}, A _1={mecA: a,>04"(x)<0},
Aji={mecA:a,<0,¢5()>0}, A, 1={mecA:a,<0gF(x)<0}
Since A = Ul-:_L1 Uj:_1 1A, we get that for appropriate choose of ¢ and j,
| S angn| = | 32 amgh@)| < 4| 32 angh@)].
meA meA meAj;

Therefore

H § AmGm
meA

Obviously, 4;; C Gy ; N {n1,...,nq}. Therefore we can find 2’ € K such that
Gill N{ni,...,ng} = A;; and for all other (k',i") # (k,7), Gﬁjvi, N{ni,....,ng} C
A; ;. Note that in particular Gi:ﬂ- N{ni,...,ng} = 0, since a value of a function

<4 Y angh(@)].

mEA;;
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cannot be both positive and negative. Therefore setting T, = {n1,...,n,}, we have

q
H E anegng
{=1

q
> 3 gt @)
(=1

:‘ Yo amgh @)+ D angh (@)

meGy ,NT, meGy _,NT,
k k

= 3 angh @)= Y lanllgh@) = D lamln

mEAj,i mEAj,i mEAjﬂ;

p 2
=L JanlM = | Y angh@)

meA;j; meA;j;

I

> ga7l| 2, amn
meA
which completes the proof. (I

Proof of Theorem[I2l To avoid confusion, we denote by ||-|| x the norm of X, and by
[I-]| the norm on C(K, X), where for an f € C(K,X), ||f|| = sup{||f(k)||x : k € K}.
Let f,(K) = {w},w2,...,w)"*} with J,, < J be an enumeration of f,,(K) such

that wl, w2, ... w/» are different from each other and moreover ||w}| x < ||w?|x <
-+ < ||lwi"||x. By the Pigeonhole Principle, we get that for some m < J and for

infinitely many n, J,, = m. Since each f,, is normalized, for all those n, ||w/" || x = 1.
Therefore there exists an m such that [|[w™ | x forms a null sequence, but ||w™|| x
does not. Using this observation we next argue that we may assume, passing if
necessary to a different sequence, that there is a y > 0 such that for all n, wl =0
and w2 x > p

Set €, = |[w™ !||x — 0. By passing if necessary to a subsequence of (f,), we
may assume that there is a g > 0 such that for all n, €, < p < ||w||x. Now define
gn : K — X as follows:

_Jo, if [[fa (k)] x < €n,
gn (k) = {fn(k), otherwise.

It is easy to see that in this case every g, is continuous, the cardinality of g, (K) is
also bounded by J and for every k € K either g, (k) = 0 or ||gn(k)||x > . Moreover,
all but finitely many g, take the value 0, since(f,, ), is pointwise null. Observe that
lfn — gnll < €n — 0. Therefore the existence of an unconditional subsequence of
(gn)n implies the existence of an unconditional subsequence of (f,,),. So we may
indeed assume that for all n, w} =0 and [Jw2|x > p.

For any r € [2,J] and k € K, let GF = {n € N:r < J, and f,(k) = w}.
Also set GF = U;’ZQ GF = {n e N: | f.(k)|lx > p}. Since (f,)nen is a pointwise
null sequence of continuous functions and for every k € K, either f,(k) = 0 or
|| fn(B)||x > p, we get that {G* : k € K} is a compact family of finite subsets of
N. We use Theorem [[4] to obtain an N = {n; < ng < ...} € [N] such that for any
ke K,2<r<J geNand A C GFn{niy,...,ny}, there is ¥ € K such that
Gf’ N{ni,...,ng} = A and for all ' # r, Gf/’ N{ni,...,ng} C A. Observe that
since for ' # 7, w! # w’, we have that G N G¥ = ) and therefore in this case
GE N {ny,...,ngt = 0.
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We next prove that (f,)nen is an unconditional basic sequence. So let ¢ €
N, an,Gny,. .. 0n, € R and A C {ny,...,n4}. We try to estimate the norm of
> nea @nfn in terms of the norm of ZZ=1 Ay fry-

For some k € K,

g | oot =] 5 o]
neA neA

Let A=J/_, A, where A, = {n € A:r < J, and f,(k) = w?}. Since for r # 7/,
wy, # wf; we get that A,, r = 2,...,J, are pairwise disjoint. Therefore there is an
ro € [2,J] such that

© [ Y ah®)| <=1 X wh®)| == X awy

neA nGATO nGATO

X'

Since obviously A,, C G’,fo N{ni,...,ng}, by our hypothesis for N there exists
k' € K such that GE N {ny,...,n,} = Ay, and for v’ # 7o, G& N {ny,...,n,} = 0.

0

In this case for all n € {n1,...,ny} if f,(K") # 0, then f,(k") = w}?. Therefore

q
H Zanefnz(k/) ‘X = H Z anwy’
l=1

n€Ar,
so that by (@) and (@) we get

1> anfa
neA

and this proves immediately that (f,)nen is an unconditional basic sequence. [

)

X

<=0 S ant
(=1

Remark 3.1. Maurey-Rosenthal’s example [§] shows that there is a compact K such
that for a pointwise null sequence f,, € C(K), {f»}» has no unconditional basic
subsequence. In this case the range of every f,, is a countable set {0} U{ry : k € N}
where {7y}« is a null sequence. As we have mentioned in the Introduction, a slight
modification of (f,), derives a sequence (g, ), pointwise convergent to zero with
no unconditional subsequence and such that every g, has a finite range.
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