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A NOTE ON SELMER GROUPS OF ABELIAN VARIETIES
OVER THE TRIVIALIZING EXTENSIONS

YOSHIHIRO OCHI

(Communicated by David E. Rohrlich)

Abstract. We prove that for any abelian variety A defined over a number
field K that is not isogenous to a product of CM elliptic curves, the pontrjagin
dual of the Selmer group of the abelian variety over the trivializing extension
K(A[p∞]) has no nonzero pseudo-null submodules.

The present paper can be viewed as a generalization to abelian varieties of the
following

Theorem (Perrin-Riou, Ochi-Venjakob). Let E be an elliptic curve over a number
field K, and let p be an odd prime number. Let K∞ denote K(E[p∞]) and let
G = Gal(K∞/K). Then the pontrjagin dual of the p-primary Selmer group over
K∞ has no nonzero pseudo-null Zp[[G]]-submodules.

The CM case was proved by B. Perrin-Riou ([Pe], Theorem 2.4) and the non-
CM case was proved in [OV1]. The similar problems for the case of Zp-extensions
were worked out by R. Greenberg ([Gr]) and by Y. Hachimori and K. Matsuno (see
[Ma]). In this paper we shall generalize it to abelian varieties that are not isogenous
to a product of CM elliptic curves.

Let A be an abelian variety defined over a number field K. We fix an odd prime
number p > 2. A[pn] denotes Ker(A(Q̄)

pn

→ A(Q̄)) and A(p) :=
⋃∞

n=1 A[pn]. They
are GK-modules, where GK := Gal(K̄/K). We consider a tower of extensions
Kn := K(A[pn+1]) and K∞ :=

⋃∞
n=1 Kn. Throughout this paper G will denote the

Galois group Gal(K(A(p))/K), unless otherwise mentioned. The Iwasawa algebra
of G is Λ := Λ(G) = lim←−Zp[G/U ], where U runs over all open normal subgroups of
G.

The (p-primary) Selmer group is defined as follows:

Selp∞(A/K) := Ker(H1(K, A(p)) →
∏
v

H1(Kv, A)).

The Selmer group Selp∞(A/Kn) over the field Kn is defined in the same way, and
Selp∞(A/K∞) is defined by lim−→Selp∞(A/Kn). This has the natural structure of a
Λ(G)-module.
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Assume A has good reduction at any prime over p. Let S be a finite set of places
of K containing all primes above p and primes where A has bad reduction. Coates
and Greenberg ([CG]) have established an isomorphism

(1) H1(Kv,∞, A)(p) ∼= H1(Kv,∞, Ã(p)),

where v is a prime above p and Ã denotes mod-v reduction of the abelian variety A,
which is an abelian variety defined over a finite field by the assumption. Therefore,
defining Ã(p) = A(p) for any v � p, we have the following exact sequence of Λ(G)-
modules:

(2) 0 → Selp∞(A/K∞) → H1(KS/K∞, A(p))
ψ→

⊕
S

CoindG
Gv

H1(Kv,∞, Ã(p)).

In this paper we always assume the following:
(1) A has good reduction at any prime over p.
(2) The map ψ in the sequence (2) is surjective.
(3) A is not isogenous to a product of CM elliptic curves.

There is a fundamental conjecture on the Λ-rank of the pontrjagin dual of the
Selmer group X := Selp∞(A/K∞)∨ (see, for instance, conjecture 7.4 of [OV2]). It
is known that the conjecture implies the second assumption.

Under these assumptions we prove the following

Theorem. Let A be an abelian variety defined over a number field K. Let p be
an odd prime. Assume the three assumptions (1), (2) and (3) stated above. Let
K∞ = K(A(p)) and G = Gal(K∞/K). Then the pontrjagin dual of the Selmer
group X = Selp∞(A/K∞)∨ does not have nontrivial pseudo-null Λ(G)-submodules.

The reason why we need assumption (3) is that our proof requires the dimension
of G as a p-adic Lie group to be greater than 2, which is the case with the abelian
varieties satisfying assumption (3), as the following lemma implies. The proof of
the lemma is due to Yuichiro Taguchi.

Lemma 1. Assume A is an abelian variety over K of dimension > 1 and simple
over K̄. Then the dimension of G as a p-adic Lie group is greater than or equal to
3.

