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AS ELEMENTARY OPERATORS
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Abstract. Let A be a C∗-algebra and let B be a C∗-subalgebra of A. We
call a linear operator from A to B an elementary conditional expectation if
it is simultaneously an elementary operator and a conditional expectation of
A onto B. We give necessary and sufficient conditions for the existence of a
faithful elementary conditional expectation of a prime unital C∗-algebra onto
a subalgebra containing the identity element. We give a description of all
faithful elementary conditional expectations. We then use these results to give
necessary and sufficient conditions for certain conditional expectations to be
index-finite (in the sense of Watatani) and we derive an inequality for the
index.

1. Elementary operators

Let A be a C∗-algebra. Φ : A → A is called an elementary operator if either
Φ = 0 or there exists {xi}n

i=1; {yi}n
i=1, two finite sets each containing the same

number of linearly independent elements in A, such that Φ(a) =
∑n

i=1 xiayi. A
C∗-algebra A is called prime if for any non-zero x, y ∈ A, there exists z ∈ A such
that xzy �= 0. It was first noted by Mathieu [4] that elementary operators on prime
C∗-algebras have many interesting properties. Many of the results in section 4 of
[4] will be used later in this paper. We will also need the following results.

Lemma 1.1. Let A be a prime C∗-algebra, let {xi}n
i=1 and {yi}n

i=1 be two linearly
independent sets in A and let cij ∈ C for 1 ≤ i, j ≤ n. Then

∑
1≤i,j≤n cijximyj = 0

for all m ∈ A implies that cij = 0 for all i, j.

Proof. Let C be the n by n matrix whose (i, j) entry is cij . Let C = UDV
be its singular value decomposition, where U and V are unitary matrices and D
is a diagonal matrix with non-negative entries. Now let ak =

∑n
i=1 uikxi and

bk =
∑n

j=1 vkjyj . Note that {ak}n
k=1 and {bk}n

k=1 are both linearly independent
sets and

∑n
k=1 dkkakmbk = 0 for all m ∈ A. Hence Theorem 4.1 of [4] implies that

C = 0.
Any completely positive elementary operator Φ has a representation of the form

Φ(a) =
∑n

i=1 x∗
i axi for some linearly independent set of elements {xi}n

i=1 ([4],
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Theorem 4.10). Since any conditional expectation is completely positive, we will
only consider elementary operators of this form from here on.

Corollary 1.2. Let A be a prime C∗-algebra. Let V be a finite-dimensional sub-
space of A endowed with an inner product 〈·, ·〉. Let {xi}n

i=1 be an orthonormal
basis of V and let {yk}n

k=1 be any n-tuple of elements in V . Then
∑n

i=1 x∗
i axi =∑n

k=1 y∗
kayk for all a ∈ A if and only if {yk}n

k=1 is also an orthonormal basis of V .

Proof. Suppose
∑n

i=1 x∗
i axi =

∑n
k=1 y∗

kayk. We can write yk =
∑n

i=1 cikxi where
cik = 〈yk, xi〉. Let C denote the n by n matrix with the (i, j)th entry equal to
cij for all i, j. Then

∑n
i=1 x∗

i axi =
∑n

k=1 y∗
kayk =

∑n
i,j=1[CC∗]ijx∗

jaxi ([CC∗]ij is
the (i, j)th entry of the matrix CC∗) and hence

∑n
i,j=1[CC∗ − I]ijx∗

jaxi = 0. C is
therefore unitary by the previous lemma and {yk}n

k=1 is an orthonormal basis. The
converse may be proved by reversing our steps.

2. Conditional expectations

We begin by recalling the concept of a conditional expectation onto a subalgebra
first introduced in [5].

Definition 2.1. Let A be a C∗-algebra and let B ⊆ A be a C∗-subalgebra. Then
we call E : A → B a conditional expectation of A onto B if it satisfies the following
three properties:

(1) E(b) = b, ∀b ∈ B,
(2) E(b1ab2) = b1E(a)b2 ∀a ∈ A,∀b1, b2 ∈ B,
(3) a ≥ 0 =⇒ E(a) ≥ 0 for all a ∈ A.
We say that E is a faithful conditional expectation if, in addition to the three

conditions above, E satsifies the following:
(4) If E(a∗a) �= 0 for all non-zero a ∈ A.
We say that E is an elementary conditional expectation of A onto B, if E is an

elementary operator on A which is also a conditional expectation of A onto B.

