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ABSTRACT. We establish the formulas on the power 7% of the tangent bundle

7 = 7(RP™) of the real projective n-space RP™ and its complexification etk

and apply the formulas to the problem of extendibility and stable extendiblity
of 7% and crF.

1. INTRODUCTION

Let F' denote either the real number field R or the complex number field C, and
let X be a space and A its subspace. A t-dimensional F-vector bundle ¢ over A
is said to be extendible (respectively stably extendible) to X, if and only if there
is a t-dimensional F-vector bundle over X whose restriction to A is equivalent
(respectively stably equivalent) to ¢ as F-vector bundles (cf. [9] and [3]). For
simplicity, we use the same letter for a vector bundle and its equivalence class.

Let RP™ denote the real projective n-space RP™ and let 7 = 7(RP") stand for
the tangent bundle of RP™. We study the question: Determine the dimension n for
which an F-vector bundle over RP™ is extendible (or stably extendible) to RP™
for every m > n. We have obtained the complete answer for the tangent bundle
7 = 7(RP") in [6] and [g], for the complexification ¢7 of 7 in [5], for the square
72 = 7(RP") @ 7(RP") in [4] and for the complexification cr? of 72 in [4], where
® denotes the tensor product. The results on 7 and 72 are as follows.

Theorem 1.1 (6l Theorem 6.6] and [8, Theorem 4.2]). The following three con-
ditions are equivalent:

(i) 7 is extendible to RP™ for every m > n.
(ii) 7 is stably extendible to RP™ for every m > n.
(iii) n=1,3 or 7.

Theorem 1.2 ([4, Theorem 4]). The following three conditions are equivalent:

(i) 72 is extendible to RP™ for every m > n.
(ii) 72 is stably extendible to RP™ for every m > n.
(ifi) 1 <n < 16.
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The first purpose of this paper is to obtain the complete answer for the k-fold
power 7%, Let ¢(n) be the number of integers s such that 0 < s <n and s =0, 1,
2 or 4 mod 8. Then we have

Theorem A. For the k-fold power 7% = 7(RP™) ® --- @ T(RP"™) (k-fold) of the
tangent bundle T(RP™), the following three conditions are equivalent:

(i) 7% is extendible to RP™ for every m > n.
(ii) 7" is stably extendible to RP™ for every m > n.
(iii) There is an integer a satisfying

(n+42)*F —n* < a2°H < (n 4+ 2)F 4 nk.

If £ = 1, the condition (iii) is equivalent to the condition: n = 1, 3 or 7, and
if k = 2, it is equivalent to the condition: 1 < n < 16. (Note that 20(n) > p 41
for n # 1, 3, 7, and that 2¢(") > n2 4 2n 4+ 2 for n > 17.) Hence Theorem A is a
generalization of Theorems 1.1 and 1.2. The results on ¢ and c7? are as follows.

Theorem 1.3 ([, Theorem 1]). The following three conditions are equivalent:

(i) et is extendible to RP™ for every m > n.
(ii) c7 is stably extendible to RP™ for every m > n.
(iii) 1<n<50rn="T.

Theorem 1.4 ([4, Theorem 5)). The following three conditions are equivalent:

(i) er? is extendible to RP™ for every m > n.

(ii) er? is stably extendible to RP™ for every m > n.
(i) 1< n < 17.

The second purpose of this paper is to obtain the complete answer for the com-
plexification c¢r* of 7%. For a real number z, let [z] be the largest integer n with
n < x. Then we have

Theorem B. For the complegification ct* = c¢(7(RP") ® --- ® T(RP™)) of the
k-fold power 7%, the following three conditions are equivalent:

(i) c7* is extendible to RP™ for every m > n.

(ii) er* is stably extendible to RP™ for every m > n.
(iii) There is an integer b satisfying

(n+2)F —nk< p2ln/2A+1 < (n+2)% +n*.

If k = 1, condition (iii) is equivalent to the condition 1 <n <5 or n =7, and if
k = 2, it is equivalent to the condition 1 < n < 17. (Note that 2/21 > 41 for
n =06 or n > 8, and that 2[0/2] 5> p2 4 9n + 92 for n > 18.) Hence Theorem B is a
generalization of Theorems 1.3 and 1.4.

