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ABSTRACT. Let g be an even positive integer. We show that there are >
¢'/9 /12 polynomials D € Fg[t] with deg(D) < I such that the ideal class group
of the real quadratic extensions Fq(t,v/ D) have an element of order g.

1. INTRODUCTION

R. Murty [8] showed that if ¢ is an odd positive integer, then for every e > 0,
the number of real quadratic fields with discriminant < z and whose class group
contains an element of order g is > x'/297¢. G. Yu [I0] improved this result to
> x'/97¢ for any odd integer g. In a recent work F. Luca [7] shows that the number
of such real quadratic fields is > 2'/¢ /log 2 where G := lcm|[g, 2]. This establishes
Yu’s improvement of Murty’s estimate in the cases when g is even. The problem of
divisibility of class numbers of quadratic fields has a long history, and the interested
reader is referred to the papers of R. Murty [8], K. Chakraborty and R. Murty [6].

We would like to study the same question in the function field setup. We refer
to the book of M. Rosen [9] for general number theory in function fields.

Let ¢ be a power of an odd prime. Let R = F,[t] be the polynomial ring over the
finite field F, of ¢ elements and F; be the group of non-zero elements of F,. Let
F,(t) be the field of fractions of R. If D € R is squarefree, then we consider the
quadratic extension F,(t,v/D) of F,(t). A quadratic function field k = F,(¢,v/D)
is said to be real if oo splits completely in k£ and imaginary otherwise. It follows
that k is a real quadratic extension if D is monic with deg(D) even.

For the history of the divisibility of the class number problem in the case of qua-
dratic function fields and related references we refer to the works of R. Murty and
D. Cardon [2], C. Friesen [4], C. Friesen and P. van Wamelen [5]. The present au-
thors recently showed [3] that there are > ¢/29 real quadratic extensions F, (¢, v/ D)
of the rational function field F,(¢) such that deg(D) <[ and the ideal class group
of F,(t,v/D) has an element of order g. This result is the function field analogue of
R. Murty’s [8] result for real quadratic number fields. In this note, generalizing the
argument of F. Luca [7] in the function field setup, we improve upon our previous
estimate obtained in [3] in the cases when g is even. The result is as follows.
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Theorem 1. Let q be a power of an odd prime and let g be a fized positive even
integer. Then there are > ¢!/9 /12 real quadratic extensions F,(t, VD) of the rational
function field Fy(t) such that deg(D) <1 and ideal class group of F,(t,~/D) has an
element of order g.

Remark 1. For odd g, the present method gives a weaker estimate than the one
obtained in [3].
2. LEMMAS

We start with the following lemma about Pell’s equations over F,(t). For details
about such Pell equations, we refer to [I].

Lemma 1. For a fited D € F[t], define

S ={z €F,[t] | deg(x) <, 2> — Dy* = —1}.
Then |S| < 1.
Proof. Let (xo,y0) be a fundamental solution of the Pell equation
(1) z? — Dy* = —1.

Suppose € S. Then (z,y) is a solution of () for some y € Fy[t]. Now from [I],
we write

x4+ yVD = +(x¢ + yoV'D)™, for some m € Z.
We can assume that m > 0; otherwise we change yg to —yo. Now we claim that

deg|(zo + o VD)™ + (20 — yoV'D)™] = m deg(wy).

We prove it by induction. The case m = 1 is obvious. Thus we suppose m > 2.
First we observe from () that deg(z2) = deg(D)+deg(y3). Let (zo+yovV D)™t =
R+ T+/D. Then by the induction hypothesis deg(R) = (m — 1) deg(zo). Further,
(R,T) is also a solution of ({); hence deg(R?) = deg(T%D). Now,

(z0 + YoVD)™ + (w0 — yoVD)™ = 2(xoR + yoT D).
We see that
deg(T?y3 D?) = deg(T?D) + deg(y3 D) = deg(R?) + deg(x7).
This implies deg(yoT' D) = deg(xoR). Thus
deg[(zo + yoVD)™ + (wo — yoV'D)™] = deg(zoR),

and the claim follows.

Therefore, we have
mdeg(zo) = deg[(zo + yQ\/B)m + (o — yO\/E)m] = deg(z) < 1.

Hence S can have at most I/ deg(xo) elements, which proves the lemma. O

Let (?)r denote the r-th power Legendre symbol for an irreducible monic poly-
nomial P and a positive integer r. We set

2
P ={P € F,[t] | P is irreducible and <P> # 1 Vr|g, r prime}.
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For P € P, write P9 + 1 = Dz%. We consider the field k = F,(t,v/D). Let Oy and
hi be the ring of integers and the class number of k respectively. Now we have the
following lemma about divisibility of Ay.

Lemma 2. g divides hy.

Proof. 1t is known that Oy has a basis of the form {1,\/5}. Clearly P splits
completely in Oy as D is a square modulo P. Let POy = mmy where m; and o
are two ideals of O. Thus

m9nd = PIO, = (14 2V D)(1 — 2V D).

Since (1 + 2v/D) and (1 — 2v/D) are relatively coprime, we can assume that 7 =
(1+ 2vD). If we denote the order of m; in the class group of k by Ord(r;), then
Ord(my) divides g. It is now enough to prove that Ord(m;) = g. If not, suppose
Ord(my) =, where [|g and | < g. Then we can find a prime number r dividing g/1
such that 7{ = (@) with o := u 4+ vV D; u,v € F[t]. Since 7{ is a principal ideal
generated by 1+ zv/D, we can write

(2) 1+2VD =ea”¢®

where ( is the fundamental unit of Oy and € = +1. Without loss of generality, we
can assume that s < 0 and e = 1. Considering the norm of both sides of [2]), we get

—P9=1-Dz?>=N(1+2VD)=N(a)".

This implies u? —v?D = —P9/". Putting s = —s1, we rewrite (&) as (1+2v/D)¢*t =
a”. Clearly, (P9/2,2) is a solution of (), so P9/ + zy/D = (", for some ro € Z.
Thus we get

(14 2VD)™((™)™ = a"" = (u+vVD)"".
This implies

(14 VP9 +1)0(P9% 4 /P9 +1)% = (u+ Vu+ P9/m)™",

Hence,
VP9 +1)0(P9/2 4 /P9 1)
(1 =P+ 1) (P92 —\/Ps 4 1)

= (u+ Vu?+ P9/m)" + (u— \u?+ P9/m)ror.
Reading the above equation modulo P, we get

2 = (2u)™" modulo P.

1 +
_|_

This is a contradiction as 2 is not an r-th power modulo P, by definition of P.
Hence the lemma follows. O

3. PROOF OF THE THEOREM

We consider the quadratic extensions F,(t,v/D) of F,(t) for P € P. By Lemma
[0, the number of P € P giving the same D is < [. By the Chebotarev density
theorem in the function field, it follows that
/g
|P| > qT.
This completes the proof of the theorem.
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