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ABSTRACT. Let E be a uniformly smooth real Banach space andlet A: F — E
be a mapping with N(A) # 0. Suppose A is a generalized Lipschitz generalized
d-quasi-accretive mapping. Let {an}, {bn}, and {cn } be real sequences in [0,1]
satisfying the following conditions: (i) an + bp + cn = 1; (i) Y (bn + cn) =
oo; (iil) Y en < oo; (iv) limb, = 0. Let {x,} be generated iteratively from
arbitrary zg € E by
Tptl = GnTn + bnSxn + cpn,n > 0,

where S : E — F is defined by Sz := z — Az Vz € FE and {un} is an
arbitrary bounded sequence in E. Then, there exists 79 € R such that if
bn +cn < 70 V n > 0, the sequence {z,} converges strongly to the unique
solution of the equation Au = 0. A related result deals with approximation
of the unique fixed point of a generalized Lipschitz and generalized ¢-hemi-
contractive mapping.

1. INTRODUCTION

Let E be a real Banach space and let E* be its dual space. The normalized
duality mapping J : E — 2" is defined by Jz = {u € E* : (z,u) = ||z|| |[u]|, ||u|| =
[|z||}, where (,) denotes the generalized duality pairing.

Definition 1.1. A mapping A with domain D(A) and range R(A) in E is said to be
strongly accretive if there exists a constant k € (0,1) such that for all z,y € D(A),
there exists j(z —y) € J(x — y) such that (Ax — Ay, j(z —y)) > k||z — y||?, and
is called ¢-strongly accretive (see, e.g., Deimling [6]) if there is a strictly increasing
function ¢ : [0,00) — [0,00) with ¢(0) = 0 such that for any =,y € D(A) there
exists j(z — y) € J(x — y) such that
(Az — Ay, j(z —y)) = é([|lz — yl])|lz — yl|.

The mapping A is called generalized ®-accretive if there exists a strictly increasing

function ¢ : [0,00) — [0, 00) with ¢(0) = 0 such that for all z,y € D(A) there exists
j(z —vy) € J(x — y) such that

(Az — Ay, j(z —y)) = O(|]x — y])-
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It is well known that the class of generalized ®-accretive mappings includes the
class of ¢-strongly accretive operators as a special case (one sets ®(s) = s¢(s) for
all s € [0,00)).

Let N(A) :={xz € D(A): Az =0} # 0.

Definition 1.2. The mapping A is called strongly quasi-accretive if there exists
k € (0,1) such that for all x € D(A),x* € N(A) there exists j(xz —2*) € J(z — z*)
such that (Azx — Ax*, j(x —x*)) > k||z —2*||?>. Ais called ¢-strongly quasi-accretive
if there exists a strictly increasing function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such
that for all z € D(A),z* € N(A) there exists j(z — z*) € J(z — x*) such that
(Az — Az*, j(z — z*)) > ¢(||x — =*||)||x — *||. Finally, A is called generalized ®-
quasi-accretive if there exists a strictly increasing function @ : [0, 00) — [0, 00) with
®(0) = 0 such that for all x € D(A),z* € N(A) there exists j(z —2*) € J(x — z*)
such that (Az — Az*, j(x — z*)) > &(||z — z*||).

Definition 1.3. A mapping G : F — FE is called Lipschitz if there exists a constant
L > 0 such that ||Gz — Gy|| < L||z — y||Vx,y € D(G).

Closely related to the class of accretive-type mappings are those of pseudo-
contractive types.

Definition 1.4. A mapping T : E — F is called strongly pseudo-contractive if and
only if (I —T) is strongly accretive, and is called strongly ¢-pseudo-contractive if
and only if (I — T) is ¢-strongly accretive. The mapping T is called generalized
®-pseudo-contractive if and only if (I — T) is generalized ®-accretive.