This paper is arranged as follows. In Section 2 we establish the formulas on
the power 7% = 7(RP") ® --- @ T(RP"™) of the tangent bundle 7(RP") of the real
projective m-space RP™. In Section 3 we apply the results in Section 2 to the
problem of extendibility and stable extendibility of the k-fold power 7% and prove
Theorem A by using Theorem 4.1 in [§]. In Section 4 we establish the formulas on
the complexification er% = ¢(7(RP") ® - -- @ 7(RP™)) of 7%. In Section 5 we apply
the results in Section 4 to the problem of extendibility and stable extendibility of
et and prove Theorem B by using Theorem 2.1 in [§].
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2. THE k-FOLD POWER OF THE TANGENT BUNDLE OF RP"

In this section we establish the formulas on the k-fold power of the tangent
bundle 7 = 7(RP"™). Let &, denote the canonical line bundle over RP™.

Lemma 2.1. Let 7% = 7(RP") ® --- ® 7(RP"™) (k-fold) denote the k-fold power
of the tangent bundle 7 = 7(RP™). Then, for any positive integer r, the following
hold in the Grothendick group KO(RP™):

(1) TQr—l — 2—1{(n+2)2r—1 +n2r—1}£n _2—1{(n+2)2r—1 _n2r—1}}
(2) 7_27‘ — 7271{(n+2)2r7n2r}£n+271{(n+2)2r+n2r}‘

Proof. 1t is well known that 7 = (n +1)§, — 1 in KO(RP"). Hence formula (1)
clearly holds for r = 1.
Assume that formula (1) holds for » > 1. Then
7_27' =T ® 7_27“—1
= {(n+ D& = BRI+ 2"+ 07 - 27 H{(n + 27 =]
=2 H{(n+2)" = n?}n +27{(n + 2 + 07},

since &, ® &, = 1. So formula (2) holds for r > 1.
Assume that formula (2) holds for r > 1. Then

7_2r+1 =T ® 7_2r
={(n+1)& - B27{(n +2)* + 0™} —27{(n +2)*" —n”"}&,]
_ 271{(,”1 + 2)2r+1 + n2r+1}€n _ 271{(,” + 2)2r+1 _ TL2T+1},

since &, ® &, = 1. So formula (1) holds for r 4 1.
Hence formulas (1) and (2) hold for any positive integer r by induction on . O

The following result is used in our proofs.

Theorem 2.2 (cf. [2] Theorem 1.5, p. 100]). Two t-dimensional F-vector bundles
over an n-dimensional CW-complex which are stably equivalent are equivalent if
(((n+2)/f) = 1) < t, where (x) denotes the smallest integer n with x < n and
f =1 or2 according as F = R or C.

We establish the formula on 7%, as follows.

Theorem 2.3. Let 7% = 7(RP") @ - -- @ 7(RP"™) (k-fold) denote the k-fold power
of the tangent bundle T = 7(RP"™). Then, for any positive integer r, the following
hold:

(1) 7_27‘71 e 271{(,” + 2)2r71 _ n2r71} — 271{(,” + 2)2r71 + n2r71}€n7

(2) o2 H{(n+2)* -} =27 H{(n+2)* + 07},
where, in the equalities (1) and (2), a positive integer k denotes the k-dimensional
trivial bundle over RP"™ and @ denotes the Whitney sum.

Proof. (1) By Lemma 2I{(1), we have
P2l Lol (4 2)2 L _ 21— 9- L (n 4 2)2 L 4 2 e
in KO(RP™). Since
dim[r?" ' @27 (n +2)* 1 —n? "1}
=274 (n+2)* 4+ n*" 1} >n=dim RP",
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the equality
7_2r71 oy 271{(,” + 2)27‘71 _ ,’7‘27'71} _ 271{(71 + 2)27“71 + n2'r71}£n
holds as R-vector bundles by Theorem
(2) By Lemma [271[(2), we have
7_2r + 271{(,,1 + 2)27" _ n2r}§n — 271{(,’1 + 2)27‘ + ’I’LZT}
in KO(RP™). Since dim[7?" & 27 {(n + 2)>" —n?"}&,] = 27 H(n +2)?" +n?"} >
n = dim RP", the equality
7_27" o) 271{(71 + 2)27" o n2r}€n _ 271{(TL + 2)27‘ + TLZT}
holds as R-vector bundles by Theorem O
Moreover, the next theorem follows from Lemma 2.1
Theorem 2.4. For any positive integer r and any integer a, the following hold in
KO(RP"):
(1) 72r=1 _ 271{(71 + 2)21"71 + n2r—1 _ a2¢(n)+1}£n
+ 2—1{a2¢(n)+1 _ (n + 2>2r—1 + n2r—1}’
(2) 72 — 271{a2¢(n)+1 _ (n+2)2r +n2r}£n +271{(n+2)2r +n?r 7a2¢(n)+1}‘

