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ABSTRACT. Let Ag be the canonical AF subalgebra of a graph C*-algebra
C*(FE) associated with a locally finite directed graph E. For Brown and
Voiculescu’s topological entropy ht(®g) of the canonical completely positive
map g on C*(E), ht(®g) = ht(®PElay) = h(E) = hy(E) is known to hold
for a finite graph E, where hj(E) is the loop entropy of Gurevic and hy(F) is
the block entropy of Salama. For an irreducible infinite graph E, the inequality
hi(E) < ht(®Eg|ay) has recently been known. It is shown in this paper that
ht(Pglay) < max{hy(E), hy('E)},

where tE is the graph E with the direction of the edges reversed. Some irre-
ducible infinite graphs E, (p > 1) with ht(CI>E|AEp) = log p are also examined.

1. INTRODUCTION

Voiculescu [22] introduced a notion of topological entropy ht(«) for an automor-
phism « of a nuclear unital C*-algebra A to measure the growth of @™ as n — oo
using the fact that a nuclear C*-algebra has the completely positive approximation
property. The definition extends very well to automorphisms of exact C'*-algebras
(as done by Brown in [4]) due to the deep result by Kirchberg [13] that exact C*-
algebras are nuclearly embeddable. But without effort one can define ht(®) even
for a completely positive (cp) map on an exact C*-algebra as described in [2]. Since
a C*-subalgebra of an exact C*-algebra is always exact, if ® : A — A is a cp map
on an exact C*-algebra A and B is a ®-invariant C*-subalgebra of A, then ht(®|p)
can be defined and the monotonicity ht(®|g) < ht(P) holds.

The topological entropy has been computed in several cases; for example, the
equality ht(a ) = max{ht(«), ht(5)} for the reduced free product automorphism
a * 3 was proved in [I], when the free product is with amalgamation over a finite-
dimensional C*-algebra. Also Dykema [9] showed that ht(«) = 0 for certain classes
of automorphisms « of reduced amalgamated free products of C*-algebras, which
turns out to extend Stgrmer’s result [2I] that the Connes-Stgrmer entropy of the
free shift automorphism of the II;-factor L(F,,) is zero.

In this paper we are concerned with the topological entropy of the shift type cp
maps on C*-algebras arising from directed graphs. A typical one is the canonical
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216 JA A JEONG AND GI HYUN PARK

cpmap P4 : O4 — Oy of the Cuntz-Krieger algebra Oy given by
Dy(x) = Z S;TS],
i=1

where s1,...,s, are the partial isometries that generate O4. The reason we call
® 4 shift type is that O4 contains a ® 4-invariant commutative C*-subalgebra D4
which is isomorphic to C'(X 4) in such a way that the restriction ® 4|p, corresponds
to the shift map ox, on the (compact) shift space X 4 associated with the incidence
matrix A. The topological entropy of ®,4 is then computed (see [Bl 2 11 19]) as
ht(®4) =logr(A) (r(A) is the spectral radius of A). But logr(A4) = hyop(Xa) is a
well-known fact, so that one can deduce by [8] that ht(®4) = ht(Pa|p,). On the
other hand, O 4 also contains another important ® 4-invariant C*-subalgebra A4
which is an AF algebra with D4 C A4. Thus by monotonicity of entropy, we have
ht(®a) = ht(Pala,) = ht(Palp, ).

The Cuntz-Krieger algebras O 4 are now well understood as graph C*-algebras
C*(E) = C*(se, py) associated with finite directed graphs E, and the cp map ® 4 of
O, is interpreted as the map ®p : C*(E) — C*(E) given by ®g(x) = > g1 Sc25}.
Hence if E is a finite graph (possibly with sinks) which contains an infinite path, it
follows that ht(®g) = ht(Pgla,) = ht(Pg|p,) = logr(Ag), where Ag is the AF
subalgebra of C*(FE) corresponding to A4 in O4 and Ag is the edge matrix of E
(see [I1]).

