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ABSTRACT. In this paper, we study Buchsbaum Stanley—Reisner rings with
linear free resolution. We introduce the notion of Buchsbaum Stanley—Reisner
rings with minimal multiplicity of initial degree g, which extends the notion
of Buchsbaum rings with minimal multiplicity defined by Goto. As an appli-
cation, we give many examples of non-Cohen—-Macaulay Buchsbaum Stanley—
Reisner rings with linear resolution.

INTRODUCTION

For any simplicial complex A on V' = {x1,...,2,}, the homogeneous reduced
k-algebra k[A] = k[X1,...,X,]/Ia, where I is the ideal generated by all square-
free monomials X, --- X; such that {z;,...,z;,} ¢ A, is called the Stanley-
Reisner ring of A. In recent years, the class of Stanley—Reisner rings is one of
important classes in the theory of commutative algebra. A homogeneous k-algebra
A is said to have g-linear resolution if its graded minimal free resolution of A over
S = k[X1,...,Xy] has the following shape:

0= S(—(g+p—1)" = S(~(g+p—2)»" =+ = S(-g)" =5 > 40,

In [], Eisenbud and Goto investigated rings with linear resolution and showed the
significance of this property. Then from many viewpoints, the rings with linear
resolution have been widely studied. Let us pick up some important results in
the class of Stanley—Reisner rings. Froberg [0l [0] classified all A for which k[A]
has 2-linear resolution. Hibi [I0] gave a necessary and sufficient condition for a
Buchsbaum Stanley—Reisner ring to have linear resolution in terms of the reduced
homology of the simplicial complex and the a-invariants of its links. Eagon and
Reiner [3] proved that k[A] has linear resolution if and only if k[A*] is Cohen—
Macaulay, where A* denotes the Alexander dual of A.

Also, there is a well-known criterion for a Cohen—Macaulay (Stanley—Reisner)
ring to have linear resolution in terms of its h-vector or its multiplicity with given
initial degree and codimension (see e.g. [4]). However, as for the Buchsbaum case,
it seems that there is no such criterion. Hence, in this paper, we investigate the
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structure of Buchsbaum Stanley—Reisner rings with linear resolution in connection
with their multiplicities.

Let us explain the organization of this paper. In Section 1, we give fundamental
properties of Buchsbaum Stanley—Reisner rings with linear resolution. Now suppose
that A = k[A] is a d-dimensional Buchsbaum ring with ¢-linear resolution (2 < ¢ <
d), and put codim A = ¢ > 1. Then since H (A) = 0 for all i # ¢ — 1, d, it seems
that h := dimy, H,%‘I(A) is an important invariant of A. From this point of view,
we determine the h-vector of A and prove an inequality:

(c+q—2)---(c+1)c
dd—1)---(d—q+2)’

see Theorem [[.3l Also, we study the Alexander dual of Buchsbaum complexes with
linear resolution.

In Section 2, we introduce the notion of minimal multiplicity of initial degree
g for Buchsbaum Stanley—Reisner rings, and investigate its property. In [8], Goto
defined Buchsbaum local rings with minimal multiplicity, and he proved that they
have 2-linear resolutions; see [7, [§]. In fact, we generalize this notion in the class of
Stanley—Reisner rings and prove that a d-dimensional Buchsbaum ring A = k[A]
has minimal multiplicity of initial degree g if and only if it has g-linear resolution
and dimy, H%_I(A) = hec,d,q; see Theorem 23] for more details.

In Section 3, we give several examples of Buchsbaum Stanley—Reisner rings with
minimal multiplicity. In particular, we show that the Alexander dual of the bound-
ary complex of a cyclic polytope is Buchsbaum with minimal multiplicity in our
sense. As an application, we can answer the following problem.

0 < h < hc,d,q =

Problem (Hibi). Construct a non-Cohen-Macaulay Buchsbaum complex of di-
mension d — 1 with g-linear resolution for any given integers ¢, d with 2 < ¢ < d.