Conditional expectations may not be unique. If A has a faithful tracial state τ ,
there is a unique conditional expectation of A onto B satisfying τ (E(a)) = τ (a) for
all a ∈ A which is called the τ -preserving conditional expectation. If we consider
A to be a Hilbert space with the inner product 〈x, y〉 = τ (y∗x), the τ -preserving
conditional expectation is the orthogonal projection on the subspace B.

3. Finite-dimensional C∗
-algebras

Let M be a finite-dimensional C∗-algebra (the identity element will be denoted
1M or just 1 if it is clear which C∗-algebra it belongs to). It is well known that
every finite-dimensional C∗-algebra is isomorphic to a direct sum of matrix algebras;
hence M ∼=

⊕q
k=1 Mnk

(C) for some finite set of natural numbers {nk}q
k=1. We can

form a basis of A consisting of matrix units {{e(k)
ij }nk

i,j=1}
q
k=1 satisfying e

(k)
ij e

(t)
rs =

δjrδkte
(t)
is and e

(k)∗
ij = e

(k)
ji . We note that there are q minimal central projections

of M, and they are of the form ck =
∑nk

i=1 e
(k)
ii . The span of the minimal central

projections is Z(M), the center of M. We note that the minimal central projections
are independent of the choice of matrix units. We will define the left-regular trace
τ on M as follows: τ (ck) = n2

k (hence τ (1) = dim(M) and τ (e(k)
ij ) = δijnk for any

set of matrix units). The terminology here comes from the fact that this τ can be
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viewed as the trace (sum of the diagonal matrix entries) of the left regular matrix
representation of M (see pg. 424 of [1] for more details), although we will not use
this fact in what follows. We end this section with the following useful elementary
result.

Lemma 3.1. Let M be a finite-dimensional C∗-algebra and let I be a proper right
ideal of M. Then there exists a non-zero m ∈ M such that mI = 0.

4. Faithful elementary conditional expectations

We recall that if B is a C∗-subalgebra of a C∗-algebra A, B′ ∩A = {a ∈ A|ab =
ba, ∀b ∈ B} and is called the relative commutant of B in A.

Lemma 4.1. Let A be a unital prime C∗-algebra and let B be a C∗-subalgebra of A
with 1A ∈ B. Suppose there exists E, a faithful elementary conditional expectation
from A to B and let {xi}n

i=1 be a linearly independent set of elements in A such
that E(a) =

∑n
i=1 x∗

i axi. Then B′∩A = span({xi}n
i=1). (In particular B′∩A must

be finite dimensional).

Proof. First note that E(ab) = E(a)b for all a ∈ A and all b ∈ B and hence∑n
i=1 x∗

i a(xib − bxi) = 0. Therefore, by Theorem 4.1 of [4], xi ∈ B′ ∩ A for all i.
Now let u be a unitary element in B′ ∩ A. Then uE(a) = E(a)u for all x ∈ A.
Hence

∑n
i=1 ux∗

i axi =
∑n

i=1 x∗
i axiu and by Corollary 4.7 of [4], span({xiu}n

i=1) =
span({xi}n

i=1). Since every element in a unital C∗-algebra can be expressed as
a linear combination of four unitaries, span({xi}n

i=1) is a right ideal in B′ ∩ A.
Similarly, span({x∗

i }n
i=1) is a left ideal and hence span({x∗

i xj}n
i,j=1) is a two-sided

ideal which contains the identity and hence is equal to B′∩A. In particular, B′∩A
is a finite-dimensional C∗-algebra. Hence, if span({xi}n

i=1) is a proper right ideal
of B′ ∩A, then there exists a non-zero m ∈ B′ ∩A such that mxi = 0 for all i. But
then EB(m∗m) = 0 which contradicts faithfulness. So B′ ∩ A = span({xi}n

i=1).

Theorem 4.2. Let A be a unital prime C∗-algebra and let B be a C∗-subalgebra of
A with 1A ∈ B. Then there exists E, a faithful elementary conditional expectation
of A onto B if and only if B is the relative commutant of a finite-dimensional
C∗-subalgebra of A containing 1A.

