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ABSTRACT. Given a dissipative strongly continuous semigroup depending on
some parameters, we construct a family of exponential attractors which is
robust, in the sense of the symmetric Hausdorff distance, with respect to (even
singular) perturbations.

1. INTRODUCTION

Exponential attractors for strongly continuous semigroups were first introduced
in [2]. The motivation comes from the lack of effective information given by global
attractors, which present two major drawbacks, since they do not provide an actual
control of the convergence rate of trajectories, and, consequently, they might be
quite unstable with respect to perturbations (cf. [I1]). The original technique to
build exponential attractors was developed in Hilbert spaces, and it heavily relied
on the use of orthogonal projections. Later, in [T [3] new methods were introduced,
that work in a Banach space setting.

A further interesting issue is to consider not just a single semigroup, but rather
a family of semigroups depending on certain parameters. It is then of some impor-
tance to have results establishing good stability properties of the related exponential
attractors, in dependence of the parameters. Significant achievements in this direc-
tion have been obtained in [4] [10] and, especially in [6], where the case of a singular
perturbation has been successfully treated.

In this paper, we provide a stability result of the same kind, which takes into
account the case of singular perturbations. What mostly motivated our investi-
gation is that, in order to apply the methods of [6] to concrete problems arising
from PDE, one has to construct some Banach spaces that are not natural, in the
sense that they are not the spaces suggested by the equations. Besides, it might be
quite difficult to understand which is the correct construction that works in a given
setting. On the contrary, our technique provides a sort of “machinery” that can
be automatically applied, using the correct spaces where the solutions live. As a
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byproduct, we can obtain the desired results with much less computations than the
ones required following the approach devised in [6]. In particular, we drastically
simplify the analysis of the boundary layer [9], which serves to control the difference
between the perturbed and the limiting semigroups (see [6, [7]). This is indeed a
nontrivial improvement, since the estimate of the boundary layer introduces rele-
vant technical difficulties (of course, the study of the boundary layer has an interest
of its own).

Before getting into details, some preliminary notations and definitions are in
order. Let S(t) be a strongly continuous semigroup acting on a Banach space H.
Recall that, for By,By C H, the Hausdorff semi-distance between By and Bs is
given by

disty (31752) = b?lelgl b211€1£2 lb1 — b2,

whereas the symmetric Hausdorff distance between By and Bs is
disti_}zm (Bl, Bg) — max {diStH (Bl, Bg) 5 dlSt'H (BQ, Bl) }

Given r > 0 and a (relatively) compact set K C H, let us denote by N,.(K, H) the
minimum number of r-balls of H necessary to cover XC. Then, the fractal dimension

of K is defined as

|
dimy[K] = lim sup M

r—0 In P

Definition. Let B C H be a bounded closed set, and let ¢ > 0 be such that
S(t)B C B, for all t > tg. A compact set M C B is called an exponential attractor
or inertial set for S(t) on B (with respect to the topology of H) if the following
conditions hold:

(i) M is (positively) invariant for S(t), that is, S(¢t)M C M for every t > 0.
(i) dimg[M] < oco.
(iii) There exist M > 0 and w > 0 such that

disty (S(t)B, M) < Me™**, Yt > 0.

Observe that B may not be necessarily invariant for S(t).

2. THE THEOREM
Notation. Let X% X' X2 Y% Y Y2 be Banach spaces with embeddings
X?cX'eXx® and VY?CcY'eY"
For every ¢ € [0,&9] and 57 = 0,1, 2, introduce the Banach spaces
HI = X7 x Y9,
endowed with the norms
I )l = llzll%s +ellyll-

It is understood that when € = 0 the above spaces reduce to the first component
only. We denote by B(z,r) the closed balls in HZ of radius r > 0 centered at 2.
Finally, let 69 > 0 be fixed. For every ¢ € [0, dp], let

S.5(t) : HY — HO

be a strongly continuous semigroup of operators.
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A ROBUST FAMILY OF EXPONENTIAL ATTRACTORS 119

In the sequel, NT and N will be the sets of positive and nonnegative integers,
respectively.

The result is the following.

Theorem. Assume that there exist A; > 0, o, (3,7,9 € (0,1], k € (0,%) and
p > 0 (all independent of € and &) such that, setting B. = B2(0, p), the following
conditions hold:

(H1) There exists a map Js : By — Y° Hélder continuous of exponent o, umni-
formly with respect to §. Here, By is endowed with the metric topology of
HO.