If F is infinite but locally finite, then the map ® g is known to be a contractive
cp map, and furthermore if F is irreducible and Ag is the canonical AF subalgebra
of C*(E), the inequality h;(E) < ht(Pg|a,) is known to hold [II]. The purpose of
the present paper is then to give an upper bound for ht(®g|4,), and we actually
prove the following (see Theorem 3.10):

ht(q)El.AE) S max{hb(E), hb(tE)}

In particular, for an irreducible infinite graph E, constructed in [20] so that h;(E),)
= hy(Ep) =logp (p > 1), we have ht(®p,|4,,) = logp.

We believe that the result would be helpful to compute the entropy ht(®g) of
& on the whole graph C*-algebra C*(E).

2. PRELIMINARIES

2.1. Graph C*-algebras. A (directed) graph is a quadruple E = (E°, E*,r, s) of
the vertex set E°, the edge set E', and the range, source maps r,s : E' — E0. A
family {p,,s. | v € E°, e € E'} of mutually orthogonal projections p, and partial
isometries s, is called a Cuntz-Krieger E-family if the following relations hold:

SZSe = Pr(e)> 5682 < Ps(e)s

Py = Z sest, if0 < [s7H(v)| < oo
(

s(e)=v

The graph C*-algebra C*(E) is then defined to be a C*-algebra generated by a
universal Cuntz-Krieger E-family (see [16, [I7, [B]). If E is row-finite, that is, each
vertex emits only finitely many vertices, the relations can be written as (with the
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TOPOLOGICAL ENTROPY AND AF SUBALGEBRAS OF C*-ALGEBRAS 217

edge matrix Ag of E)
SeSe = Z Ag(e, f)sgsy;

feE!L

hence the family is also called a Cuntz-Krieger Ag-family.

Given a {0,1} matrix B such that each row has only finitely many non-zero
entries (row-finite), let E be the graph with the vertex matrix B. Then by definition
C*(FE) is generated by a Cuntz-Krieger Ag-family. But it is also generated by a
Cuntz-Krieger B-family [17, Proposition 4.1]. Hence many results on C*-algebras
of {0,1} matrices can be applied to graph C*-algebras even though not all {0,1}
matrices can occur as edge matrices of some graphs.

We call a graph E locally finite if each vertex receives and emits only finitely
many edges. Throughout this paper we consider only locally finite graphs and
adopt the notation in [I6]. If a finite path a € E* of length |a] > 0 is a return
path, that is, s(a) = r(«), then « is called a loop at v = s(«). A graph F is said to
be irreducible if for any two vertices v, w there is a finite path a € E* with s(a) = v
and r(«) = w. It is known that if F is irreducible and every loop has an exit, then
C*(E) is simple ([I6]).

2.2. Topological entropy of cp maps. Let A be a C*-algebra, 7 : A — B(H)
a faithful #-representation, and Pf(A) the set of all finite subsets of A. For w €
Pf(A) and § > 0, put

CPA(r,A)={(¢,v,B) | ¢: A— B,v: B— B(H) are contractive cp maps
and B is a C*-algebra with dim B < oo},
rep(m,w, §) = inf{rank(B) | (¢,4, B) € CPA(w,A), || o ¢(x) — w(x)|| <,
for all x € w},

where rank(B) denotes the dimension of a maximal abelian subalgebra of B.

Since the cp d-rank rep(m,w,d) is independent of the choice of 7 (|2 [4]) and
graph C*-algebras C*(E) are nuclear ([15]) we may write rep(w, §) for rep(m, w, d)
assuming that C*(E) C B(H) for a Hilbert space H.

Definition 2.1 ([2 4, 22]). Let A C B(H) be a C*-algebra and let & : A — A be
a cp map. Put

n—1

ht(®,w,d) = limsup % log (rep( U P (w),d)),

e i=0
ht(®,w) = sup ht(P,w, J).
6>0

Then ht(®) := sup,cpy(a) ht(P,w) is called the topological entropy of ®.