Definition 1.5. If F(T) := {# € E : Tx = z} # 0, the mapping T is called
strongly hemi-contractive if and only if (I — T) is strongly quasi-accretive; it is
called ¢-hemi-contractive if and only if (I — T') is ¢- strongly quasi-accretive; and
T is called generalized ®-hemi-contractive if and only if (I — T') is generalized ®-
quasi-accretive.

The class of generalized ®-hemi-contractive mappings is the most general (among
those defined above) for which T has a unique fixed point. For a comparison of the
relationships between the various classes of nonlinear mappings defined above, the
reader may consult [2].

The intimate connection between the zeros of accretive-type operators and the
fixed points of pseudo-contractive-type mappings is well known. The accretive-type
operators are deeply connected with nonlinear equations of evolution (see, e.g., [1I,
).

It is well known that in many evolution systems, zeros of accretive-type operators
(or, equivalently, fixed points of pseudo-contractive-type mappings) correspond to
equilibrium points of the systems. Consequently, methods of approximating these
zeros or fixed points have been a flourishing area for many researchers in nonlinear
operator theory.

Numerous convergence results have been proved on iterative methods for ap-
proximating zeros of Lipschitz accretive-type (or pseudo-contractive type) nonlin-
ear mappings (see, e.g., [2], [3], [, [, [7], [8], [14], and the references contained
therein). Also, many authors have proved convergence theorems under the assump-
tion that these operators have bounded range (see, e.g., [7]). A natural generaliza-
tion of the class of Lipschitz mappings and the class of mappings with bounded
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range is that of a generalized Lipschitz map. A mapping S : D(S) C E — E is
called a generalized Lipschitz map if there exists a constant L > 0 such that

15z = Sy|| < L1 + [[z — y[) Yo,y € D(S).

Clearly, every Lipschitz map is a generalized Lipschitz map. Furthermore, every
map with a bounded range is a generalized Lipschitz map. The following example
(see, e.g., [2]) shows that the class of generalized Lipschitz maps properly includes
the class of Lipschitz maps and that of mappings with bounded range.

Example. Let F = (—o0,00) and let T : E — E be defined by

z—1 if x € (—o0,—1),
z—y/1—(x+1)2 ifzel[-1,0),
Tx = .
z++/1—(x—1)2 ifzel0,1],
(

r+1 if x € (1, 00).

Clearly, T is a generalized Lipschitz map which is not Lipschitz and whose range is
not bounded. The following interesting results have recently been proved.

Theorem HH1 ([8, Corollary 1]). Let E be a uniformly smooth Banach space
and let T : E — 2F be a multivalued ¢-hemi-contractive operator with bounded
range. Suppose {an}, {bn},{cn} are real sequences in [0,1] satisfying the following
conditions: (i) an + by + ¢, =1V n > 0; (i) limb, = 0; (iii) > b, = oo; (iv)
cn, = o(by). For arbitrary x1,u; € E, define the sequence {x,} by

T+l = Qnlp + ann + CpUn, Ell/n € Txnvn > Oa

where {u,} is an arbitrary bounded sequences in E. Then, {x,} converges strongly
to the unique fized point of T.

Theorem HH2 ([8]). Let E be a uniformly smooth Banach space and let T :
E — 2F be a multivalued ¢-strongly accretive operator with bounded range. For a
giwen f € E, let x* denote a solution of the inclusion f € Tx. Define the operator
S:E— Ebysr=f+x—Tx. Suppose {an},{bn},{cn} are real sequences in [0, 1]
satisfying conditions (1)-(iv) of Theorem HH1. For arbitrary x1,u; € E, define the
sequence {x,} by

Tpt1l = A&y + by + Cpliy, vy, € Sxpy,n > 0,

where {uy} is an arbitrary bounded sequence in E. Then, {x,} converges strongly
to the unique solution of the operator equation f € Tx.

Theorem HH2 is an immediate corollary of Theorem 2 of [§]. Theorems HH1 and
HH2 include several recent important results as special cases (see, e.g., Remarks 1,
2 and 3 in [q]).