Proof. Let E(a) =
∑n

i=1 x∗
i axi be a conditional expectation of A onto B. Let

M = B′ ∩ A; M is finite dimensional by the previous lemma and B ⊆ M′ ∩ A.
Then

∑n
i=1 x∗

i xi = 1 and E(a) = a for all a ∈ M′ ∩ A. Hence B = M′ ∩ A.
Now suppose B = M′ ∩ A, where M ∼=

⊕q
k=1 Mnk

(C). Now consider the
elementary operator E0(a) =

∑q
k=1

1
nk

∑nk

i,j=1 e
(k)
ji ae

(k)
ij , where {{e(k)

ij }nk
i,j=1}

q
k=1 are

a set of matrix units for M. Note that e
(t)
rs E0(a) = 1

nt

∑nt

i,j=1 e
(t)
ri ae

(t)
is = E0(a)e(t)

rs

so E0(a) ∈ B. We also have E0(1) =
∑q

k=1

∑nk

j=1 e
(k)
jj = 1. Now it can easily be

verified that E0 satisfies all of the conditions of a faithful conditional expectation.
If A has any tracial states, it is easy to see that E0 is the unique trace-preserving
conditional expectation for any trace on A.

We note that the “if” direction of the above result remains true even if A is not
prime. We can show that E0 is independent of the choice of matrix units by noting
that any set of normalized matrix units {{n− 1

2
k e

(k)
ij }nk

i,j=1}
q
k=1 is an orthonormal

basis of M with respect to the inner product 〈x, y〉 = τ (y∗x), where τ is the
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left regular trace of M and then by using Corollary 1.2. We will call E0(a) =∑q
k=1

1
nk

∑nk

i,j=1 e
(k)
ji ae

(k)
ij the minimal conditional expectation of A onto B (in the

next section, we will explain the reason for calling E0 minimal). We can now
characterize all faithful elementary conditional expectations in terms of E0.

Theorem 4.3. Let A be a unital prime C∗-algebra, let M be a finite-dimensional
C∗-subalgebra of A with 1A ∈ M, B = M′∩A and let E0 be the minimal conditional
expectation of A onto B. Let E(x) =

∑n
i=1 x∗

i axi where the {xi}n
i=1 is a basis

of M. Then E is a faithful conditional expectation of A onto B if and only if
E(x) = E0(rxr) for some positive invertible r ∈ M such that E0(r2) = 1.

Proof. We note that the “if” direction can easily be seen to be true; we will only
prove the “only if” direction. Suppose E is a faithful conditional expectation of A
onto B and let 〈·, ·〉 be the inner product on M defined by 〈xi, xj〉 = δij . We note
that xim =

∑n
j=1〈xim, xj〉xj and mx∗

j = (xjm
∗)∗ =

∑n
i=1〈xi, xjm

∗〉x∗
i . Since

E maps A onto B,
∑n

i,j=1〈xi, xjm
∗〉x∗

i axj =
∑n

j=1 mx∗
jaxj =

∑n
i=1 x∗

i axim =∑n
i,j=1〈xim, xj〉x∗

i axj for all m ∈ M. Hence the inner product has the property
that 〈xm, y〉 = 〈x, ym∗〉 for all x, y, m ∈ M and there exists an positive invertible
r ∈ M such that 〈x, y〉 = τ (y∗r−2x), where τ is the left regular trace on M.
Therefore the set {{ 1

nk
re

(k)
ij }nk

i,j=1}
q
k=1 is an orthonormal basis with respect to our

inner product and E(x) = E0(rxr) by Corollary 1.2 and E0(r2) = E(1) = 1.

5. Index finiteness

Definition 5.1. Let A be a C∗-algebra, let B be a C∗-subalgebra of A and let E
be a conditional expectation of A onto B. A finite set of pairs of elements in A,
{(ui, vi)}n

i=1 is called a quasi-basis for E if
∑n

i=1 uiE(via) = a =
∑n

i=1 E(aui)vi for
any a ∈ A. A conditional expectation E is said to be of index-finite type if there
exists a quasi-basis for E.

We note that the quasi-basis may not be unique. An index-finite E always
admits a quasi-basis of the form {(ui, u

∗
i )}n

i=1 ([6], Lemma 2.1.6). In the special
case where B′ ∩ A is finite dimensional, if one conditional expectation of A onto
B is of index-finite type, then every faithful conditional expectation of A onto B
is of index-finite type ([6], Proposition 2.10.2). In the following theorem, C is the
C∗-subalgebra of A consisting of all scalar multiples of the identity element.