Proof. Denote Zariski closure of G in GL2g(Qp) by Z, where g = dim(A). By a
theorem of Bogomolov ([Se], p. 3), G is open in Z(Qp). It is also known that Z
contains a two-dimensional torus ([Se], p. 11). Hence if G is not potentially abelian,
we get dim(G) ≥ 3. If G is potentially abelian, then A is of CM type, and according
to Ribet ([Ri]), we have dim(G) ≥ 3. �

By assumption (3) and Lemma 1, we have dim(G) ≥ 3, because if A contains a
simple abelian subvariety B which has dimension greater than 1, then by Lemma
1, we have dim(G) > 2. If A is isogenous to a product of elliptic curves, at least one
of which is an elliptic curve without CM, then we have dim(G) > 2, by a theorem
of Serre which says the dimension of G as a p-adic Lie group is equal to 4 for any
elliptic curve that has no CM.

The definition of a pseudo-null submodule for a commutative noetherian ring is
well known: For such a ring R, a finitely generated R-module M is pseudo-null if
the Krull dimension of M is less than dim(R) − 1. This notion has been extended
to the cases of noncommutative rings, including the Iwasawa algebra Λ = Zp[[G]]
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by Venjakob ([Ve]). We write Ei(M) := Exti
Λ(M, Λ) for a Λ-module M . Here we

just recall that for any finitely generated Λ-module M :
• M is a pseudo-null module if and only if E0(M) = E1(M) = 0.
• M does not have any nonzero pseudo-null submodule if EiEi(M) = 0 for

all i ≥ 2.
The Pontrjagin dual of a Zp-module M , denoted by M∨, is defined as

M∨ := HomZp,cont(M, Qp / Zp).

Denote by Ω the maximal pro-p extension of K∞ unramified outside S. Put H =
G(Ω/K∞) and G = G(Ω/K). The ideal I(G) is defined as the kernel of the natural
map Λ(G) → Zp so that 0 → I(G) → Λ(G) → Zp → 0 is exact. For a finitely
generated Λ(G)-module M , we define M [A(p)] := HomZp,cont(M, A(p))∨ = M ⊗Zp

A(p)∨. In the paper [OV1] we have proved the following things:
• Y := (I(G)[A(p)])H has projective dimension ≤ 1.
• There is the following short exact sequence of finitely generated Λ-modules:

(3) 0 → X → Y → J → 0,

where J := Ker((Λ(G)[A(p)])H → A(p)∨) and X := H1(KS/K∞, A(p))∨.
We may assume dim(A) ≥ 2. We may take K such that K = K0, and S = {v :

v | p}. The reasons are the same as in the one-dimensional case (see [OV1]). We
can take K = K0 because our aim is to show the vanishing of some Ext-groups and
there is the following isomorphism ([Ja], 2.3):

Exti
Λ(G)(M, Λ(G)) ∼= Exti

Λ(U)(M, Λ(U))

for all i ≥ 0, U any open subgroup of G and M any finitely generated Λ(G)-module.
It is easy to see that if v � p and dim(G(Kv(A(p))/Kv)) = 1, then A has potentially
good reduction by Ogg-Shafarevich’s criterion ([ST]). By a result of Serre-Tate in
[ST], there is no such place in K0 ([ST], 2-2). If v � p and dim(G(Kv(A(p))/Kv)) >
1, we have H1(Kv, A)(p) = H1(Kv,∞, A(p)) = 0 by 5.4 of [OV1]. So if we have
K = K0, then we can take our S to be the set {v : v | p}.

Write Xv =H1(Kv,∞, Ã(p))∨, X =H1(KS/K∞, A(p))∨ and X=Selp∞(A/K∞)∨.
By assumption, we have the following exact sequence:

(4) 0 →
⊕

S

IndGv

G Xv → X → X → 0.

We often use the facts that E1(IndGv

G Xv) = IndGv

G E1
Λ(Gv)(Xv) ([OV1], 5.5), and

that Ei(X) = Ei+1(J) = Ei+2(A(p)∨) for all i ≥ 2 (the latter follows from the
fact that Y has projective dimension ≤ 1 and the definition of J). Put Ei

v(M) :=
Exti

Λ(Gv)(M, Λ(Gv)).

Lemma 2. Let G be a p-adic Lie group without p-torsion elements of dimension d,
and let N be a Λ(G)-module. Assume that N is finitely generated as a Zp-module.
Then:

(1) If N is Zp-free, then Ei(N) = 0 for i �= d and Ed(N) is torsion free. If N

is finite, then Ei(N) = 0 for i �= d + 1 and Ed+1(N) is finite.
(2) For the X defined above, Ei(X) = 0 if i �= 0, 1, d − 2.
(3) Ei

vE
i−1
v (Xv) = 0 for i ≥ 3.
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Proof. The first one is a result of U. Jannsen ([Ja], 2.6). The second one follows
from the first one since Ei(X) = Ei+2(A(p)∨) (for i ≥ 2). The third one follows
from the first one and the local version of the sequence (3). �

To prove the theorem, we show EiEi(X) = 0 for all i ≥ 2. Recall that there is the
exact sequence 0 →

⊕
v|p IndGv

G Xv → X → X → 0. This gives an exact sequence
Ei−1(X) →

⊕
v|p IndGv

G Ei−1
v (Xv) → Ei(X) → Ei(X).