1. BUCHSBAUM STANLEY—REISNER RINGS WITH g-LINEAR RESOLUTION

We first fix notation. Let N (resp. Z) denote the set of non-negative integers
(resp. integers). Let #(W) denote the cardinality of a set W.

We recall some notation on simplicial complexes and Stanley—Reisner rings ac-
cording to [I3]. We refer the reader to e.g. [Il, [I3] for the detailed information
about combinatorial and algebraic background. Let A be a simplicial complex on
a vertex set V = {z1,...,2,}. Put S = k[Xy,...,X,]. Let k[A] = S/Ia denote
the Stanley—Reisner ring of A over a field k. We say that k[A] is Buchsbaum if and
only if H (k[A]) = [HE (K[A])]o for all i < d = dim k[A]. Then we put

A1\, — (d—1 -
ra) = 3 (7 )omsny = 3 (1) dme i,
where flp(A; k) denotes the pth reduced simplicial homology group of A with values
" iet A = k[A;1] = S/I be a homogeneous k-algebra with the unique homogeneous

maximal ideal m, and suppose that I C m? unless otherwise specified. A graded
minimal free resolution of A over S is an exact sequence

0 — @S(fj)ﬁp,j(f‘) NN @S(fj)ﬁl,j(A) LS A0,
JEL JEZ
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BUCHSBAUM STANLEY-REISNER RINGS 57

where S(j), j € Z, denotes the graded module S(j) = €, ¢ Sj+n and “minimal”
means that ¢; ®s S/m = 0 for all i. We call §;(4) = > ;.7 3i,;(A) the ith Betti
number of A over S. The Castelnuovo—Mumford regularity is defined by

reg A :=max{j —i : 5, ;(A) #0}.
By [4], we can compute the regularity in terms of local cohomology modules:
reg A =inf{r € Z : [HL(A)]; =0 for all j > r —i}.
Also, the initial degree of A is defined by
indeg A := min{j : I; # 0} = min{j : 81 ;(A4) # 0}.
Then reg A > indeg A — 1. We say that A has g-linear resolution (abbr., A is g-

linear) if reg A = indeg A — 1 = g — 1, that is, its graded minimal free resolution of
A can be written as the following shape:

0—=S(—(g+p—1)" = S(—(g+p—-2)7" = = 5(-¢)" == A—0.
We recall the definition of a-invariant of A:
a(A) = max{m € Z : [HE(A)],n # 0}.
Then we always have a(k[A]) < 0.
In the following, let us gather several properties of Buchsbaum Stanley—Reisner

rings having g-linear resolution. In the following, we put d = dim A, ¢ = codim A
and ¢ = indeg A, unless otherwise specified.

Proposition 1.1 (cf. [4]). Suppose that A = k[A] is Buchsbaum with q-linear
resolution. Then:

(1) I is generated by some monomials of degree q.
(2) ¢ <d+1.
(3) Hiy(A) = [Hip(A)lo = Hi 1(Ask) = 0 for alli £ q— 1, d.
(4) a(A)=q—d—2o0rq—d—1.
Also, suppose that ¢ < d. Then:
(5) Hoa(Dsk)=0.
(6) dimy, HE ' (A) = dimy, Hy_o(A1k) = Berd_gi1-

Proof. (1) is clear by definition. (2) follows from the fact that reg A < d holds
in general by Hochster’s formula for local cohomology modules (see [Il Theorem
5.3.8] or [13| Theorem 4.1]). Also, (3) easily follows from [4, Corollary 1.15] and
the Buchsbaumness of A = k[A]. Similarly, we have a(A4) < ¢ —d — 1. On the
other hand, ¢ —1 =reg (A) < a(A)+d+1 by [II} Corollary 2.8]. This implies that
a(A) > q—d — 2. Hence we get (4).