Remark 2.2. We refer the reader to [2] and [4] for the following useful properties
and their proofs. Let A be an exact C*-algebra and let ® : A — A be a c¢p map.
(a) If 6 : A — B is a C*-isomorphism, then ht(®) = ht(0P0~1).
(b) Let A be the unital C*-algebra obtained by adjoining a unit and let @ :
A — A be the extension of ®. Then ht(®) = ht(®).
(c) If Ag C A is a P-invariant C*-subalgebra of A, ht(®|4,) < ht(P).
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We will use the following Arveson’s extension theorem several times.

Arveson Extension Theorem (see [4]). Let A be a unital C*-algebra, S C A a
unital subspace with S = S*, and ¢ : S — B a contractive cp map where B = B(H)
or dim(B) < co. Then ¢ extends to a cp map ¢ : A — B. If S is a C*-subalgebra
of A, then we obtain a unital cp extension of ¢ even when S does not contain the
unit of A.

If E is a locally finite graph, the map ®g : C*(E) — C*(E), defined by

Op(z) = Z Sexsyt,
ecE!

is well defined, contractive and completely positive [I1]. For a finite graph FE, the
topological entropy ht(®g) has been obtained as follows (see [2], [5], [19], or [I1]).

Theorem 2.3. Let E be a finite graph possibly with sinks and let Ag be the edge
matriz of E. If E contains an infinite path, then

ht(®g) =logr(Ag),
where r(Ag) is the spectral radius of Ag.

By hiop(X) we denote the topological entropy of a compact space (X, T') together
with a continuous map T : X — X (for a definition, see [23] Chapter 7]). Let E
be a locally finite infinite graph with no sinks and X g the locally compact shift
space of (one-sided) infinite paths with the one point compactification Xp. The
first identity in the following theorem is shown for the doubly infinite path space
of E by Gurevic [10]. See Remark 3.6(a) for a definition of the entropy h(Xg) for
a finite graph F.

Theorem 2.4 ([II, Theorem 4.4]). Let E be a locally finite irreducible infinite
graph. Then B
htop(XE) = SIElPh(XEI) S ht(q)E),

where the supremum is taken over all the finite (irreducible) subgraphs of E.

3. MAIN RESULTS

Throughout this section E will denote a locally finite infinite graph unless stated
otherwise. For a path a € E*, let a® be the set of vertices lying on o = ay - - - oy,
that is, a® = {s(a1),7(a1),...,7(ay)}. For a fixed vertex v we consider the follow-
ing subsets of finite paths E™ of length n:

(i) E"(v) = {a € E" | v € a},
(i) E2(v) = {a € B | s(a) = v},
(iii) EZ(v)* = {a € E{(v) |r(a;) #v, 1 <i<n},

(iv) E}*(v) ={a € E™ | a is a loop at v}.
Similarly we can think of E"(v) and E(v)*.

Definition 3.1. Let E be a graph and v € E°. Put
1 1
hi(E,v) =limsup — log |E]*(v)| and hy(E,v) = limsup — log |EY (v)].
n n n n

The loop entropy hi(E) and the block entropy hy(E) of E are defined by

hi(E) := sup hy(E,v) and hy(E):= sup hy(E,v).
vEEO vEERO
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If E is irreducible, h;(E,v) and hy(E,v) are independent of the choice of a vertex
v [20]; hence hi(E) = hi(E,v) and hy(E) = hy(E,v) for any v € E°. Let 'E
denote the graph E with the direction of all edges reversed. Then h;(E) = hi(*E)
is immediate while hy(E) # hy(*E) in general as we will see in Example 3.3.

We will use the following notation for the infinite series with coefficients from
(i)-(iv) above:

()" E(v,2) := 3 |E"(v)[2",
(i) Es(v,2) := X |EY (v)[2",
(i) Ef(v,2) = 3| B2 (v)*]2",

(V) Ei(v,2) = 5 1B] (v)]2".
We denote the radius of convergence of the series E7(v,2) by Rg:. Thus

Ry} = limsup |Eg(v)*‘1/n.
s n—o00

Similarly Rg. denotes the radius of convergence of £ (v,z) := > |E](v)[*2". As
in [20] p.331], if C§™ is the number of sequences vy, - -+ v;,_, of vertices such that
vy #Fwvforj=iy,... ih—1, |C£n)\ = |E"~1(v)*| and so the radius of convergence of
E}(v,z) coincides with that (denoted by Qo in [20]) of > Ci™ 2. The following
is Lemma (3.1) of [20].