First we assume i ≥ 3.
a) Suppose Ei(X) = Ei−1(X) = 0. Then we have

EiEi(X) =
⊕

IndGv

G Ei
vEi−1

v (Xv) = 0

by Lemma 2.
b) Suppose Ei(X) �= 0 but Ei−1(X) = 0. Then i = d − 2. We have the

exact sequence Ei−1(X) = 0 →
⊕

IndGv

G Ei−1
v (Xv) → Ei(X) → N → 0 with

N a submodule of Ei(X). Since N is a finitely generated Zp-module, we have
Ei(N) = 0 → EiEi(X) →

⊕
IndGv

G Ei
vEi−1

v (Xv) = 0 by Lemma 2.
c) Suppose Ei−1(X) �= 0 but Ei(X) = 0. Then i = d − 1 by Lemma 2. This

time we have an exact sequence 0 → N →
⊕

IndGv

G Ei−1
v (Xv) → Ei(X) → 0 with

N a quotient of Ei−1(X), and Ei−1(N) = 0 → EiEi(X) → IndGv

G Ei
vEi−1

v (Xv) = 0
similarly. Hence we obtain EiEi(X) = 0.

Now let us consider the case i = 2. Our aim is to show E2E2(X) = 0. Assume
first that E2(X) = 0. In this case dim(G) �= 4 by Lemma 2.

Let us define Yv, Jv and Xv similarly for each place v of K but by replacing
A(p)∨ with Ã(p)∨. For example Xv := H1(Kv,∞, Ã(p))∨. As in the global case, we
have an exact sequence 0 → Xv → Yv → Jv → 0 for each place v of the number
field.

Lemma 3. There is the following commutative diagram:

0 0 0�⏐⏐
�⏐⏐

�⏐⏐
E2(J)

g−−−−→
⊕

v|p IndGv

G E2
v(Jv) −−−−→ coker(g) −−−−→ 0�⏐⏐

�⏐⏐
�⏐⏐s

E1(X) h−−−−→
⊕

v|p IndGv

G E1
v(Xv) −−−−→ coker(h) −−−−→ 0�⏐⏐

�⏐⏐
�⏐⏐

E1(Y )
ψ−−−−→

⊕
v|p IndGv

G E1
v(Yv) −−−−→ coker(ψ) −−−−→ 0

Proof. That Y has projective dimension ≤ 1 implies E2(Y ) = 0, which explains
the 0 at the top of the first column in the diagram. Let Gv ⊂ G be a decomposition
group. Then there are the natural maps Λ(Gv) → Λ(G) and I(Gv) → I(G). The
map A(p) → Ã(p) gives the dual Ã(p)∨ → A(p)∨ and I(Gv)⊗Ã(p)∨ → I(G)⊗A(p)∨.
Let Hv = Gv ∩H. Since in general H ⊂ G gives the natural map MH → MG, we
have

(I(Gv) ⊗ Ã(p)∨)Hv
→ (I(G) ⊗ A(p)∨)Hv

→ (I(G) ⊗ A(p)∨)H.
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Hence we get ϕ : IndGv

G Yv → Y as a natural homomorphism of Λ(G)-modules.
By the universality of direct sum, we obtain the map

⊕
v|p IndGv

G Yv → Y . As
X ⊂ Y and Xv ⊂ Yv, we also have its restriction h :

⊕
v|p IndGv

G Xv → X. By this
construction it is clear that h is the dual of the standard localization map

H1(KS/K, A(p)) →
⊕

CoindGv

G H1(Kv,∞, A(p)) →
⊕

CoindGv

G H1(Kv,∞, Ã(p)).

Hence we obtain the following commutative diagram:

J
ϕ̄←−−−−

⊕
v|p IndGv

G Jv�⏐⏐
�⏐⏐

Y
ϕ←−−−−

⊕
v|p IndGv

G Yv�⏐⏐
�⏐⏐

X
h←−−−−

⊕
v|p IndGv

G Xv

Here ϕ̄ is the induced map from ϕ so that the diagram is commutative. Taking
the derived functor Ei associated to the contravariant functor HomΛ(•, Λ) gives
the diagram of the lemma. Its commutativity follows from the functoriality of the
derived functor. �

We have coker (h) = E2(X). This is because we have an exact sequence

E1(X) →
⊕
v|p

IndGv

G E1
v(Xv) → E2(X) → E2(X).