Now, suppose that ¢ < d. Since d > g — 1 = reg A, we have that ﬁd_1(A; k) =
[HZ(A)]p = 0. (6) follows from Hochster’s formula on the Betti numbers; see [13|
Theorem 4.8]. O

In the following, we always assume that ¢ < d. In fact, we can completely
characterize Stanley—Reisner rings with (d + 1)-linear resolution as follows:

Proposition 1.2. Let A = k[A] be a d-dimensional Stanley—Reisner ring on V.
Then the following conditions are equivalent:

(1) A has (d+ 1)-linear resolution.

(2) indeg A =d—+1.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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(3) In = (Xi, -+~ Xiyy, 2 1<y <--- <ligg1 < n). That is, A is the (d —1)-
skeleton of the standard (n — 1)-simplex 2V.
When this is the case, A is Cohen—Macaulay.

Proof. It is easy to check (3) = (2) and (1) = (2). Also (2) = (1) follows
from reg A < d. Thus it is enough to show (2) = (3). Suppose that indeg A =
d+ 1. Then I does not contain any square-free monomial M with deg M < d.

Now suppose that some square-free monomial X;, --- X, of degree (d+1) is not

contained in Ia. Then {z;,,...,z;, , } € A. This contradicts the assumption that
dim A =d — 1. Hence A is a (d — 1)-skeleton of 2. Since 2V is Cohen—Macaulay,
so is A; see e.g., [1, Ex. 5.1.23]. O

Now suppose that A = k[A] is a d-dimensional Buchsbaum Stanley—Reisner ring
with g-linear resolution. Then we focus on h := dimy ﬁq,g(A; k) = dimy, HE ' (A),
which is an important invariant of A. Let e(A) denote the multiplicity of A. The
following theorem plays an important role in this article.

Theorem 1.3. Suppose that A = k[A] is Buchsbaum and 2 < q¢ < d. Put h =
dimy, Hgfl(A). Then the following conditions are equivalent:

(1) A has g-linear resolution.
(2) The h-vector (ho, h1, ..., hg—1,hg, Rgs1, ..., ha) of A is

(e (0 (o (o ()

(3) The following equalities hold:

e(A) = (0231 1) h<;l_ 1) and T(A) = h(j_ 1)

When this is the case, the following inequalities hold:
(c+q—2)---(c+1)c
< h < = Nhedo-
e (S 7 ey o
Proof. First suppose (1), that is, A is g-linear. Since indeg A = ¢, one has
-1
hp(c—i—p ) forallp=0,1,...,q— 1.
p
On the other hand, by the similar argument as in the proof of [15, Theorem 2.1],
we have
0 = dimg[HE(A) -1 =d-hag+ ha_1,
d+1
2

Ozdlmk[Hi(A)],g = ( >hd+d~hd1+hd2,

. % —q—1 20 — g —2
0= a3 (- = (X 1 Y (30T sy
By Proposition [[LT], we have
d—1

(1) hg = X(A) = > (~1)" dimy H;(Ajk) = (—1)h.

i=—1
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Solving the above linear equations on hg, ..., hq, one can easily obtain that h, =
(—1)p—att (Z)h forallp=gq,...,d—1,d. Thus we get (2). Then

2d —
( a )hd++dhq +hq,1 = dimk[Hi(A)]q7d71 Z 0

d—q+1
ct+q—2 d
( qg—1 ) (q—1>h_0

implies that

Namely, h < hcq4, as required. Since it is easy to see (2) = (3), it suffices
to show (3) = (1). If necessary, we may assume that k is infinite. Let J be a
homogeneous minimal reduction of m, that is, J is a homogeneous parameter ideal
of A and m"t! = Jm" holds for some integer r > 0. Since A is Buchsbaum and
B := A/J is a homogeneous Artinian k-algebra with dimy B; = ¢ and indeg B > ¢,
we have