(H2) There exists t* > 0, independent of € and ¢, such that

Se5(t)Be C Be, Vit > t*.
Moreover, setting S 5(t*) = Se5, the map Se 5 satisfies, for every z1,z2 €
B,
) Se521 — Se 522 = Le 5(21, 22) + Ke (21, 22),
where
[ Les(21, 22) [ 1o < kll21 — 22|10,
[ Ke5(21,22) |32 < Adllz1 — 22|30.
(H3) The “lifting” map L. 5 : By — HY, defined as
L. sz = { (; Joz) ZZ i - 8:
fulfills
152 52 — LesShollez|lwo < A3(e+6)°,  Vz€ B, VneNt,
where I, : B, — By is the projection onto the first component when € > 0,
and the identity map otherwise.
(H4) For any z € B. there holds
[Se.6(t)z — L 550,0(t)ezllpo < Az(e+6)7,

for all t € [t*,2t*].
(H5) The map
2+ Ses(t)z: B — Be
is Lipschitz continuous on B, with a Lipschitz constant independent of €,0
and t € [t*,2t*]. Here, B. is endowed with the metric topology of HY.
(H6) The map
(t,2) — Ses(t)z: [t*,2t"] x Be — Be
is Holder continuous of exponent ¥ (we do not require uniformity with re-
spect to € and §). Again, Be is endowed with the metric topology of HY.

~ ___ 1240
Then there exists a family of exponential attractors M. s on B, = BEHE with the

following properties:

(T1) M. s attracts gg with an exponential rate which is uniform with respect to
€ and 9, that is,

distyo (Se,5(t)Be, Mo s) < Mye ™!, Wt >0,

for some w > 0.
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(T2) The fractal dimension of M. s is uniformly bounded with respect to € and
o, that is,
dlmHg [Mg’ﬁ] S Mg.

(T3) The symmetric Hausdorff distance in HY between M5 and L. s Moo sat-
1sfies
dist3}o" (Me,5, Le,sMoo) < Ms(e+6)7,

for some T € (0,1].
The positive constants w,T and M; are independent of € and 0, and they can be
explicitly calculated.

Remark. Owing to (H2) and the continuity of Se 5(t), the inclusion 5575(15)[?5 C B.
holds for all ¢ > ¢*. In fact, in most practical cases B, = B, (for instance, when
both X2 and Y? are reflexive).

Remark. In particular, hypotheses (H1)—(H3) entail that M. 5 is a robust family
of discrete exponential attractors for the maps S¢ 5 : Be — Be.

Remark. Tt is worth mentioning that, in concrete applications, hypotheses (H3) and
(H4) are usually verified by the same token. Besides, with reference to (H2), it is
often possible to decompose the map S; s into the sum S. 5 = 3575 + IA(&(;, such
that, for every z1, 29 € B,

Les(21,22) = Lesz1 — Lesza and Nes(21,22) = Nes21 — Nes2a.

Before going to the proof, note that our Theorem applies as well to the simpler
situation when €9 = 0, i.e., when the perturbation is not singular any longer. The
map Js can be taken to be the null map, and both Ly s and Il are the identity
maps. In fact, in that case, the theorem is just a slight generalization of the abstract
results contained in [4] [5, [T0].

It will also be apparent from the proof that the result generalizes to the case
when both € and § are vectors. Clearly, one has to replace € and J in the estimates
with their euclidean norms.

3. PROOF OF THE THEOREM

Some passages appearing in the proof are borrowed from [5] [6]. Nonetheless, for
the sake of clarity, we have chosen to report all the details.

Up to rescaling ¢ and dy (and, consequently, redefining accordingly the constants
A; and M), we can always assume ¢y + 6y < 1. Throughout the proof, let C > 0
denote a generic constant independent of £ and 4.

The first task is to build a (discrete) exponential attractor ./\/lg)o for the map
So,0- To accomplish this purpose, we define by induction on n € N a family of sets
Vi C S oBo. Fix an arbitrary by € Bp. Since By is bounded in HY, we choose
R > 0 such that B(bo, R) D By, and we set Vo = {bo}. Defining

1 n
R, = R(5 +5)
we assume that V,, is an Ry,-net of Sg'oBy in Hg such that card[V,,] < N§', where

1 0
NO = max {37'/\/,% (B€0(07 1))H60)}'
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A ROBUST FAMILY OF EXPONENTIAL ATTRACTORS 121

Note that the inequality
holds for every r > 0 and every € € [0, gg].