It is our purpose in this paper to prove convergence theorems for zeros of gen-
eralized Lipschitz, generalized ®-quasi-accretive operators and for fixed points of
generalized Lipschitz, generalized ®-hemi-contractive mappings. The Mann itera-
tion process introduced by Xu [I3] is the one studied in theorems HH1, HH2 and
in the theorems of this paper. Our theorems provide significant improvements of
theorems HH1 and HH2.
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2. PRELIMINARIES

Let E be a normed space with dimE > 2. The modulus of smoothness of E is
the function pg : [0,00) — [0, 00) defined by

lz+yl +llz—yll
pe(7) = sup{ 5 =1zl =Lyl =7}
Clearly, pg(0) = 0. The space FE is called uniformly smooth if and only if
im 220 _ g
t—0+ t

In the sequel, we shall make use of the following well-known result.

Lemma. Let E be a real normed linear space. Then, the following inequality holds:

(1) e+l <2+ 2y, j@+y) Va,yeE, Vix+y) € J(x+y).

3. MAIN RESULTS
In the sequel, we shall assume, without loss of generality, that f = 0.

Theorem 3.1. Let E be a uniformly smooth real Banach space and let A: E — FE
be a mapping with N(A) # 0. Suppose A is a generalized Lipschitz generalized
®-quasi-accretive mapping. Let {an},{bn}, and {c,} be real sequences in [0,1]
satisfying the following conditions: (1) an + by, + ¢, = 1; (i) > (bn + ¢n) = 00; (iil)
> en < o005 (iv) limb, = 0. Let {x,} be generated iteratively from arbitrary xo € E
by

(2) Tpy1 = @pTy + by STy + cpiy,n > 0,

where S : E — E is defined by Sx :== x — Az Vo € E and {u,} is an arbitrary
bounded sequence in E. Then, there exists vg € R such that if b, +c, < vV n >0,
the sequence {x,} converges strongly to the unique solution of the equation Au = 0.

Proof. Let * € N(A) be arbitrary. Observe that Az* = 0 if and ouly if Sz* = z*.
Since A is a generalized Lipschitz, generalized ®-quasi-accretive mapping, there
exist a strictly increasing function ® : [0,00) — [0,00),®(0) = 0, and j(z — z*) €
J(x — 2*) such that the following inequalities hold:

(3) [[Szn — Sa™|| < L(1 + ||z, — 2™|])
and
(4) (San — Sa*, j(zn — %)) < |an — 2*|* = @(||zn — 2*)).

Uniqueness of the fixed point follows from inequality (4), as in [§]. Set oy, := by +cy,.
Then, the recursion formula (2) reduces to the formula

(5) Tnt1 = (1 — ap)zn + anSzy, + Uy, # 0,

where U, := ¢, (un, — Szy).

We first prove that the sequence {z,} is bounded.

If g = Sz, ¥Yn > 0, then we are done. Suppose this is not the case, i.e., suppose
there exists a smallest positive natural number ng such that x,, # Sz,,. Without
loss of generality, set x,, = xg. For g € E, define ag := ||zg — Sxoll|.||x0 — *||.
From

(Sxo — Sa*, j(wo — a*)) < |lwo — 2*|* — @(|lzo — 2])),
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we obtain that
llzo — 2| < @7 (ao).
Since j is uniformly continuous on bounded subsets of F, given
ao
TR+ L) (ag) + L]

such that ||z —y|| < 0 = ||7(z) — i(y)|| < € V z,y € Br(0), for some R > 0. Set
N* := supyp||u, — 2*|| and define

®~1(ap) 5 d~1(ap)
3[2(1 +2L)®(ag) +2L)" 2(1 + L)®(ag) + L’ 3N*

>0, 36 > 0,

}.

1
Yo := Tmn§{17

Claim 1. ||z, —z*|| < 2® !(ag) V n > 0.