C(A) = La(A/7) ~ 1A) 2 1alA )T + ) = 1) = (507 1) = 104) = (),

where the last equality follows from the assumption (3). Thus m? = JNm? = Jm4~!
since A is homogeneous. Hence A is ¢-linear by [4, Corollary 1.15]. O

Suppose that ¢ =n — d > 2. The Alexander dual of A is defined by
A" ={FCV :V\F¢A}
Then A* is a simplicial complex on V' with dim k[A*] = ¢+ d — ¢, indeg k[A*] = ¢
and codim k[A*] = ¢. Also, the Betti numbers of k[A*] are given by the formula
Bij(k[AT) = > dimy H; »(linka F; k),
FeA
#(F)=c+d—j
where linka (F) ={G € A : FNG =0, FUG € A}. Eagon and Reiner [3] proved
that k[A] has linear resolution if and only if k[A*] is Cohen-Macaulay; see [3| [L6]

for more details. Based upon this result, we can characterize the Alexander dual of
Buchsbaum simplicial complexes with linear resolution as follows:

Theorem 1.4. Let c¢,d,q be integers with ¢ > 2, 2 < g < d. Let A = k[A] be a
d-dimensional Stanley—Reisner ring with codim A = ¢ and indeg A = q, and let A*
denote the Alexander dual of A. Put A* := k[A*]. Then the following conditions
are equivalent:
(1) A is Buchsbaum with g-linear resolution.
(2) A* is Cohen—Macaulay with almost c-linear resolution, and the graded min-
imal free resolution of A* over S can be written as follows:

0—F,—F, 1 =8(-(c+q—2)1 - ... 5 F =8(—c)’I -8 A =0,

where Fy = S(—(c+d))? @ S(—(c+q— 1))5*/.
When this is the case, (* = dimy, Hgfl(A) and B* = dimy, HA(A)y—a-1.
Proof. We may assume that A is g-linear and A* is Cohen-Macaulay. Note that
k[A] is Buchsbaum if and only if A is pure and H;(linka(F); k) = 0 for every
F(#0) € A and for every i < dim linka (F).
(1) = (2): To see (2), we must show that 8;;(k[A*]) = 0 for all pairs (7, j) with
0<i<gandj>c+i—1except (i,5) = (¢g,c+d).
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Let F be a face of A with #(F) = ¢+ d — j. First suppose that j = ¢+ d. Then
F=0.1fi <q—1, then Hi_5(A;k) = 0 by Proposition [Tl Next suppose that
c+i—1<j <ctd. Then F # (). Sincei—2 < j—c—1 = d—#(F)—1 = dimlinka F,
the Buchsbaumness of A implies that ﬁi_g(linAF; k) = 0. Thus we get the
required vanishing.

(2) = (1): First, note that A is pure. Indeed, Ia~ is minimally generated by
the elements X, --- X for which V'\ {z;,,...,z; } is a facet of A.

To see the Buchsbaumness of k[A], let F' be any non-empty face of A and let i be
an integer with ¢ < d—#(F)+1. Put j = c+d—#(F). Then one can easily see that
Bi;(k[A*]) = 0 by the assumption (2). This implies that H;_o(linka(F); k) = 0.
Hence k[A] is Buchsbaum, as required. Putting ¢ = ¢, j = n(= ¢+ d), we have

B = Byn(k[A¥]) = dimy, Hy_o(A; k) = dimy, HL ' (A).

On the other hand, since a(k[A]) < ¢ —d — 1, we have ﬁd_#(p)_g(linkAF; k)=0
for every face F' with 1 < #(F) < d — q. Thus we have

dimy [Hu(K[AD],_, = > dimg Hy o(linkaFik) = 5°
FeA #(F)=d—q+1

’

by Hochster’s formula on the Betti numbers. O

2. BUCHSBAUM STANLEY—REISNER RINGS WITH MINIMAL MULTIPLICITY

Let A = k[A;] be a homogeneous k-algebra of dimension d with the unique
homogeneous maximal ideal m = A,. In [8], Goto proved an inequality

SESED B Sy IAE AT

and called the ring A a Buchsbaum ring with minimal multiplicity if equality holds.
Also, he proved that such an algebra has 2-linear resolution; see [7l [§].