Proof. Subtracting a2¢(™(¢,, — 1) = 0 (cf. [I, Theorem 7.4]) from equality (1) in
Lemma 2] we have equality (1) above, and adding a2?(™ (&, — 1) = 0 to equality
(2) in Lemma 2] we have the equality (2) above. O

3. EXTENDIBILITY AND STABLE EXTENDIBILITY OF THE k-FOLD POWER
™ =7RP") ® - ® 7(RP")
Theorem 3.1. Assume that there is an integer a satisfying
(n+2)F —n* <20+ < (n 4 2)% 40k
Then 7% is extendible to RP™ for every m > n.
Proof. If k = 1, the inequalities imply a =1 andn=1,3 or 7, and if n =1, 3 or
7, T7(RP™) is trivial. Hence the results clearly hold for n = 1 or k = 1. So we may
restrict our attention to the case n > 1 and k > 1.

In case k is odd, let & = 2r — 1, where r is an integer > 1. Then, by the
assumption, we have

271{(,’1 + 2)2r71 + n2r71 _ CL2¢'(n)+1} >0
and
2—1{a2¢(n)+1 _ (n + 2)2r—1 + n2r—1} > 0.
Hence Theorem 224(1) implies that the equality
7_27“—1 — 2—1{(n+2)2r—1+n2r—1_a2¢(n)+1}£n@2—1{a2¢(n)+1_(n+2)2r—1 +n2r—1}

holds by Theorem 2.2 since dim 72 ~! = n?"~! > n = dim RP" for n > 1 and
r > 1. So 72771 is extendible to RP™ for every m > n, since £, and the trivial
bundle over RP" are extendible to RP™ for every m > n.

In case k is even, let &k = 2r, where r is a positive integer. Then, by the
assumption, we have

271{a2¢(n)+1 _ (TL 4 2)27‘ + TLZT} Z 0
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and
2—1{(n+ 2)2r + n2r _ a2¢(n)+1} > 0.
Hence Theorem 2:4](2) implies that the equality

7_2r — 2—1{a2¢(n)+1 _ (n + 2)2r + n2r}£n ) 2—1{(n + 2)2r + n2r _ a2¢(n)+l}

holds by Theorem 2.2} since dim 72" = n?" > n = dim RP" for n > 1 and r > 0.
So 72" is extendible to RP™ for every m > n. O

The following result is Theorem 4.1 in [§] which is the stably extendible version
of Theorem 6.2 in [0].

Theorem 3.2. Let ¢ be a t-dimensional R-vector bundle over RP™. Assume that
there is a positive integer | such that ¢ is stably equivalent to (t +1)&,, and t+1 <
200 Thenn < t+1 and ¢ is not stably extendible to RP™ for every m >t + 1.

Theorem 3.3. Assume that there is an integer a satisfying
(n 4 2)F 4+ 0k — 20 < 20+ (L )k _pk,

Then 7% is not stably extendible to RP™ for every m > 27 (n+2)F +n¥ —a2¢(M+1}
if k is odd, and for every m > 27 {(a + 1)290F! — (n 4 2)F 4 nF} if k is even.

Proof. If k is odd, let K = 2r — 1. Then putting
C _ 7_27’71’ t = 77,27‘71 and [ = 271{(,”1 + 2)27"71 - 7127“71 - a2¢(n)+1}

in Theorem [B2] we obtain the result by Theorem 2:4(1) and Theorem B2] since
t+1< 2™ and [ > 0 by the assumption.
If k is even, let k = 2r. Then putting

C=7%, t=n? and [=2"(a+1)2°W* — (n+2)% —n?}

in Theorem B:2] we obtain the result by Theorem 2.4)(2) and Theorem B2] since
t+1<2°™ and [ > 0 by the assumption. O