The claim clearly holds for n = 0. Assume ||x,, —2*|| < 2@~ 1(ag) holds for some
n. We prove ||z,11 — x*|| < 2®71(ag). Suppose this is not the case, i.e., suppose
that ||z,41 — 2*|| > 2@ *(ag). Then, we obtain the following inequalities:
(@) ||z — Szp|] < [2(1 + L)@ (ag) + L.
(b) [lrns1 — 27 < 30 ao).
(©) I[2n — 2| > & (aq).
We also obtain the following inequality:
() ||Uu||- /|2 — 2*|| < cnMy, where My := [N* + L(1 + 2®~1(ag))]2®(ao).
Using the recursion formula (5), we compute as follows:
|| Zn41 — x*||2 = |z — 2" — [an(2n — Sz0) — Un]”Z
< len — 2|7 = 200 {xn — S, j(Tne1 — ) — j(a, — %))
F2/|Upl[-[l7 (201 — 27) = j(zn — ")
=200 (@n — S, j(@n — 7)) + 2[|Un]]-[|2n — 2|

*||2

< ||xn_$*||2_2anq)(||wn_$*|D+2an”$n_sxn||
X||j(zngr — &%) = jlan — %)
F2|Un i (zn1 — 2%) = jlzn — 27)|| + 2[|Un]].[|2n — 27|
< g — 2|]* = 2000 + 20, [2(1 + L) (ag) + L]

X|j(@nir = 2%) = jlzn — 27|

+Mic, + cp2[N* + L{1 + 20 (ag)}]

Ni(@ngr — %) = j(en — 27)]].
Set M := M +2[N* + L{1 +2® 1 (ag)}Jeo. Observe that (z,,+1 —z*), (z, —2*) €
Bgr(0), where R := 307 1(ag) > 0. Moreover, |[x,11 — || = anl|zn — Sz,|| <
Y0[2(1 4+ L)®~Y(ag) + L] < 6, so that ||j(zns1 — %) — (2, — 2%)|| < €o. Hence, we
obtain that

| Zn41 — x*H2 < |Jzn — x*H2 — apag + cn M,

and this implies that

n n n
a0y a; <Y (o — 2| = [Jwj — 2" |P) + MY e; < o0
j=0

=0 =0

(since Y 7 ¢, < 00), contradicting condition (ii) of the theorem. Hence, claim
1 holds and so, {x,} is bounded. Since S is a bounded operator, {Sz,} is also
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bounded. Set
p = sup ||$n - anH; B = sup Hun - an“a

0 := sup{2||un — S|l (zn1 — 27) = (@0 — 27)|[ + 2/[un — Sall.||zn —27|[}.

Then,
lznsr =7 < e — 271 = 200 @(||lzn — 2*]) + 20|25 — S|
X|j(znr —2%) = jlzn — %)
F2|Un i (@nt1 — %) = jlan — 27)|| + 2[|Unl]-[|on — 2|
< lwn = 271 = 2008(|Jwn — 27]))

+2anp.[|j(@n1 — 2*) — j(@n — )] + cno.
Claim 2. inf{||x, — z*||,n > 0} = 0.

Suppose this is not the case. Let inf{||x, — z*||,n > 0} = 6 > 0. Then,
[|zn,—2x*|| > 6 ¥V n > 0. This implies that ®(||x, —z*||) > ®() V¥ n > 0. Furthermore,
since ||Znt1 — || = anll@n — Su|| + cnl|tn — Szn|| = pan, + Ben, — 0 as n — oo,
and j is uniformly continuous on bounded subsets of E, there exists an integer
N1 > Ny such that ||j(zp41 — 2%) — j(z, — 2¥)|] < %g) V' n > Nj. Hence, for all
n > Ny, we obtain that

l|[Zni1 — 2*|]* < ||z — 2] — ®(8)un + 0cn, ¥ > Ny

This implies that

n n n
®(0)Y oy <Y (lay =P = llzjr —2"P) + o) e,
Jj=0 Jj=0 j=0
which, since ZZOZO ¢n, < o0, implies that ZZO:O o, < oo, contradicting condition
(ii). Hence, Claim 2 holds. Consequently, there exists a subsequence {z,,} of {z,}
such that lim; ., ||2n, — 2*|| = 0. Let € > 0 be given. Choose Ny > Ny such that,
for all n > Ny,

e 1 €

pay, < i, Ben < z, Cp = Min {45, %tb(i)an}.