Proposition 3.2 ([20)). If E is an irreducible graph, then
hy(E) = max{log (R ) hi(E)}.

Note that if E is irreducible, then hy(*E) = limsup £ log |E!(v)| and so from
the above proposition we have

(1) hy('E) = max{log (Rp:). lu(E)}.
The following example shows that hy(E) # hy(*E) in general.

Example 3.3. For each pair of positive real numbers 1 < p < ¢, Salama [20]
constructed an irreducible infinite graph E, ; with

hi(Ep,q) =logp and hy(Ep ) = logg.

As mentioned in the proof of [20, Theorem (3.9)], E, , may be constructed to be a
(uniformly) locally finite graph using the idea in [20, Example (3.7)].

For example, the following graph F := Fs g satisfies h;(E) = log2 and hy(E) =
log 8. There are 8 edges from the vertex n to the vertex n + 1 for each n > 0.

0 0 0 0 0 “— 0 “— 0 “—0 “—0 “—90 —0 +—°

N

Now we first show that

log (Ri:) < lu(E).
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For a fixed vertex 0 we have

Ry} = limsup |[E"(0)*|V/"

n—oo

= limsup |{a € EJ*(0) | () # 0, for 1 <i < n}’l/n.

Since
|EX0) ] =1+ 8F 1 48t 48T ..
it follows that
lim sup |Efk(0)*|i =g/,

k—o0

But it is not hard to see that
limsup |E}* (0)* = = limsup \Eﬁ‘k(())*|ﬁ.

n— 00 k—o00
Hence log(Rp.) = log8'/4 < log2 = Iy(E). By (1), hy(*E) = hy(E) = log2 and so
we conclude that h,(*E) < hy(E).

Lemma 3.4. If E is an irreducible graph, then the value

1
lim sup — log | E™(v)]
n

n—oo

is independent of the choice of a vertex v.

Proof. Let v,w be two vertices of E. Then there exist two paths p € E*, v € E™
with s(p) = r(v) = v, s(v) = r(u) = w because F is irreducible. We assume
that o and v have the smallest length, respectively. If « = ajas -+ ay, € E™(v),

then with i9 = min{i | s(a;) = v} write @ = &/, where o = ;- a;,-1 and

o =ay, - an (ifig =1, a = @”). Then the map

E"(v) N En+k+m(w), a=dada — O/,LLZ/O/,
is injective; hence |E™(v)| < |E™t*+™m(w)| for each n. Therefore
1 1
limsup — log |E™(v)| < limsup — log |[E" 4™ ()]
n—oo N n—oo N

1
< lim sup - log |[E™(w)].

n—oo

Proposition 3.5. Let E be an irreducible graph and vy € E°.
(a) If E is finite, then

1 1
limsup — log |E]*(vg)| = limsup — log |E™|.
n n

n—oo n—oo

In particular, hy(E) = hy(E) = hy(*E).
(b) If E is infinite, then

lim sup 1 log |E™(vg)| = max{hy(E), hy(*E)}.
n

n—oo
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Proof. (a) Let E° = {vo,v1,...,vk_1}. Since E is irreducible there exist finite
paths {p;, v; | 0 < i < k — 1} such that s(u;) = r(vi) = vo, r(ii) = v;i = s(vy).
Suppose |u;| = m;, |vj| =1;. If « € E™ is a path with s(a) = v;, 7(a) = v; then
piav; € El"+mi+lj (vo) is a loop at vyg. The map a +— p;av; is not necessarily

injective, but there exist at most kg paths in E™ that have the same image in

El"er"'Hj (vo) under the map, where ko = max; ;{m; + [;}. Hence we have

B <hoe| U BT o) < kok? max BT (uo)
0<i,j<k—1 ’