Then, we construct the R,,1+1-net V;,11 of S{)ﬁngo in ‘H in the following manner.
For any fixed b € V,,, assumption (H2) yields

Koo(b,BY(b, Ry,) N By) C B0, A1Ry,).

Due to the compact embedding H{ € HY, let W,,(b) be an R, 2=2%-net of B} (0, A1 R,,)

in ‘HJ with the minimum number of balls. The cardinality of W,,(b) is independent
of n. Indeed,

card[Wy (b)] < N, 1-2« (Bg(0, A1 Ry), Hy)
< NIIA& (Bé(oa 1)7 Hg)
< Np.

Note that Spob — W, (b) is an %-net of So.0 (Bg(b, R,) N Bo), for, given x €
BY(b, R,) N By, we can find b; € W,,(b) such that

1-—2k
[ Ko,0(b,z) = bjll3g < Rn :

Hence, exploiting the decomposition (H2),
[S0,0z = So,0b + bjll#e = [ Lo,0(b; ) + Ko,0(b, ) — bjl3g
1-2k < Rn+1

4 = 2
Thus, Upey,, (So.0b — Wi (b)) is an 25 -net of S5 Bo, with

<kl = bllyg + R

card{ U (So,0b — Wn(b))} < Nycard[V,,] < N+
bEV,,

Doubling the radius, that is, taking balls of radius R, 41, we get a covering of
S&BFIBO whose balls are centered in S(’}’ngo. The corresponding net is V,, 1. Sum-
ming up, we have constructed a family of sets V,, C Sg By such that

card[V,] < Ng*  and  distyg (S5 oBo, V) < Ry
By a further inductive procedure, we build a second family of sets
Eq =Vy, Eni1=580,0E, U Vpg1.
Clearly, E,, is an R,-net of S§yBo. We can easily check the following properties:

(1) F, C S&OB(), SopEn C En+1,
(2) card[E,] < Nyt
(3) distygg (S5 0Bo, Bn) < Rn.

Thus, setting

0

—FH
o d _ d 0
Milo = Bn,  MGo=Mg, ",

neN
property () together with (H2) yield Sp,0o Mg, € Mg C By. Moreover, () entails
(4) distyo (S5 0Bo, MG o) < R
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Finally, fix 0 < » < 1. Then there exists n € N such that R,, > r, and R, <.
It is apparent that n — oo as 7 — 0. From the definition of /\/lo 0, we deduce that

N (Mo, 1) < N (U B H8) + N (U B 9.

k<n k>n

Observe that (J,~.,, £ C S&XIBO and V41 is an R, 1-net of S&ngo. Hence, (@)
yields

N (M, HY) < anrd[Ek] + card[Vy41] < NJ2,
k=0

and it is immediate to check that

In N, (Mo, HE) __ (n+2)InN
ln% 71n——|—nln(2ﬁ+l)
Thus, taking the limit » — 0, we find the inequality
In Ny
~In (2n2+1) 7

and we conclude that Mg,o (which is clearly compact) is an exponential attractor

(5) dlmHO [Mo o) <

for 5070 on gg.
The next step is to construct M? 5 from Mg)o. Here, we exploit () to obtain a
family En from E,, with the following properties:

En C By such that S&OEn =FE,, card[ﬁn] < Ng‘“.

By the very definition of II., there exists En(e) C B. such that

I.E,(¢) = E,,  card[E,(e)] < NJ*L.
Then we introduce the two subsets of H?,

Ey(2,0) = STsEn(e)  and  Eu(e,0) = Lo 5B,

Setting ¥ = min {ﬁ, %}, we shall prove the estimate
(6)  distyo (S75Bx, En(e, 8)) < CAZ(z +6)” + c(% + m)a", Vn € N.
Fix z € B.. Thanks to (H3), and treating apart the case n = 0, we easily see that

15252 — Le 550 01 ezllne < CAZ (e +0),
for some C' > 1. Since Js is Holder continuous of exponent a from By into Y©,

it follows that L. sE, is a C(% + k) “"net of Lc 558080 in HY. Thus, there exists
z € FE,, such that

1 an
Hﬁs,és&onsz E5ZHH0<C( —|—/<:) .
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By the definition of E,, (¢), we can find 2 € E,,(¢) such that z = Sg oIl 2. Reasoning
as before, we have

15252 = LesZlmo = 15252 — L2650 0He 210 < CAZ (e +6)".