But E2(X) = 0 by the assumption.

Lemma 4. The cokernel of ψ in the diagram of the Lemma 3 is a finitely generated
Zp-module.

Proof. To see this, first we note that since H2(KS/K∞, A(p)) = 0,

lim←−
n

H2(KS/Kn, TpA)

is a torsion Λ-module ([OV2] 3.3). Hence by [OV1], 4.10, we have

E1(Y ) = lim←−
n

H2(KS/Kn, TpA).

It is known from the Tate-Poitou sequence ([NSW]) that

E1(Yv) = lim←−
n

H2(Kv,n, TpÃ)

is isomorphic to the dual of the kernel of the reduction map

Â(p)(Kv,∞) → ˜̂
A(p)(Kv,∞).

From what we have seen in the proof of Lemma 3, the homomorpshim ψ in the
diagram of Lemma 3 is obtained as the composite of r and q in the following
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diagram:

lim←−
n

H2(KS/Kn, TpA)
r�

⊕
v|p

IndGv

G lim←−
n

H2(Kv,n, TpA)

‖

lim←−
n

H2(KS/Kn, TpA)
⊕
v|p

IndGv

G lim←−
n

H2(Kn,v, TpÃ)

q�

‖ ‖

E1(Y )
ψ �

⊕
v|p

IndGv

G E1(Yv)

By the Tate-Poitou sequence, one sees that the cokernel of the map r is
Â(p)(K∞)∨. Hence the cokernel is finitely generated over Zp. �

Let us put D := g(E2(J)) so that coker(g) ∼= (
⊕

v|p IndGv

G E2
v(Jv))/D. Since D is

the image of E2(J) ∼= E3(A(p)∨) which is zero if dim(G) �= 3 and a free Zp-module
of finite rank if dim(G) = 3 (Lemma 2), D is a finitely generated Zp-module. We
have the following exact sequence:

0 → D →
⊕
v|p

IndGv

G E2(J) → (
⊕
v|p

IndGv

G E2(Jv))/D → 0.

We first show that E2((
⊕

v|p IndGv

G E2(Jv))/D) = 0. Since D is a finitely gener-
ated Zp-module, E1(D) = 0 as dim(G) ≥ 3. We also have

E2(
⊕
v|p

IndGv

G E2(Jv)) = E2(
⊕
v|p

IndGv

G E3(Ã(p)∨)) =
⊕
v|p

IndGv

G E2E3(Ã(p)∨) = 0.

(It can be directly seen that E2E3(Ã(p)∨) = 0. Or, in general, EiEj(M) = 0 if i < j

for any finitely generated Λ-module M .) Hence E2((
⊕

v|p IndGv

G E2(Jv))/D) = 0.

Let us now consider the following exact sequence:

0 → C → E2(X) → (
⊕
v|p

IndGv

G E2(Jv))/D → 0,

where C = ker(s) is a quotient of B := coker(ψ). Hence C is a finitely generated
Zp-module as B is. It induces an exact sequence

E2((
⊕
v|p

IndGv

G E2(Jv))/D) → E2E2(X) → E2(C).

But E2((
⊕

v|p IndGv

G E2(Jv))/D) = 0 as we have seen as above, and E2(C) = 0
since C is a finitely generated Zp-module and dim(G) ≥ 3. Thus we have obtained
E2E2(X) = 0.

Now only the case E2(X) �= 0 remains to be checked (i.e. the dim(G) = 4 case).
Remember that E2(X) is a free Zp-module of finite rank (Lemma 2). We have the
following exact sequence:

E1(X) →h
⊕
v|p

IndGv

G E1
v(Xv) → E2(X) → E2(X).
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Therefore if we write M := coker(h), then we get a short exact sequence:

(5) 0 → M → E2(X) → T → 0,

where T is a free Zp-module contained in E2(X).
We have had the argument above to show that E2(X) = 0 assuming E2(X) = 0.

But it has actually shown that E2(coker(h)) = 0 without the assumption E2(X) =
0. (If E2(X) = 0, then E2(X) = coker(h).) Therefore in the present case we have
E2(M) = 0.

The short exact sequence (5) gives the following exact sequence:

E2(T ) → E2E2(X) → E2(M) = 0.

But E2(T ) = 0 by Lemma 2. Thus we get E2E2(X) = 0. This finishes the proof of
the theorem.
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