On the other hand, for each n, there exists a k,, € {0,...,kq} such that

n+kny n+m;+l;
1By T (vg)| = H}%X 1By (vo)l-
Then |E"| < kok?|E}""" (v)| and it follows that

lim sup — 10g|E"|<hmsup log | E}* (vg)]-

n— o0 n—oo

(b) Note first that

|E™(vo)| = | U {aB | a € Ef(v)", B € B (v0)}]
k=0

n
= Z ’Eﬁ(?}o)*‘ |Eg_k(’U0 Z ’UQ ‘ ‘En k(Uo)‘
k=0

Then

0
B2 (vo)|=") (D12 (wo) ")
= ("E)3(vo, 2) - Bu(vo, 2),

so that the radius of convergence Rg of E(vg,z) is equal to min {R(tE);, RES}.
Thus

Rp' = max{ R, Ry }.
But Proposition 3.2 gives

IOg (R(tlE) ) < hb(tE)a

and also by definition log(R ) = hy(E). Therefore

timsup — log | E" (un)] = log(Rg") < max{hy('E), hy(E)).

n—oo
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Remark 3.6. Let E be a finite graph with the irreducible components {FE;};_; so
that the Perron eigenvalue of the edge matrix Ag of E is A\g = maxi<,<s{g, },
where A, is the Perron eigenvalue of the edge matrix of the irreducible graph E;
(see [18| 4.4]).

(a) Assuming Ap = Ag, without loss of generality, we have from [I8, Theorem
4.4.4] that

hXEg) =logA\g =log \g,,

where h(Xg) = limn%10g|E"| is the topological entropy of Xg (or Xg,
the two-sided edge shift space). See [I8, Definition 4.1.1] or [14), p.23] for
the definition of h(Xg). Since log Ag, = h(Xpg,) ([I8 Theorem 4.3.1]) and
hXg,) = h(E1) = hy(E1) by Proposition 3.5(a) (E; is irreducible), we
see that all the entropies h;(E), hy(E) and h(Xg) are the same and equal
to log Ag because log A\g = log A\g, = hy(E1) < hy(E) < hy(E) < h(Xg) =
log A\g.

(b) Since the eigenvalues of Ag are exactly the eigenvalues of the Ag,, by [I8]
Lemma 4.4.3] it follows that log Ag = logr(Ag). Thus by Theorem 2.3,
ht(®g) = hi(E) = hy(E) = h(Xg) for any finite graph E which contains
an infinite path (or a loop). If E has no infinite paths, h(Xg) = —oo while
ht(®g) > 0.

Let E be an irreducible infinite graph and let Dy be the commutative C*-
subalgebra of C*(E) generated by the projections {p, = sqs% | @« € E*}. Then
Dg =5span{p, | @« € E*} and the map

w:Dg — Co(XE), w(pa) = Xlal»

is a C*-isomorphism such that w(®g|p,)w™' = o} [11]. Here x4 is the char-
acteristic function on the cylinder set [a] = {# € Xg | = af’} which is both
open and closed, and o3, : Co(Xg) — Co(Xg) is the x-homomorphism induced by
the shift map o on Xg, that is, o5(f) = foog for f € Cy(Xg). By Remark
2.2(a), ht(®p|p,) = ht(c}). But hi(o}) = ht(a},) by Remark 2.2(b) and ht(o},) =
htop(XE) by [8, Proposition 1.2]. On the other hand, htop(Xg) = supg g M Xp)
is proved in [I0], where the supremum is taken over all the finite subgraphs E’ of E
(or equivalently, over all the irreducible finite subgraphs). If supg, - h(Xg/) < 0o,
h(E) = supgcp h(Xg/) is known (see [I8, p.465]). If supp ph(Xp) = oo,
clearly h;(E) = oo since h(Xg/) = hy(E’) for any finite graph E’ (Remark 3.6(a))
and h(E") < hy(E). Thus hiop(XE) = supgc g M(Xp) = hi(E) always holds for a
locally finite irreducible infinite graph F. Hence we have

2) ht(®g|p,) = hi(E).
Put
Ag :=span{ sasj | o, 8 € E*, |a| =8| }.