In this section, in the class of Stanley—Reisner rings, we introduce the notion of
Buchsbaum ring with minimal multiplicity of initial degree ¢ and prove that such a
ring has g¢-linear resolution. Furthermore, we give several characterizations of this
notion. In the following, let ¢, d, ¢ be integers with ¢ > 2,2 < ¢ < d. Also, let k[A]
be a d-dimensional Buchsbaum Stanley—Reisner ring of a simplicial complex A on
V =A{x1,...,2,}, and put m = (Xy,..., X, )k[A], the unique homogeneous maxi-
mal ideal of k[A]. Put T'; := linka ({;}) for each 4, and let m; be the homogeneous
maximal ideal of k[T';] for all i.

Let A = Ek[A] be as above with codimA = ¢ and indegA = ¢. Since A is
Buchsbaum, k[I';] is a (d—1)-dimensional Cohen-Macaulay ring with codim &[I';] =
¢ and indeg k[I';] > ¢ — 1. By [4 Corollary 1.11], we get

oHT) > (c—l—(q—l)—l) _ <c+q—2>.

(¢g—1)—1 q—2

On the other hand, counting the number of facets of A, we have

d-e(A) = Ze(k[ri]) > (c+d) <‘3;f2 2).

From this, we can define the notion of minimal multiplicity of initial degree gq.
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Proposition 2.1. Suppose that A = Ek[A] is Buchsbaum with d = dim A, ¢ =
codim A and ¢ = indeg A. Then

(2.1) e(A)zCZdC:SQ).

We say that A has minimal multiplicity of initial degree q if equality holds in
Eq. (21)). This notion for ¢ = 2 is equivalent to the notion of minimal multiplicity
in the sense of Goto; see Example Bl

In the following, let us prove that any Buchsbaum Stanley—Reisner ring with
minimal multiplicity of initial degree g has g-linear resolution and characterize such
rings. In order to do that, we need the following lemma.

Lemma 2.2 (cf. [I0l Theorem (1.6)]). Suppose that A = k[A] is a d-dimensional
Buchsbaum ring with 2 < ¢ < d. If a(k[l;]) = g—d—1 for all i, then A has g-linear
resolution and a(A) =q—d — 2.

Proof. By Hochster’s formula, we have

. _ . 1 #(F)
F(HL(A),t) = Z dimy, Hg—(py—1(linka F; k) (1 — tl) ;
FeA

F(HE (k[T3)), 1)

. t_l #(G)
> dimy Hy g (q)—2(linkr, G; k) (1 — tl) )
GeT;

Claim 1: [Hgﬂ(A)}j =0forall j=-1,...,q—d—1.

Now let F' be a face of A with 1 < #(F) <d—q+ 1. As F contains a vertex of
A (say z;), if we put G = F'\ {z;}, then G € I'; and linkp,G = linka F. If G # 0,
then 1 < #(G) = #(F) —1<d—q. Then

Hy )1 (linka F; k) = Hy_u(q)_o(linkp, G5 k) = 0
because [HE ! (k[[])]q—a = 0. If G = 0, then F = {z;}. Thus
Hy gy (linka Fi k) = Hy_o(Dis k) = [HEL(K[D:))]o = 0.
Hence [HZ(A)]; = 0 by Hochster’s formula.
Claim 2: [HZ(A)]o = Hy_1(A;k) = 0.

Let K4 be the graded canonical module of A. Then, by Claim 1, [K4]y =
Homy ([HE(A)]-1,k) = 0. Since depth K4 > 0, [Ka]o € Homa(A/m, K4) = 0, and
thus [HZ(A)]o = 0.