Collecting the three above inequalities, we deduce (), as claimed.

Without loss of generality, we now assume Ay > 1. Then, since ¢y + dy < 1,
setting
vin(e +6)

aln(%—l—fﬁ) —InA, >0

no = n0(€, 5) -

and
B UO{]D(%—I—H) 1
7= aln (% +/£) —InA, € 0,3},

we find the equality

1 an,
A (e+0) = (5 -‘rFL) - (e+9)°.

We now distinguish two cases. When n < ng(e,d), we set E,(c,8) = En(e,0).
Thanks to (H3), (@) and the choice of ng(e,d) and o, there hold

(7) dist2 (Eu(e, 8), Lo5En) < Cle +8)7,  Yn < no(e,d),
and

1 an
(8) distreg (52582, Ea(,0)) < C(5+5) ,  Vn < noe,d).

For the case n > ng(e, d), the sets E,, (¢, d) are constructed by induction, paralleling
the construction of E,, starting from the initial step Ef, ) (¢,d) (in particular, we
ask (8) to hold for all n). Then, for every n € N, the family F,(e,d) turns out to
fulfill

(9) En(e,8) C SI'sB-, S.5E,(¢,0) C Eny1(g,0),  card[Ey,(e,0)] < NJ T2,
and

. 1 an
(10) distyo (ST 5Bz, Bu(e,0)) < 0(5 + m) .

At this point, we define

—'Hg
Mga = U En(g,9), Mg,5 = M’Jﬂs :

neN
Thanks to [@) and (H2), it is apparent that Sa)ls./\/lié C ./\/lié C B., and, by ([0),
~ 1 an
(11) distrqg (5258, M25) < C(5 +k) .
The bound on the fractal dimension
(12) dimgo [Mg)(;} <C
is a straightforward consequence of ([@). To obtain the uniform estimate

(13) dist;yén(/\/lié, Lo s MG o) < Cle+6)°,
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it suffices to prove

distygo (M5, Lo s MG o) < Cle+6)7,
since the other inequality follows in the same manner, and (I3)) is then a consequence
of the definition of ./\/li s- Hence, fix z € ./\/l';fé. By definition, there exists n € N
such that z € E,(e,d). If n < np(g,d), the claim immediately follows from (7). In

the other case, due to (H2), z € Sg?]BE, and we find z € B, such that z = Sg?]i.
Therefore, from (H3) we get

Iz = Lo sSYMLZ|lpe < CAT (e +6)°,

where C' > 1 appears to handle the possible case [ng] = 0. Moreover, in view of
@), the Holder continuity of J5 and the choice of o,

distygo (Lo 55y 2, Lo s ML) < Cle +6)°.

Collecting these two inequalities, we reach the desired conclusion.

So far, we have found a family of exponential attractors /\/li s for S 5 in gg that,
in addition, satisfies (IT)-(T3)).

We are left to make the passage from the discrete to the continuous case. To
this aim, define

Mes = U Sa,é(t)Mg,&
tet%2t
Thanks to (H6), it is apparent that M, s is compact. Moreover, due to (H2) and
the corresponding properties for the discrete exponential attractors, Se 5(t) M. s C

M. C gg, for any ¢ > 0. The exponential attraction property (T1) is obtained by
@), (1) and the uniform Lipschitz continuity of S, 5 at any fixed time with respect
to the initial data provided by (HS5), whereas the control on the fractal dimension
(T2) easily follows from ({), (I2) and assumption (H6). Indeed,

1 1
dimygo [M. 5] < 3 dimgpo [ [t5267] x MZ5] < 5(1 + dimgp[MZ5]) < C.