Then Ag is a ®g-invariant AF C*-subalgebra of C*(E) with Dg C Ag; hence it
follows from (2) that

3) hi(E) < ht(®plag)-
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Lemma 3.7. Let v be a vertex of an irreducible graph E with at least two vertices
and let n > 1. Then the elements in the set

w(n,v) = {sasg ’ r(a) =r(B8) =v, laf =18] < n}
are linearly independent.

Proof. We prove the assertion by induction on n. For n = 1, suppose

T = Z )\efses} + Aopy = 0.

e, feR!
r(e)=r(f)=v

If eg and fy are edges with r(eg) = r(fo) = v and either s(eg) # v or s(fo) # v,
then s7 pysy, = 0; hence
0= S:Oxsfo = )‘eofo (820560)(5}08f0) = /\eofopv;

thus A¢,f, = 0. Similarly, Aey = 0 if e and f are loops at v and e # f. Then x
becomes

T = Z AeeSeSy + Aopy = 0.
e€E} (v)
By irreducibility of E and the assumption that |E°| > 1, there exists an edge f
with s(f) = v,7(f) # v. Then systx = A\osys; = 0, so that \g = 0 and we have
x = ZeeEll(v) AeeSest = 0. Since the projections {s.s’ | e € E}(v)} are mutually
orthogonal, it follows that A.. = 0 for each e € El1 (v).
Now suppose that the assertion is true for n — 1. If

T = Z Aapsass =0, Aap € C,
la|=[8I<n
r(a)=r(B)=v
then for an edge e € E! we have
0=sixs, = Z AapSe8aSsSe = Z Aea')(e)Sar (857)"
a=ea’ [a/|=|p"|<n—1
B=ep’

*

Note that the elements s,/ (sg/)* appearing in the sum are distinct. Thus by the
induction hypothesis, one sees that Acq/y(ep) = 0. But the edge e was arbitrary,
and so we conclude that the coefficients A,g are all zero. O

Using the same idea as in the proof of [4, Proposition 2.6] one can prove the
following, which is stated in [2] without a proof in the case where {wy} is an
increasing sequence. We provide a proof only for the reader’s convenience.

Proposition 3.8. Let & : A — A be a contractive cp map of an exact C*-algebra
A. If {wa}ren is a net (partially ordered by inclusion) of finite subsets in A such
that the linear span of Uy jcz+ ®!(wy) is dense in A, then

ht(®) = sup ht(®, wy).
A

Proof. Let w = {ay,as,...,a,} be a finite subset in A and § > 0. Then there

exists a A € A and p € N such that if U;<,<, ®l(wy) = {1, , 71}, then
llai = Xy < 8
%]
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for some \;; € C. Put C := max; ;|\;;|. Choose (¢,9,B) € CPA(id, A) with
rank(B) = rep(wy U -+ - U ®PFT(wy), C716). Then for 0 <1< p+n,

4o ¢(q>l(a')) — ®'(a)|
<|[[¢oo(P Z)‘ij [

+ [l o ¢(® ij o' Al + 119' S Aijy) — @ a)|

=20+ || > Xij (00 ¢(®(x;)) — @ ()
i
2,7

Thus for any n € N,
replwU - UDPT™(w),38) < rep(wp U---UBPT(wy),C™16),
which implies that
ht(®,w,30) < ht(®,wy, CL6).
Therefore we have ht(®,w) < ht(P,wy). O

The AF algebra Ag contains ® g-invariant AF subalgebras Ag(v), v € EY,
Ag(v) :=5pan{ sasjs | () =r(8) =v, [o] =4[ }.
We show that the topological entropy of the restriction map ® | 4, () has an upper

bound hy,(*F) which might be strictly smaller than the upper bound for ht(®g|a,)
given in Theorem 3.10.