Choose an integer N3 > N, such that

o(3)
20

Now, choose an integer Ny > N3 such that ||z, — 2*|| < e Vi > Ny. Fix i, > Ny.

In particular,

Nl

13 (@1 = 27%) = (@, —2")|| <

||2n, — 2| <e.

Claim 3.
[|Tn,stm —2™|| <eVm=1,2,..

The proof of this claim is by induction. We first prove that ||z,,,+1 — 2*|] < e.
Suppose this is not the case. Then, ||z, +1 —2*|| > €. Using the recursion formula
(5) we obtain that

€

||$nz* —JZ*H 2 € — PO, _ﬂcni > 5
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This implies ®(||xy,, — 2*[|) > ®(5),Vn > N4i. Using the recursion formula (5)

again, we now obtain the following estimates:

1 €
lons 1 = 712 < llan,. = 2" = San, ®(5) < &,

a contradiction. Hence Claim 3 holds for m = 1. Assume now it holds for m = k.
Following the above argument, one easily proves that it holds for m = k + 1.
Hence, Claim 2 holds. This shows that {x,} converges strongly to x* as n — oo,
completing proof of Theorem 3.1.

*

Theorem 3.2. Let E be a uniformly smooth real Banach space. Let F(T) :={z €
E:Tx =2z} #0. Suppose T : E — E is a generalized Lipschitz and generalized
®-hemi-contractive mapping. Let {an}, {bn}, and {c,} be real sequences in [0,1)
satisfying the following conditions: (i) an + bp + ¢ = 1; (ii) Y (by + ¢n) = o005 (iii)
> e < 005 (iv) limb, = 0. Let {x,} be generated iteratively from arbitrary xo € E
by

(6) Tnt1 = @nZpn + 0Ty + cpn,n >0,

where {uy} is an arbitrary bounded sequence in E. Then, there exists y9 € R such
that if by, + ¢, < v ¥V n > 0, the sequence {x,} converges strongly to the unique
fixed point of T.

Proof. Since T is a generalized ®-hemi-contractive mapping, it follows that
(Tx —Tz*, j(x — ) < ||z —2*||* = ®(||z — 2*||) V= € E,z* € F(T).
In particular,
(Tzn —Ta", j(zn — ")) < ||lzn — 2| = (|2 — 27|
Since T is generalized Lipschitz, we have
[Tzn —Ta™|| < L(1 + [[zn — 27(]).
The rest now follows exactly as in the proof of Theorem 3.1, with S replaced by T

Remark 3.3. In 1974 when the Ishikawa iteration process [9] was introduced to
successfully approximate fixed points of Lipschitz pseudo-contractive mappings de-
fined on compact convex subsets of Hilbert spaces, it was not known whether or not
the simpler Mann process [11] would converge for this class of mappings. For sev-
eral classes of operators less general than the class of Lipschitz pseudo-contractive
mappings, it was discovered that both the Mann and the Ishikawa iteration pro-
cesses converged. In such cases, it was then of interest to compare the rate of
convergence of the two schemes (see, e.g., Rhoades, [12]). By the late 1980’s and
1990’s, it became clear that whenever both schemes converged, there was no sig-
nificant difference in their rates of convergence. From then on, it became obvious
that whenever the Mann sequence converges, any discussion of the more cumber-
some Ishikawa scheme is totally unnecessary. Consequently, we have not discuss
the Ishikawa process here.