Proof of Theorem A. (i) clearly implies (ii). (iii) implies (i) by Theorem Bl To
show that (ii) implies (iii), we prove the contraposition. Assume that every integer
a satisfies

a2?MFL < (n 4+ 2)F —nF or (n+2)F + n* < @22+,

Assume that there are integers a with a2?(™*! < (n +2)* —nF. Then we define
A as the maximum integer such that A2+l < (n 4+ 2)¥ — nk. If A satisfies
A20MFL < (4 2)F 4k — 22(MF1 e have (n + 2)F — nF < (A + 1)20(M+1 <
(n +2)F +n* and these are inconsistent with our assumption. Hence A satisfies
(n+2)F 4 nk — 2000+ < 420+ < (n 4 2)F — k. So, by Theorem B3, 7 is not
stably extendible to RP™ for every m > 2~ (n+ 2)¥ +nF — A2+ if L is odd,
and for every m > 27H{(A + 1)2¢(MW+1 — (n 4+ 2)k 4+ nF} if k is even.

Assume that there are integers a with (n +2)* +n* < a2¢(™*1. Then we define
B as the minimum integer such that (n + 2)¥ + n* < B2¢("+1  If B satisfies
B29MFL > (4 2)F — pk 4 2000+ we have (n + 2)F —nF < (B — 1)2¢0+1 <
(n+ 2)’“ + n*, and these are inconsistent with our assumption. Hence B satisfies
(n+2)F 4 nk — 2000+ < (B —1)200)+1 < (n +2)F —nF. So, by Theorem B3] ¢
is not stably extendible to RP™ for every m > 2~ '{(n+2)* 4+ n¥ — (B —1)2¢(m+11
if k is odd, and for every m > 2-1{B2¢("+1 _ (n 4 2)F 4 nk} if k is even. O
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4. THE COMPLEXIFICATION OF THE k-FOLD POWER OF 7(RP")
Complexifying the equalities (1) and (2) in Lemma 2], we immediately have

Lemma 4.1. Let % = ¢(7(RP™) ® --- @ T7(RP™)) denote the complezification of
the k-fold power 7% of the tangent bundle T = 7(RP™). Then, for any positive
integer r, the following hold in the Grothendick group K(RP™):

(1) CTQr—l — 2_1{(7'L + 2)27’—1 + ’I’LZT_l}Cfn _ 2_1{(Tl + 2)2r—1 _ n2r—1}}
(2) er?" = —27H(n +2) —n? ek, + 27 H(n +2)* +n?).

Complexifying the equalities (1) and (2) in Theorem 23] we immediately have
Theorem 4.2. For the complexification ct* = ¢(T(RP™) @ --- @ T(RP™)) of the
k-fold power 7% of the tangent bundle T = 7(RP™), the following hold:

(1) 07_27‘71 e 271{(,” + 2)27‘71 _ ,’7‘27'71} — 271{(71 + 2)2r71 + n2r71}cgn7
(2) er?" @27 H(n+2)%" —n?"}c€, =27 H(n +2)%" +n?"}.

Furthermore, the next theorem follows from Lemma 411
Theorem 4.3. For any positive integer r and any integer b, the following hold in
K(RP™):

(1) er2r—1 — 271{(71 + 2)2r71 + n2r—1 _ bQ[n/2]+1}C£n
+ 2—1{b2[n/2]+1 _ (Tl + 2)27“—1 + n2r—l},
(2) 07_27‘ _ 271{62[71/2]*%1_(n+2)2r+n2r}C£n+27l{(n+2)2r+n2r_b2[n/2]+1}'
Proof. Subtracting b2("/2 (¢, — 1) = 0 (cf. [I, Theorem 7.3]) from equality (1) in

Lemma BTl we have equality (1) above, and adding 52[*/21(¢,, — 1) = 0 to equality
(2) in Lemma [Tl we have equality (2) above. O

5. EXTENDIBILITY AND STABLE EXTENDIBILITY OF THE COMPLEXIFICATION
et = c(7(RP") @ - - - @ T(RP™))

The proofs of the following Theorems (.1 and are parallel to those of Theo-
rems B.1] and B3] respectively.

Theorem 5.1. Assume that there is an integer b satisfying

(n+2)F —nF < p2ln/2+1 < (n+2)%F +n*.

k

Then ct™ is extendible to RP™ for every m > n.