Proposition 3.9. Let E be an irreducible infinite graph. Then for each v € E°,
ht(Pp|apw) < h("E).
Proof. Let Ay (v) be the C*-subalgebra of Ag(v) generated by w(n,v). Then from
Sau'sﬁv if n= B/”’lv
SQSE “Su8, =1 SaS,z, L= ui’,
0, otherwise,
we see that A, (v) = span(w(n,v)) is finite dimensional.
Since {w(n,v)}, is an increasing sequence of finite subsets in Ag(v) such that

the linear span of |J,, w(n,v) is dense in Ag(v), by Proposition 3.8 it suffices to
show that

ht(®g,w(n,v)) < hy(*E), neN.
Set Ef (v) := Uys Ef (v) and 7(n) == | Uy_y EF(v) |. Fix ng € N, and define a map
¢ : w(ng,v) — M, (n,) by
B(5a55) = D €lamn) (B

|CW\§710
YEE] (v)

where {e,, } are the standard matrix units of the matrix algebra M, . Since the
elements in w(ng,v) are linearly independent by Lemma 3.7, one can extend the
map to the linear map ¢ : A, (v) — M,(,,). Now we show that ¢ is in fact a
x-isomorphism. To prove that it is a *-homomorphism, we only need to see that

?((5a53)(susy)) = d(sasp)d(sus))-
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Ifﬁ = 'uﬁ/’ then SQSESHS; = Sa(sl/ﬁ’)* and
B(5055)B(5us5) = D Clamusn) D E(us)wa)

lay|<ng |nd|<ng

YEE] (v) SEE] (v)
= 3 Clamwsm = (5a(505)") = d(5a555,55)-
lay|<ng

YEE] (v)

If 4 = By, a similar proof works. Otherwise, we have (b((sasﬁ)( s¥) =0=
?(sass)P(susy). In order to show that ¢ is injective, let ¢(3_, 5 Aap Sasy) = 0.

Then

> Aasd(sash) =D Aas( D ean(sn) =0

a,p a,B lay|<no

YEE] (v)
But the vectors Y |ayj<no €(ay)(3y) (@) = r(8) = v, |a| = |B] < ng) are linearly
YEE] (v)
independent in M,.(,,). In fact, if A := Zaﬁ QB(Z‘MK% e(a,y)(ﬁy)) = 0, then
YEE] (v)

evvAeyy = Apweyy = 0, that is, Ay, = 0, and for any «, 3 € E}(v), eaalegs =
Aag€as = 0; hence A,g = 0. Repeating the process one has A\,3 = 0 for any
a,B € Up2y E¥(v). Therefore Yo rapgsasy = 0, and the map ¢ is injective.
The surjectivity of ¢ follows from dim(A,,(v)) = 7(ng)?. We simply write ¢ for
¢+ Apgti(v) = My(no4y (I > 0), and ¢ for its contractive cp extension to Ag(v)
that exists by Arveson’s extension theorem.

For each n € N and 0 <1 <n — 1, note that

U ®ly (w(ng,v)) C span(w(ng +n — 1,v)).

Then the element
(6, 0= ¢~ , Mr(nyin—1y) € CPA(id, Ap(v))
satisfies 1 o é|w(no+n—1,v) = idy(ng+n—1,)- Thus for each § > 0,
rep(id,w(ng +n —1,v),6) <r(ng+mn—1),

and so

ht(® |4 vy, w(n0,v),d) < limsup — log( (ng+n—1))

n— oo

= limsup — " log( (n))

n—oo

—hmsup log‘ UEk
k=0

= h("E).
For the last equality, note that if k& < n, then | EF(v) | < | EX(v) |; hence

UEk | <(n+1)-|Erv)]
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The following theorem gives an upper bound for ht(Pg|a,)-

Theorem 3.10. Let E be an irreducible infinite graph and let Ag be the AF sub-
algebra of C*(E) generated by the partial isometries {sasj | o, B € £, |a| = |6}
Then

ht(‘I’E|AE) S max{hb(tE),hb(E)}.