Remark 3.4. In 1995, Liu [10] introduced what he called the Ishikawa and Mann
iteration processes with errors, where the error terms wu, and v, satisfy the fol-
lowing conditions: > ||un]| < 0o : > |Jvn|| < oco. There were serious objections
to studying these iteration processes because these conditions on the error terms
imply, in particular, that the error terms go to zero. This is incompatible with the
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randomness of the occurence of errors. In 1998, Xu [I3] introduced a somewhat
more satisfactory Ishikawa and Mann processes with error terms u,, and v,, where
these terms are required to be just bounded.

Remark 3.5. Recently, some authors have studied what they call Ishikawa and Mann
iterative sequences with mized errors u, and v,, where u, = u, + u,; 3 ||u,|| <
00; |[u,|| = o(an) and |Jv,|| — 0 (n — o0). There are many objections to these
types of errors.

(i) There is no method of checking that u,, is of the form u,, + u,.

(ii) The conditions 3~ ||u, || < oo and |[|v,|| — 0 (n — o) have already been
objected to in the definition of Liu [10].

(iii) The condition ||u, || = o(as,) not only requires that u, goes to zero as n
goes to infinity, but also that it does so faster than «,!!. This is almost impossible
to verify in any application.

Remark 3.6. Recently, Xue et al. [15] considered this so-called Ishikawa iterative
sequence with mized errors and proved, in uniformly smooth Banach spaces F, that
the sequence converges to the unique solution of t+ Az = f, where A: E — Fis a
generalized Lipschitz m-accretive operator. We remark that if one sets U := I + A,
then the equation z + Ax = f reduces to Uz = f, where U is strongly accretive.
Thus, Xue et al. [15] actually studied the class of strongly accretive mappings. This
class of mappings is a very special subclass of the class of generalized ®-accretive
mappings in which ¢(t) := kt? Vt € [0, 00).

Using the technique of this paper and obvious appropriate definitions, the fol-
lowing theorems are easily proved.

Theorem 3.7. Let E be a uniformly smooth real Banach space and let A : E — 2F
be a multivalued mapping with N(A) # 0. Suppose A is a generalized Lipschitz
generalized ®-quasi-accretive mapping. Let {a,},{bn}, and {c,} be real sequences
in [0, 1] satisfying the following conditions: (i) an+bn+c, = 1; (i) D (bn+cn) = 005
(iii) > ¢p < o0; (iv) limb, = 0. Let {x,} be generated iteratively from arbitrary
xog € E by

Tptl = Qn@n + bpMn + Cully, Iy € Sxy, n >0,

where S : E — FE is defined by Sz := f 4+ x — Ax Vo € E and {u,} is an arbitrary
bounded sequence in E. Then, there exists vg € R such that if b, +c, < vV n >0,
the sequence {x,} converges strongly to the unique solution of the equation 0 € Au.

Theorem 3.8. Let E be a uniformly smooth real Banach space. Let F(T) := {x €
E:Tx=x} #0. Suppose T : E — 2F is a multi-valued generalized Lipschitz and
generalized ®-hemi-contractive mapping. Let {an}, {bn}, and {c,} be real sequences
in [0,1) satisfying the following conditions: (1) an~+bp+cn, = 1; (ii) > (bp+cn) = 005
(iii) Yo en < o0; (iv) limb, = 0. Let {x,} be generated iteratively from arbitrary
x9 € E by

Tntl = GnTpn + bpNn + Cutlpn, Iy, € Ty, n >0,

where {uy} is an arbitrary bounded sequence in E. Then, there exists y9 € R such
that if by, + ¢ < v ¥V n > 0, then the sequence {x,} converges strongly to the
unique fized point of T.

Remark 3.9. In view of Remarks 3.5 and 3.6, our theorems significantly generalize
the results of Xu et al., [I5]. Furthermore, since every ¢-hemi-contractive mapping
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is a generalized ® hemi-contractive map, and every operator with bounded range is a
generalized Lipschitz map, our theorems are significant improvements of the results
of [8], which, as we had remarked, are themselves generalizations of important
recent results.
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