Proof. In case k is odd, let k = 2r — 1, where r is a positive integer. Then, by the
assumption, we have

2_1{(n + 2)2r—1 + n2r—1 _ b2[n/2]+1} >0
and
-1 p2ln/2+1 (5 4 2)2 1 4 2 1) > ),
Hence Theorem [£3((1) implies that the equality
TPl = 971 (g 2)2 L2 2l A+ Y e o= (poln/ ALy 4 9)2r—1 201y

holds by Theorem 22 since dimer?" ! = n?'=! > ((n+2)/2 — 1) = (n/2). So
cr? 1 is extendible to RP™ for every m > n, since ¢,, and the trivial bundle over
RP™ are extendible to RP™ for every m > n.
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In case k is even, let k& = 2r, where r is a positive integer. Then, by the
assumption, we have
2—1{b2[n/2]+1 _ (n+ 2>2r + n27‘} >0
and
2—1{(n + 2)21” + n2r _ b2[n/2]+1} Z 0
Hence Theorem [£.3|(2) implies that the equality

c7_27‘ _ 2—1{b2[n/2]+1 _ (n + 2)2r + ngr}an @ 2—1{(n + 2)2r + n2r _ b2[n/2]+1}

holds by Theorem 22 since dim cr?" = n?" > ((n +2)/2 — 1) = (n/2). So et is
extendible to RP™ for every m > n. O

The following result is Theorem 2.1 in [§] which is the stably extendible version
of Theorem 4.2 for d =1 in [7].

Theorem 5.2. Let ¢ be a t-dimensional C-vector bundle over RP™. Assume that
there is a positive integer  such that ¢ is stably equivalent to (t+1)c&,, and t+1 <
202 Then n < 2t+21 and ¢ is not stably extendible to RP™ for every m > 2t+21.

Theorem 5.3. Assume that there is an integer b satisfying
(n 4 2)% +nk — 2l/241 < polr/2+1 (4 2)k _ pk,

Then ct® is not stably extendible to RP™ for every m > (n + 2)F 4 nkF — p2[n/21+1
if k is odd, and for every m > (b+ 1)2"/241 — (n 4+ 2)F + 0¥ if k is even.

Proof. If k is odd, let £k = 2r — 1. Then putting
¢ = 67_27’—1’ t=n2"1 and = 2—1{(n + 2)2r—1 —p2r-1_ b2[n/2]+1}
in Theorem [52] we obtain the result by Theorem F3|(1) and Theorem (2] since

t+1 < 2[*/2 and I > 0 by the assumption.
If k is even, let k = 2r. Then putting

C=cr?, t=n% and [=2"Yb+1)22H — (n42)?" —n?}

in Theorem [52] we obtain the result by Theorem F3|(2) and Theorem [(.2] since
t+1 < 2["/2 and [ > 0 by the assumption. O

Proof of Theorem B. (i) implies (ii) clearly. (iii) implies (i) by Theorem Bl To
show that (ii) implies (iii), we prove the contraposition. Assume that every integer
b satisfies

b200/2+ < (4 2)F — 0¥ or (n 4 2)F + nF < p2l/AH+L

Assume that there are integers b with b2[*/2+1 < (n 4 2)¥ —n*. Then we define
C as the maximum integer such that C2["/2+1 < (n 4+ 2)F — pk. If C satisfies
C2/2H1 < (n 4 2)F 4 pF — 2/2AH1 e have (n + 2)F —nF < (C +1)2/2+! <
(n 4+ 2)* + n* and these are inconsistent with our assumption. Hence C' satisfies
(n+2)F 4+ nkF —2l/2+1 < 022+ < (n 4 2)F — n¥. So, by Theorem (.3} e7” is
not stably extendible to RP™ for every m > (n + 2)F 4+ n* — C2["/2+1 if [ is odd,
and for every m > (C' + 1)2[/2+1 — (n 4+ 2)F 4 n¥ if k is even.

Assume that there are integers b with (n 4 2)F +n* < b2(*/21+1 Then we define
D as the minimum integer such that (n + 2)* + n* < D2[/2+1 If D satisfies
D22+ > (n 4 2)F — nk 4 2[7/241 wwe have (n + 2)F —nF < (D —1)27/241 <
(n +2)¥ + n¥, and these are inconsistent with our assumption. Hence D satisfies
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(n +2)F 4 nk —2/2+1 < (D — 1)2[7/241 < (n + 2)F —nF. So, by Theorem 5.3
er® is not stably extendible to RP™ for every m > (n +2)* +n¥F — (D — 1)2[/2+1
if k is odd, and for every m > D2[/2+1 — (n 4 2)F 4 nF if k is even. O
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