Proof. Let E° = {v1,vq,---}. For each ng € N and n; € ZT = {0} UN, put
w(ng,ny) == {sasz ‘ a,f € E™ r(a)=r(B) € {v1,--- ,vno}},

ws(ng,ny) == {Zsas:}; |sasg € w(no,nl)}.

Note that ws(ng,n1) is not the linear span of w(ng,n1). Then {ws(ng,n1) | ng €
N,ny € ZT} is a net of finite subsets in Ag which is partially ordered by inclusion.
In fact, given two finite sets ws (ng, n1), ws(me, m1) (n; < my), one may write each
element s, s% € w(ng,n1) as

5a55 = Sal Z Su8),)8h = st(sm)* € wx(ma,m1),
[p]|=m1—ny

where mgy > max{ng, mo} is an integer large enough so that r(au) € {v1, -+, Um, }
for any ap appearing in the last sum. Then clearly ws(ng,n1) U ws(mg,my) is
contained in ws(ma, my).

Since the linear span of the set U, .. , ®&(ws(no,n1)) is dense in Ag, by
Proposition 3.8, we show that for each finite set wx(ng, n1),

ht(CIDE,wE(no,nl)) S max{hb(tE),hb(E)}.
If sasj € w(ng,n1), r(a) = r(B) = v, then for I <n — 1,

Dy (sashy) = Z Spadng = Z Spal Z 5u5,)855 = Z Spav (Susv)™

= W=t |v|=n-1 |paw|=ntn
s(v)=v e

because p, = ) |y|=n—1 55, Hence one sees that
s(v)=v

n—1
U % (ws(ng, 1)) C { Z Spaw(Spsw)” ‘ Sa8j € w(no,nl)}.

=0 |pav|=n+mn1

Since the set {s,s} | p,v € U2, E™*"(v;)} forms a matrix unit, it generates the
C*-subalgebra of Ag which is isomorphic to My, , where k,, = |J2; E™ " (v;)].
Let

n?

no
Pn: Span{sasz | a,B € U En1+n(vi)} - Mkn

i=1
be a *-isomorphism with the inverse p~!. Then by Arveson’s extension theorem
p extends to a contractive cp map p : Ag — Mj,,, so that we obtain an element

(p,p~ Y, My,) € CPA(id, Ag) such that ||[p=! o p(z) — x| = 0 if

n—1 no
x € U P (ws(no,n1)) C span{sass | o, B € U E™MT ()},
=0 i=1
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Hence
n—1

rep( | @p(ws(no,m)), 6) < kn
i=0
holds for any § > 0. Thus

1
ht(® g, ws(no,n1)) < limsup - log(ky,).

On the other hand, the irreducibility of E implies that there is an N such that
|Emtn(v;)] < [Emt N (vy)] for 1 < i < ng. Hence k, = [J2, E™ T (v;)| <
no| EM+n N (vy)|. Therefore

lim sup — 1og kn < lim sup 1og |E™(v1)],

n—oo TN n—o0

and the assertion then follows from Proposition 3.5(b). O

Example 3.11. Let E := Ey, y .} be Salama’s infinite irreducible graph (see
[20]). We assume here that [,, + 1 < 1,41 for each n. There are r; edges from the
vertex k — 1 to k, and there is only one path (of length I, — ;1) from the vertex
v to V1.

FE U1 l2 — ll (%) lg — lQ V3 l4 — lg V4

/IH -“—e " 4+——0 <+—o -0 «——90 "0 +—o
1—1

Q/ B "2 e L= T LS s .
2 3 4

Note that for each n, |[E*(0)*| < |E?(0)*|, which then implies by Proposition
3.2 that

h("E) < hy(E).
Thus from Theorem 3.10, we have

ht(®pla,) < h(E).

E,, (p > 1) is an irreducible infinite graph of Salama
») = logp, by (3) we have

In particular, if E, :=
satisfying hy(E,) = hy(E

ht(®E,|ag,) = logp.

Remark 3.12. After the paper had been submitted, the authors found a meaningful
lower bound for ht(®g|4, ) (see Proposition 3.9) and a better upper bound for
ht(Pg|as) in [12].
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