By the above two claims, a(A) < ¢ —d — 2. By [II Corollary 2.8], we have
reg A < g — 1. Therefore A is g-linear and a(A) = g — d — 2, as required. O

The following theorem is a main theorem in this paper.

Theorem 2.3. Suppose that A = k[A] is Buchsbaum with dim A = d, codim A = ¢
and indeg A = q. Let A* denote the Alexander dual of A and put
(c+q—2)-(c+ 1)

dd—1)---(d—q+2)

Then the following conditions are equivalent:

hc,d,q =

(1) A has minimal multiplicity of initial degree q.
(2) A has g-linear resolution and dimy Hq_o(A; k) = heaq-
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(3) The h-vector of A is

(1 (5072 (O (Yo (4)0).

where h = he g.q-

(4) kllinka{x;}] has (¢ — 1)-linear resolution for all i.

(5) a(kllinka{z;}])) =q—d—1 for alli.

(6) a(A)=q—d—2.

(7) k[A*] is Cohen—Macaulay with pure and almost linear resolution and with
a(k[A*]) = 0, that is, the graded minimal free resolution of k[A*] can be
written as follows:

0— S(—(c+d)% — S(—(c+q—2)) i1 = . = S(—c)T = 8§ — k|A*] — 0.
When this is the case, By = he,d,q-

Proof. Suppose (1). Then e(k[I;]) = (iiﬁ) for all 4. This implies that k[I';] is
(¢ — 1)-linear. Also, this condition is equivalent to a(k[l';]) = ¢ — d — 1, since k[T';]
is Cohen-Macaulay. Thus we get (1) = (4) < (5) = (6) by Lemma [Z2] Similarly,
one can prove (6) = (5).

We next show that (1) = (2) = (3) = (1). If we suppose (1), by the above
argument, A is g-linear. Putting h = dimy ﬁq_g(A; k), we obtain that

()= () )

by Theorem [[33l This implies that h = h¢q,4. In particular, we get (2). Also,
(2) = (3) follows from Theorem [[3] If we suppose (3), then we have

d
c+q—1 d—1 c+dfc+q—2
A = . = — = — .
o(4) ;hl ( q—1 ) (q1>hc’d’q d ( q—2 )

Hence we get (1).

To complete the proof, we must show that (5),(6) = (7) = (2). Suppose
that (5) and (6) are satisfied. By Lemma 22] A is g-linear. Thus by Theorem
4 the Alexander dual k[A*] is Cohen—Macaulay with almost linear resolution.
Furthermore, since 3* = dimy HZ(A)y—4—1 = 0 by (6), the graded minimal free
resolution of k[A*] is the required form. Hence we get (7). Conversely, suppose (7).
By Theorem [[4] A = k[A] is g-linear. On the other hand, since k[A*] has pure
resolution of type (c1,...,¢,) = (¢,c+1,...,¢4+ q—2,¢+ d), by Herzog—Kiihl [9],
we have

—1

q
* Cj
By = (DM [ —— = heaa
J

i—1 Cj — Cq

Combining with dimy, H, o(A; k) = ~, we obtain the required assertion. O

3. EXAMPLES

In the following, we give several examples of Buchsbaum Stanley—Reisner rings
with minimal multiplicity. Put [n] = {1,2,...,n} for any positive integer n. We
say that a simplicial complex A is spanned by a set S if S is the set of facets of A.
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Example 3.1. Let A = k[A] be a d-dimensional Buchsbaum Stanley-Reisner ring
with indeg A > 2. Then the following conditions are equivalent:

(1) A has minimal multiplicity in the sense of Goto [§].
(2) A has minimal multiplicity of initial degree 2.
(3) A is a finite disjoint union of (d — 1)-simplexes.
When this is the case, #{the connected components of A} =e(A).