Theorem 5.2. Let A be a unital prime C∗-algebra, let M be a finite-dimensional
C∗-subalgebra of A with 1A ∈ M, and let B = M′ ∩ A. Further, let τ denote the
left regular trace of M. Then the following are equivalent:

(1) Any faithful conditional expectation of A onto B is of index-finite type.
(2) There exists F , an elementary operator on A, such that F |M is the τ -

preserving faithful conditional expectation of M onto C.
(3) There exists G, an elementary operator on A, such that G|Z(B) is the τ -

preserving faithful conditional expectation of Z(B) onto C.
(4) No proper two-sided ideal of A contains a minimal central projection of B.
If any of these four equivalent conditions hold, then any conditional expectation

of A onto B is an elementary conditional expectation.

Proof. (1) =⇒ (2) Let {xj}m
j=1 be an orthonormal basis of M with respect to the

inner product 〈x, y〉 = τ (y∗x) with x1 = (τ (1))−
1
2 1. Now E0(a) =

∑m
j=1 x∗

jaxj is
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the minimal conditional expectation of A onto B. Let {(ui, vi)}n
i=1 be a quasi-basis

for E0 and let F (a) = 1
τ(1)

∑n
i=1 uiavi. Then

a =
n∑

i=1

uiE(via) =
m∑

j=1

n∑

i=1

τ (1)F (xj)axj .

So F (xi) = 0 for i = 2, 3, ..., n and F (1) = 1. Hence F |M is the τ -preserving faithful
conditional expectation of M onto C.

(2) =⇒ (1) Let F (x) =
∑n

i=1 uiavi where {ui}n
i=1 and {vi}n

i=1 are both linearly
independent sets. We can show that {(ui, vi)}n

i=1 is a quasi-basis for E0 by reversing
the steps of our previous argument.

(2) =⇒ (3) Simply take G = F .
(3) =⇒ (2) Let E0 be the minimal conditional expectation of A onto B. Note

that E0|M is a τ -preserving conditional expectation of M onto Z(B). Hence let
F (a) = G(E0(a)) for all a ∈ A.

(3) =⇒ (4) G maps any minimal central projection of B into a multiple of the
identity. Since any elementary operator will map a two-sided ideal into itself, no
proper two-sided ideal of A contains a minimal central projection of B.

(4) =⇒ (3) If any ideal of A contains a non-zero element of Z(B), then it also
contains a minimal central projection of B. So any non-zero linear combination of
the minimal central projections cannot be in any proper two-sided ideal of A. The
existence of G now follows from Proposition 1.1 of [3].

The last sentence in the statement of the theorem is an immediate consequence
of Proposition 2.10.9 of [6].

We note that the fourth of the equivalent conditions is satisfied in certain im-
portant cases such as when A is simple or when Z(B) = C.

Watatani has defined the index of a conditional expectation E having a quasi-
basis {(ui, vi)}n

i=1 as follows: ind(E) =
∑n

i=1 uivi and has shown that ind(E) is
independent of the choice of quasi-basis and is in Z(A) [6] (in our case, A is prime;
so Z(A) = C).

Theorem 5.3. Let A be a unital prime C∗-algebra, let M be a finite-dimensional
C∗-subalgebra of A with 1A ∈ M, and let B = M′ ∩ A. Let E be a faithful
conditional expectation of A onto B. If E is index-finite, then dim(M) ≤ ind(E)
with equality if and only if E is the minimal conditional expectation.

Proof. Let E0 be the minimal conditional expectation of A onto B and let
{(ui, vi)}n

i=1 be a quasi-basis for E0. By Theorem 4.3, E(a) = E0(rar) for some
positive invertible r ∈ M such that E0(r2) = 1. Then {(uir

−1, r−1vi)}n
i=1 is a

quasi-basis for E. Using an argument in the first paragraph of the proof of Theo-
rem 5.2, ind(E) =

∑n
i=1 uir

−2vi = τ (r−2), where τ is the left regular trace on M.
Now τ (1)dim(M) = (τ (1))2 ≤ τ (r2)τ (r−2) = τ (E0(r2))τ (r−2) = τ (1)τ (r−2) =
τ (1)ind(E). The inequality step follows from the Cauchy-Schwarz inequality, and
hence equality holds only when r = 1 and E = E0.

E0 minimizes the index and is therefore a minimal conditional expectation in
the usual sense (as in section 2.12 of [6]), thus justifying our use of the terminology.
If A has a tracial state, the conditional expectation which minimizes the index is
also the one which preserves all the tracial states of A. We also note that our
inequality seems to be a Watatani index analogue of an inequality for the Jones
index described in Jones’ original paper (in the Remark after Corollary 2.2.3 in [2]).
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