Finally, concerning the robustness of the family (T3), we exploit (H1), (H4) and
(H5), thereby getting

[Se.6(t)z — L 5S0,0(H) 2]l o < As(e +0)" + O[Tz — ZH%S, Vit € [t*, 2t"],
for any z € Mi(; and z € ./\/lg)o. Then, in view of (I3)), we obtain

distyo (M5, Lo sMoo) < sup  sup  inf  inf ||S.5(¢)z — L2 550,0(8)2] 30
c te[ts2t] zemé s€[ti2t] ze My c

< sup  sup infd |Se.5(t)z — Ea,zSSO,O(t)ZH’Hg
te (42t zeMg,é ZeEMG o

S M3(6 + 5)7—7

where 7 = min{~y, ac}.

4. SOME APPLICATIONS

We finally report some possible applications of the theorem to concrete examples
arising from PDE. We will just focus on some already-known instances, giving some
hints of how to treat the problems in this new setting. As we mentioned in the
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Introduction, this technique allows us to recover all known results with less effort.
Other models will be investigated within this approach in forthcoming papers.

In the sequel, let Q C R? be a smooth domain and let A = —A be the Laplace
operator on L?(2) with domain D(A) = H?(Q) N H(Q). Then, for s € R, we
introduce the Hilbert spaces H, = D(A%/?).

4.1. Weakly damped wave equations. For ¢ > 0, consider the equation

eug + up + Au + ¢p(u) = 0,

U(O) = Uo,

eut(0) = euq
in Q x RT. Here, ¢ is a smooth function with cubic controlled growth, satisfying
some further dissipation conditions. This equation defines a strongly continuous
semigroup S, (t) on the phase-space Hy x Hy (or H; when € = 0). In order to find

a robust family of exponential attractors for this problem, the authors introduce in
[6] the spaces

y o { HixHo, i £>0,
£ H1><H,17 if EZO,

endowed with the norms
s )2, = Il +ellolid, + ol

Next, they consider the infinite-dimensional submanifold & of Vy given by
Eo={(u,v) :u € Hy,v=—Au—¢(u)}.

Then setting

S Ve, if >0,
50, if {:‘:O,

they construct the semigroups ¢ () on V. as follows:

8.t (u,v), it >0,
e (t)(u,v) = { (So(t)yu, —ASo(t)u — ¢(So(t)u)), if i =0.

Finally, starting from a more regular subset C. of V., they show that there exists
a family of exponential attractors for these new semigroups X.(¢) on C., which is
robust with respect to the limit ¢ — 0.

A similar result holds for a singular nonlinearity ¢ € C3(—1, 1) satisfying ¢(0) =
0, lim, 41 ¢(x) = oo, and lim,_, 11 ¢'(x) = +oo (see [§]).

In our setting, the result can be recovered putting

X°=H,, X'=H, X?=H;, Y°'=H,, Y'=H,, Y?=H,.
The map Jy (0o = 0 in that case) is given by
Jo(u) = —Au — ¢(u).
1

Then (H1)-(H6) are verified, with a = 8 =y = 5 and ¥ = 1.

It should be noted that the idea of [6l [§], loosely speaking, is to “lift” the whole
limiting problem. Conversely, in our approach, we work in the natural spaces, and
we just lift the exponential attractor of the limiting equation.
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4.2. Cahn-Hilliard type equations. The following hyperbolic relaxation of the
viscous Cahn-Hilliard equation in £ x R* has been considered in [7]:

st + Uy + A(Au + o(u) + 5ut) =0,
u(0) = uyg,
€Ut(0) = &uy.

Here, € > 0, § > ¢, and ¢ is as in Section LIl This equation is shown to generate
a strongly continuous semigroup on the phase-space Hy x Hy (or Hy when € = 0).
Again, there exists a family of exponential attractors which is robust with respect
to the limit 6 — 0 (which forces € — 0). The procedure to get the result is similar
to the one used in Section 1] although more complicated, due to the presence of
two parameters. We address the reader to [7] for more details.

With our method, we find the same result by setting

X°=H, X'=H,;, X?=Hs, Y°=H, Y'=H,, Y?=H,.
The map Js is given by
Ts(u) = —(1+ A) A(Au + ¢(u)).

Then (H1)-(H6) are verified, with o = 3= =1 and ¥ = 1.

It is worth noting that the map Js is dictated by the equation, as well as the
map Jy of the previous example. So, the only arbitrariness is the correct choice of
the spaces X', X2, Y! and Y2. However, this is suggested by the requirement that
(H1) and (H2) hold.
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