Proof. (2) = (3): Since each facet of A is a (d — 1)-simplex, we have n < de by
counting the vertices of A. Equality holds if and only if A is a disjoint union of
all facets. (3) = (1) is easy. To see (1) = (2), suppose that A has minimal
multiplicity. Then it is well known that it has 2-linear resolution and e := e(4) =
1+ h and I(A) = (d — 1)h, where h = dimy, H(A). Thus n = dimy A} = e+d —
1+ I(A) = de, as required. O

Example 3.2 ([I5] Theorem 3.3]). Let n be an integer such that n > 3, and
suppose that 2n+1 is a prime number. Let A be the simplicial complex on V' = [n]
which is spanned by

S={{a,ba+b} : 1<a<b, a+b<n}
U{{a,b,c} : 1<a<b<c<n,a+b+c=2n+1}.

Then A = k[A] is a 3-dimensional Buchsbaum Stanley—Reisner ring with minimal
multiplicity of initial degree 3.

Proof. By [15], A is Buchsbaum with e(4) = % = %(02352) and initial

degree 3. Thus we get the assertion by definition. O

Example 3.3 (Hibi, [10]). Let d > 2 be an integer, and let k be a field. Put
n=21d—1and V = {1,2,...,n}. Let A be the simplicial complex which is
spanned by S = {{f,z’—l—l,...?i—l—d— 1} :i=1,2,...,2d — 1}, where P stands for
q € V with p = ¢ (mod 2d — 1). Then A = k[A] is a d-dimensional Buchsbaum
Stanley—Reisner ring with minimal multiplicity of initial degree 3.

Proof. First note that A is equidimensional with c =n—d =d—1 and indeg A = 3
because {1,2,d} ¢ A. Also, since

linka{1} ={2,...,d}U{2d—1,2,...,d—1}U---U{d+1,d+2,...,2d — 1},

k[linka{1}] is Cohen-Macaulay with 2-linear resolution and so is k[linka{i}]; see
[0 [17]. Thus the assertion follows from Theorem 2.3](4). O

Hibi posed the following problem in [10].

Problem 3.4 (Hibi). Construct a non-Cohen-Macaulay Buchsbaum complex of
dimension d — 1 with g-linear resolution for any given integers ¢, d with 2 < ¢ < d.

The next example gives a complete answer to the above problem.

Example 3.5 (The Alexander dual of a cyclic polytope). Let g, d be given integers
with2<¢g<d Putn=2d—qg+2and f =2(d—q+1). Let A be the Alexander
dual of the boundary complex T of a cyclic polytope C(n, f) with n vertices. Then
k[A] is a d-dimensional Buchsbaum Stanley—Reisner ring with minimal multiplicity
of initial degree q.
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Proof. Tt is known that k[I'] is an f-dimensional Gorenstein Stanley—Reisner ring
with a(k[l']) = 0. Also, we have indegk[l'l = f/2+ 1 = n — d since h;(T") =
("7 for all i. This implies that &[] has almost (n — d)-linear resolution (see
[12, [18]). On the other hand, since dim k[A] = d and indeg k[A] = ¢, the assertion
follows from Theorem 23(7). O

The next example gives Buchsbaum Stanley—Reisner rings with minimal multi-
plicity of higher initial degree.

Example 3.6 (Bruns—Hibi, [2, Proposition 3.2]). Let n > 6 be an even integer,
and let k be a field. Let I" be the simplicial complex which is spanned by

{i,i+1,i+2}, {5,i+1,i+4},...,{,i+1,i+(n—-2)}, i=1,...,n,

where p stands for ¢ € [n] with p = ¢ (mod n). Also, let A be the Alexander dual of
I'. Then A = k[A] is an (n — 3)-dimensional Buchsbaum Stanley—Reisner ring with
minimal multiplicity of initial degree (n — 3). Also, codim A = 3 and dimy 4; = n.

Proof. The required assertion follows from Theorem [23](7). O
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